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Libre de Bruxelles, Brussels, Belgium

THOMAS P. RUSSELL, Department of Polymer Science, University of Massachusetts,
Amherst, Massachusetts, U.S.A.

DONALD G. TRUHLAR, Department of Chemistry, University of Minnesota,
Minneapolis, Minnesota, U.S.A.

JOHN D. WEEKS, Institute for Physical Science and Technology and Department of
Chemistry, University of Maryland, College Park, Maryland, U.S.A.

PETER G. WOLYNES, Department of Chemistry, University of California, San Diego,
California, U.S.A.



ADVANCES IN
CHEMICAL PHYSICS

VOLUME 140

Series Editor

STUART A. RICE

Department of Chemistry

and

The James Franck Institute

The University of Chicago

Chicago, Illinois

A JOHN WILEY & SONS, INC. PUBLICATION



Copyright # 2008 by John Wiley & Sons, Inc. All rights reserved

Published by John Wiley & Sons, Inc., Hoboken, New Jersey

Published simultaneously in Canada

No part of this publication may be reproduced, stored in a retrieval system, or transmitted in any

form or by any means, electronic, mechanical, photocopying, recording, scanning, or otherwise,

except as permitted under Section 107 or 108 of the 1976 United States Copyright Act, without

either the prior written permission of the Publisher, or authorization through payment of the

appropriate per-copy fee to the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers,

MA 01923, (978) 750-8400, fax (978) 750-4470, or on the web at www.copyright.com. Requests to

the Publisher for permission should be addressed to the Permissions Department, John Wiley &

Sons, Inc., 111 River Street, Hoboken, NJ 07030, (201) 748-6011, fax (201) 748-6008, or online at

Limit of Liability/Disclaimer of Warranty: While the publisher and author have used their best

efforts in preparing this book, they make no representations or warranties with respect to the

accuracy or completeness of the contents of this book and specifically disclaim any implied

warranties of merchantability or fitness for a particular purpose. No warranty may be created or

extended by sales representatives or written sales materials. The advice and strategies contained

herein may not be suitable for your situation. You should consult with a professional where

appropriate. Neither the publisher nor author shall be liable for any loss of profit or any other

commercial damages, including but not limited to special, incidental, consequential, or other

damages.

For general information on our other products and services or for technical support, please contact

our Customer Care Department within the United States at (800) 762-2974, outside the United States

at (317) 572-3993 or fax (317) 572-4002.

Wiley also publishes its books in a variety of electronic formats. Some content that appears in print

may not be available in electronic formats. For more information about Wiley products, visit our

web site at www.wiley.com.

Library of Congress Catalog Number: 58-9935

ISBN: 978-0-470-22688-9

Printed in the United States of America

10 9 8 7 6 5 4 3 2 1

http://www.wiley.com/go/permission.

http://www.copyright.com
http://www.wiley.com/go/permission
http://www.wiley.com


CONTRIBUTORS TO VOLUME 140

PHIL ATTARD, School of Chemistry F11, University of Sydney, NSW 2006

Australia

THOMAS BARTSCH, Department of Mathematical Sciences, Loughborough

University, Loughborough LE11 3TU, United Kingdom

RAJAT K. CHAUDHURI, Indian Institute of Astrophysics, Bangalore 560034, India

ROBERT J. GORDON, Department of Chemistry, University of Illinois at Chicago,

Chicago, Illinois 60607 USA

RIGOBERTO HERNANDEZ, Center for Computational Molecular Science and

Technology, Georgia Institute of Technology, Atlanta, Georgia 30332 USA

RAYMOND KAPRAL, University of Toronto, Toronto, Canada

SHINNOSUKE KAWAI, Molecule and Life Nonlinear Sciences Laboratory,

Research Institute for Electronic Science (RIES), Hokkaido University,

Sapporo 060-0812 Japan

JEREMY M. MOIX, Center for Computational Molecular Science and Technology,

Georgia Institute of Technology, Atlanta, Georgia 30332 USA

MALAYA K. NAYAK, Indian Institute of Astrophysics, Bangalore 560034, India

TAMAR SEIDEMAN, Department of Chemistry, Northwestern University,

Evanston, Illinois 60208 USA

T. UZER, Center for Nonlinear Science, Georgia Institute of Technology,

Atlanta, Georgia 30332 USA

v





INTRODUCTION

Few of us can any longer keep up with the flood of scientific literature, even
in specialized subfields. Any attempt to do more and be broadly educated
with respect to a large domain of science has the appearance of tilting at
windmills. Yet the synthesis of ideas drawn from different subjects into new,
powerful, general concepts is as valuable as ever, and the desire to remain
educated persists in all scientists. This series, Advances in Chemical Physics,
is devoted to helping the reader obtain general information about a wide
variety of topics in chemical physics, a field that we interpret very broadly.
Our intent is to have experts present comprehensive analyses of subjects of
interest and to encourage the expression of individual points of view. We hope
that this approach to the presentation of an overview of a subject will both
stimulate new research and serve as a personalized learning text for beginners
in a field.

STUART A. RICE
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I. INTRODUCTION

The Second Law of Equilibrium Thermodynamics may be stated:

The entropy increases during spontaneous changes

in the structure of the total system ð1Þ

This is a law about the equilibrium state, when macroscopic change has ceased; it

is the state, according to the law, of maximum entropy. It is not really a law about

nonequilibrium per se, not in any quantitative sense, although the law does

introduce the notion of a nonequilibrium state constrained with respect to

structure. By implication, entropy is perfectly well defined in such a non-

equilibrium macrostate (otherwise, how could it increase?), and this constrained

entropy is less than the equilibrium entropy. Entropy itself is left undefined by the

Second Law, and it was only later that Boltzmann provided the physical inter-

pretation of entropy as the number of molecular configurations in a macrostate.

This gave birth to his probability distribution and hence to equilibrium statistical

mechanics.

The reason that the Second Law has no quantitative relevance to non-

equilibrium states is that it gives the direction of change, not the rate of change.

So although it allows the calculation of the thermodynamic force that drives the

system toward equilibrium, it does not provide a basis for calculating the all
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important rate at which the system evolves. A full theory for the nonequili-

brium state cannot be based solely on the Second Law or the entropy it

invokes.

This begs the question of whether a comparable law exists for nonequilibrium

systems. This chapter presents a theory for nonequilibrium thermodynamics and

statistical mechanics based on such a law written in a form analogous to the

equilibrium version:

The second entropy increases during spontaneous changes

in the dynamic structure of the total system
ð2Þ

Here dynamic structure gives a macroscopic flux or rate; it is a transition between

macrostates in a specified time. The law invokes the notion of constrained fluxes

and the notion that fluxes cease to change in the optimum state, which, in

common parlance, is the steady state. In other words, the principle governing

nonequilibrium systems is that in the transient regime fluxes develop and evolve

to increase the second entropy, and that in the steady state the macroscopic fluxes

no longer change and the second entropy is maximal. The second entropy could

also be called the transition entropy, and as the reader has probably already

guessed, it is the number of molecular configurations associated with a transition

between macrostates in a specified time.

This nonequilibrium Second Law provides a basis for a theory for

nonequilibrium thermodynamics. The physical identification of the second

entropy in terms of molecular configurations allows the development of the

nonequilibrium probability distribution, which in turn is the centerpiece for

nonequilibrium statistical mechanics. The two theories span the very large and

the very small. The aim of this chapter is to present a coherent and self-

contained account of these theories, which have been developed by the author

and presented in a series of papers [1–7]. The theory up to the fifth paper has

been reviewed previously [8], and the present chapter consolidates some of this

material and adds the more recent developments.

Because the focus is on a single, albeit rather general, theory, only a limited

historical review of the nonequilibrium field is given (see Section IA). That is

not to say that other work is not mentioned in context in other parts of this

chapter. An effort has been made to identify where results of the present theory

have been obtained by others, and in these cases some discussion of the

similarities and differences is made, using the nomenclature and perspective of

the present author. In particular, the notion and notation of constraints and

exchange with a reservoir that form the basis of the author’s approach to

equilibrium thermodynamics and statistical mechanics [9] are used as well for

the present nonequilibrium theory.

the second law of nonequilibrium thermodynamics 3



A. Review and Preview

The present theory can be placed in some sort of perspective by dividing the

nonequilibrium field into thermodynamics and statistical mechanics. As will

become clearer later, the division between the two is fuzzy, but for the present

purposes nonequilibrium thermodynamics will be considered that phenomen-

ological theory that takes the existence of the transport coefficients and laws as

axiomatic. Nonequilibrium statistical mechanics will be taken to be that field that

deals with molecular-level (i.e., phase space) quantities such as probabilities and

time correlation functions. The probability, fluctuations, and evolution of

macrostates belong to the overlap of the two fields.

Perhaps the best starting point in a review of the nonequilibrium field, and

certainly the work that most directly influenced the present theory, is Onsager’s

celebrated 1931 paper on the reciprocal relations [10]. This showed that the

symmetry of the linear hydrodynamic transport matrix was a consequence of the

time reversibility of Hamilton’s equations of motion. This is an early example of

the overlap between macroscopic thermodynamics and microscopic statistical

mechanics. The consequences of time reversibility play an essential role in the

present nonequilibrium theory, and in various fluctuation and work theorems to

be discussed shortly.

Moving upward to the macroscopic level, the most elementary phenomen-

ological theories for nonequilibrium thermodynamics are basically hydrody-

namics plus localized equilibrium thermodynamics [11, 12]. In the so-called

soft sciences, including, as examples, biological, environmental, geological,

planetary, atmospheric, climatological, and paleontological sciences, the study

of evolution and rates of change is all important. This has necessarily stimulated

much discussion of nonequilibrium principles and approaches, which are

generally related to the phenomenological theories just described [13–18]. More

advanced phenomenological theories for nonequilibrium thermodynamics in its

own right have been pursued [19–23]. The phenomenological theories generally

assert the existence of a nonequilibrium potential that is a function of the fluxes,

and whose derivatives are consistent with the transport laws and other symmetry

requirements.

In view of the opening discussion of the two second laws of thermodynamics,

in analyzing all theories, phenomenological and otherwise, it is important to ask

two questions:

Does the theory invoke the second entropy;
or only the first entropy and its rate of change? ð3Þ

and

Is the relationship being invoked true in general;
or is it only true in the optimum or steady state? ð4Þ

4 phil attard



If the approach does not go beyond the ordinary entropy, or if it applies an

optimized result to a constrained state, then one can immediately conclude that a

quantitative theory for the nonequilibrium state is unlikely to emerge. Regrettably,

for phenomenological theories of the type just discussed, the answer to both

questions is usually negative. The contribution of Prigogine, in particular, will be

critically assessed from these twin perspectives (see Section IIE).

Moving downward to the molecular level, a number of lines of research

flowed from Onsager’s seminal work on the reciprocal relations. The symmetry

rule was extended to cases of mixed parity by Casimir [24], and to nonlinear

transport by Grabert et al. [25] Onsager, in his second paper [10], expressed the

linear transport coefficient as an equilibrium average of the product of the

present and future macrostates. Nowadays, this is called a time correlation

function, and the expression is called Green–Kubo theory [26–30].

The transport coefficient gives the ratio of the flux (or future macrostate

velocity) to the conjugate driving force (mechanical or thermodynamic). It

governs the dissipative force during the stochastic and driven motion of a

macrostate, and it is related to the strength of the fluctuations by the fluctuation-

dissipation theorem [31]. Onsager and Machlup [32] recognized that the transport

theory gave rise to a related stochastic differential equation for the evolution of a

macrostate that is called the Langevin equation (or the Smoluchowski equation in

the overdamped case). Applied to the evolution of a probability distribution it is

the Fokker–Planck equation [33]. In the opinion of the present author, stochastic

differential equations such as these result from a fundamental, molecular-level

nonequilibrium theory, but in themselves are not fundamental and they do not

provide a basis for constructing a full nonequilibrium theory.

Onsager and Machlup [32] gave expressions for the probability of a path of

macrostates and, in particular, for the probability of a transition between two

macrostates. The former may be regarded as the solution of a stochastic

differential equation. It is technically a Gaussian Markov process, also known as

an Ornstein–Uhlenbeck process. More general stochastic processes include, for

example, the effects of spatial curvature and nonlinear transport [33–35]. These

have been accounted for by generalizing the Onsager–Machlup functional to

give the so-called thermodynamic Lagrangian [35–42]. Other thermodynamic

Lagrangians have been given [43–46]. The minimization of this functional gives

the most probable evolution in time of the macrostate, and hence one might

expect the thermodynamic Lagrangian to be related (by a minus sign) to the

second entropy that is the basis of the present theory. However, the Onsager–

Machlup functional [32] (and those generalizations of it) [35–42] fails both

questions posed above: (1) it invokes solely the rate of production of first

entropy, and (2) both expressions that it invokes for this are only valid in the

steady state, not in the constrained states that are the subject of the optimization

procedure (see Section IIE). The Onsager–Machlup functional (in two-state

the second law of nonequilibrium thermodynamics 5



transition form) is tested against computer simulation data for the thermal

conductivity time correlation function in Fig. 8.

On a related point, there have been other variational principles enunciated as a

basis for nonequilibrium thermodynamics. Hashitsume [47], Gyarmati [48, 49],

and Bochkov and Kuzovlev [50] all assert that in the steady state the rate of first

entropy production is an extremum, and all invoke a function identical to that

underlying the Onsager–Machlup functional [32]. As mentioned earlier,

Prigogine [11] (and workers in the broader sciences) [13–18] variously asserts

that the rate of first entropy production is a maximum or a minimum and invokes

the same two functions for the optimum rate of first entropy production that were

used by Onsager and Machlup [32] (see Section IIE).

Evans and Baranyai [51, 52] have explored what they describe as a nonlinear

generalization of Prigogine’s principle of minimum entropy production. In their

theory the rate of (first) entropy production is equated to the rate of phase space

compression. Since phase space is incompressible under Hamilton’s equations

of motion, which all real systems obey, the compression of phase space that

occurs in nonequilibrium molecular dynamics (NEMD) simulations is purely an

artifact of the non-Hamiltonian equations of motion that arise in implementing

the Evans–Hoover thermostat [53, 54]. (See Section VIIIC for a critical

discussion of the NEMD method.) While the NEMD method is a valid

simulation approach in the linear regime, the phase space compression induced

by the thermostat awaits physical interpretation; even if it does turn out to be

related to the rate of first entropy production, then the hurdle posed by Question

(3) remains to be surmounted.

In recent years there has been an awakening of interest in fundamental

molecular-level theorems in nonequilibrium statistical mechanics. This spurt of

theoretical and experimental activity was kindled by the work theorem

published by Jarzynski in 1997 [55]. The work theorem is in fact a trivial

consequence of the fluctuation theorem published by Evans, Cohen, and

Morriss in 1993, [56, 57] and both theorems were explicitly given earlier by

Bochkov and Kuzovlev in 1977 [58–60]. As mentioned earlier, since Onsager’s

work in 1931 [10], time reversibility has played an essential role in

nonequilibrium theory. Bochkov and Kuzovlev [60], and subsequent authors

including the present one [4], have found it exceedingly fruitful to consider the

ratio of the probability of a forward trajectory to that of the reversed trajectory.

Using time reversibility, this ratio can be related to the first entropy produced

on the forward trajectory, and it has come to be called the fluctuation theorem

[56, 57]. An alternative derivation assuming Markovian behavior of the

macrostate path probability has been given [61, 62], and it has been demon-

strated experimentally [63]. From this ratio one can show that the average of

the exponential of the negative of the entropy produced (minus work divided

by temperature) equals the exponential of the difference in initial and final
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Helmholtz free energies divided by temperature, which is the work theorem

[55]. For a cyclic process, the latter difference is zero, and hence the average is

unity, as shown by Bochkov and Kuzovlev [58–60]. The work theorem has been

rederived in different fashions [57, 64, 65] and verified experimentally [66].

What is remarkable about the work theorem is that it holds for arbitrary rates of

nonequilibrium work, and there is little restriction beyond the assumption of

equilibration at the beginning and end of the work and sufficiently long time

interval to neglect end effects. (See Sections IVC4 and VB for details and

generalizations.)

With the exception of the present theory, derivations of the fluctuation and

work theorems are generally for a system that is isolated during the performance

of the work (adiabatic trajectories), and the effects of a thermal or other

reservoir on the true nonequilibrium probability distribution or transition

probability are neglected. The existence and form for the nonequilibrium

probability distribution, both in the steady state and more generally, may be said

to be the holy grail of nonequilibrium statistical mechanics. The Boltzmann

distribution is the summit of the equilibrium field [67], and so there have been

many attempts to formulate its analogue in a nonequilibrium context. The most

well known is the Yamada–Kawasaki distribution [68, 69]. It must be stressed

that this distribution is an adiabatic distribution, which is to say that it assumes

that the system was in thermal equilibrium in the past, and that it was

subsequently isolated from the thermal reservoirs while the work was being

performed so that no heat was exchanged during the time-dependent process.

This is obviously a very restrictive assumption. Attempts have been made to

formulate a thermostatted form of the Yamada–Kawasaki distribution, but this

has been found to be computationally intractable [53, 70, 71]. As pointed out

earlier, most derivations of the fluctuation and work theorems are predicated on

the adiabatic assumption, and a number of authors invoke or derive the

Yamada–Kawasaki distribution, apparently unaware of its prior publication and

of its restricted applicability.

An alternative approximation to the adiabatic probability is to invoke an

instantaneous equilibrium-like probability. In the context of the work theorem,

Hatano and Sasa [72] analyzed a nonequilibrium probability distribution that

had no memory, and others have also invoked a nonequilibrium probability

distribution that is essentially a Boltzmann factor of the instantaneous value of

the time-dependent potential [73, 74].

In Sections IVA, VA, and VI the nonequilibrium probability distribution is

given in phase space for steady-state thermodynamic flows, mechanical work,

and quantum systems, respectively. (The second entropy derived in Section II

gives the probability of fluctuations in macrostates, and as such it represents the

nonequilibrium analogue of thermodynamic fluctuation theory.) The present

phase space distribution differs from the Yamada–Kawasaki distribution in that

the second law of nonequilibrium thermodynamics 7



it correctly takes into account heat exchange with a reservoir during the

mechanical work or thermodynamic flux. The probability distribution is the

product of a Boltzmann-like term, which is reversible in time, and a new term,

which is odd in time, and which once more emphasizes Onsager’s [10] foresight

in identifying time reversibility as the key to nonequilibrium behavior. In

Section IVB this phase space probability is used to derive the Green–Kubo

relations, in Section VIIIB it is used to develop a nonequilibrium Monte Carlo

algorithm, and in Fig. 7 it is shown that the algorithm is computationally

feasible and that it gives a thermal conductivity in full agreement with

conventional NEMD results.

In addition to these nonequilibrium probability densities, the present theory

also gives expressions for the transition probability and for the probability of a

phase space trajectory, in both equilibrium and nonequilibrium contexts,

(Sections IVC and VB). These sections contain the derivations and general-

izations of the fluctuation and work theorems alluded to earlier. As for the

probability density, one has to be aware that some work in the literature is based

on adiabatic transitions, whereas the present approach includes the effect of heat

flow on the transition. One also has to distinguish works that deal with

macrostate transitions, from the present approach based in phase space, which

of course includes macrostate transition by integration over the microstates. The

second entropy, which is the basis for the nonequilibrium second law advocated

earlier, determines such transitions pairwise, and for an interval divided into

segments of intermediate length, it determines a macrostate path by a Markov

procedure (Sections IIC and IIIC). The phase space trajectory probability

contains an adiabatic term and a stochastic term. The latter contains in essence

half the difference between the target and initial reservoir entropies. This term

may be seen to be essentially the one that is invoked in Glauber or Kawasaki

dynamics [75–78]. This form for the conditional stochastic transition

probability satisfies detailed balance for an equilibrium Boltzmann distribution,

and it has been used successfully in hybrid equilibrium molecular dynamics

algorithms [79–81]. Using the term on its own without the adiabatic

development, as in Glauber or Kawasaki dynamics, corresponds to neglecting

the coupling inherent in the second entropy, and to losing the speed of time.

II. LINEAR THERMODYNAMICS

A. Formalities

Consider an isolated system containing N molecules, and let G � fqN ; pNg be a
point in phase space, where the ith molecule has position qi and momentum pi. In

developing the nonequilibrium theory, it will be important to discuss the

behavior of the system under time reversal. Accordingly, define the conjugate
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point in phase space as that point with all the velocities reversed,

Gy � fqN ; ð�pÞNg. If G2 ¼ G0ðtjG1Þ is the position of the isolated system at

time t given that it was at G1 at time t ¼ 0, then Gy1 ¼ G0ðtjGy2Þ, as follows from
the reversibility of Hamilton’s equations of motion. One also has, by definition of

the trajectory, that G1 ¼ G0ð�tjG2Þ.
Macrostates are collections of microstates [9], which is to say that they are

volumes of phase space on which certain phase functions have specified values.

The current macrostate of the system gives its structure. Examples are the

position or velocity of a Brownian particle, the moments of energy or density,

their rates of change, the progress of a chemical reaction, a reaction rate, and

so on. Let x label the macrostates of interest, and let x̂ðGÞ be the associated

phase function. The first entropy of the macrostate is

Sð1ÞðxjEÞ ¼ kB ln

Z
dG dðHðGÞ � EÞ dðx̂ðGÞ � xÞ ð5Þ

neglecting an arbitrary constant. This is the ordinary entropy; here it is called the

first entropy, to distinguish it from the second or transition entropy that is

introduced later. Here the Hamiltonian appears, and all microstates of the

isolated system with energy E are taken to be equally likely [9]. This is the

constrained entropy, since the system is constrained to be in a particular

macrostate. By definition, the probability of the macrostate is proportional to the

exponential of the entropy,

}ðxjEÞ ¼ 1

WðEÞ exp S
ð1ÞðxjEÞ=kB ð6Þ

The normalizing factor is related to the unconstrained entropy by

Sð1ÞðEÞ � kB lnWðEÞ ¼ kB ln

Z
dx exp SðxjEÞ=kB

¼ kB ln

Z
dG dðHðGÞ � EÞ

ð7Þ

The equilibrium state, which is denoted x, is by definition both the most

likely state, }ðxjEÞ � }ðxjEÞ, and the state of maximum constrained entropy,

Sð1ÞðxjEÞ � Sð1ÞðxjEÞ. This is the statistical mechanical justification for much of

the import of the Second Law of Equilibrium Thermodynamics. The

unconstrained entropy, as a sum of positive terms, is strictly greater than the

maximal constrained entropy, which is the largest term, Sð1ÞðEÞ > Sð1ÞðxjEÞ.
However, in the thermodynamic limit when fluctuations are relatively

negligible, these may be equated with relatively little error, Sð1ÞðEÞ � Sð1ÞðxjEÞ.

the second law of nonequilibrium thermodynamics 9



The macrostates can have either even or odd parity, which refers to their

behavior under time reversal or conjugation. Let Ei ¼ �1 denote the parity of

the ith microstate, so that x̂iðGyÞ ¼ Eix̂iðGÞ. (It is assumed that each state is

purely even or odd; any state of mixed parity can be written as the sum of two

states of pure parity.) Loosely speaking, variables with even parity may be

called position variables, and variables with odd parity may be called velocity

variables. One can form the diagonal matrix E, with elements Eidij, so that

x̂ðGyÞ ¼ Ex̂ðGÞ. The parity matrix is its own inverse, E E ¼ I.

The Hamiltonian is insensitive to the direction of time,HðGÞ ¼ HðGyÞ, since
it is a quadratic function of the molecular velocities. (Since external Lorentz or

Coriolis forces arise from currents or velocities, they automatically reverse

direction under time reversal.) Hence both G and Gy have equal weight. From

this it is easily shown that Sð1ÞðxjEÞ ¼ Sð1ÞðExjEÞ.
The unconditional transition probability between macrostates in time t for

the isolated system satisfies

}ðx0  xjt;EÞ¼ �ðx0jx; t;EÞ}ðxjEÞ

¼ W�1E

Z
dG1 dG2 dðx0� x̂ðG2ÞÞdðx� x̂ðG1ÞÞ dðG2 � G0ðtjG1ÞÞ dðHðG1Þ � EÞ

¼ W�1E

Z
dGy1 dG

y
2 dðx0�Ex̂ðG

y
2ÞÞdðx�Ex̂ðG

y
1ÞÞ dðG

y
1�G0ðtjGy2ÞÞdðHðG

y
1Þ�EÞ

¼ }ðEx Ex0jt;EÞ ð8Þ

This uses the fact that dG ¼ dGy. For macrostates all of even parity, this says that

for an isolated system the forward transition x! x0 will be observed as

frequently as the reverse x0 ! x. This is what Onsager meant by the principle of

dynamical reversibility, which he stated as ‘‘in the end every type of motion is

just as likely to occur as its reverse’’ [10, p. 412]. Note that for velocity-type

variables, the sign is reversed for the reverse transition.

The second or transition entropy is the weight of molecular configurations

associated with a transition occurring in time t,

Sð2Þðx0; xjt;EÞ ¼ kB ln

Z
dG1 dðx̂ðG0ðtjG1ÞÞ � x0Þ dðx̂ðG1Þ � xÞ dðHðG1Þ � EÞ

ð9Þ

up to an arbitrary constant. The unconditional transition probability for x! x0 in
time t is related to the second entropy by [2, 8]

}ðx0; xjt;EÞ ¼ 1

WðEÞ exp S
ð2Þðx0; xjt;EÞ=kB ð10Þ
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Henceforth the dependence on the energy is not shown explicitly. The second

entropy reduces to the first entropy upon integration

Sð1ÞðxÞ ¼ const:þ kB ln

Z
dx0 exp Sð2Þðx0; xjtÞ=kB ð11Þ

It will prove important to impose this reduction condition on the approximate

expansions given later.

The second entropy obeys the symmetry rules

Sð2Þðx0; xjtÞ ¼ Sð2Þðx; x0j � tÞ ¼ Sð2ÞðEx; Ex0jtÞ ð12Þ

The first equality follows from time homogeneity: the probability that x0 ¼
xðt þ tÞ and x ¼ xðtÞ are the same as the probability that x ¼ xðt � tÞ and
x0 ¼ xðtÞ. The second equality follows from microscopic reversibility: if the

molecular velocities are reversed the system retraces its trajectory in phase space.

Again, it will prove important to impose these symmetry conditions on the

following expansions.

In the formulation of the nonequilibrium second law, Eq. (2), dynamic

structure was said to be equivalent to a rate or flux. This may be seen more

clearly from the present definition of the second entropy, since the coarse

velocity can be defined as

x
� � x0 � x

t
ð13Þ

Maximizing the second entropy with respect to x0 for fixed x yields the most

likely terminal position xðx; tÞ � x0, and hence the most likely coarse velocity

x
�ðx; tÞ. Alternatively, differentiating the most likely terminal position with

respect to t yields the most likely terminal velocity, _xðx; tÞ. So constraining the

system to be in the macrostate x0 at a time t after it was in the state x is the same

as constraining the coarse velocity.

B. Quadratic Expansion

For simplicity, it is assumed that the equilibrium value of the macrostate is zero,

x ¼ 0. This means that henceforth x measures the departure of the macrostate

from its equilibrium value. In the linear regime, (small fluctuations), the first

entropy may be expanded about its equilibrium value, and to quadratic order it is

Sð1ÞðxÞ ¼ 1
2
S : x2 ð14Þ

a constant having been neglected. Here and throughout a colon or centered dot is

used to denote scalar multiplication, and squared or juxtaposed vectors to denote
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a dyad. Hence the scalar could equally be written S : x2 � x � Sx. The

thermodynamic force is defined as

XðxÞ � qSð1ÞðxÞ
qx

¼ Sx ð15Þ

Evidently in the linear regime the probability is Gaussian, and the correlation

matrix is therefore given by

S�1 ¼ �hxxi0=kB ð16Þ

The parity matrix commutes with the first entropy matrix, E S ¼ S E, because
there is no coupling between variables of opposite parity at equilibrium,

hxixji0 ¼ 0 if EiEj ¼ �1. If variables of the same parity are grouped together, the

first entropy matrix is block diagonal.

This last point may be seen more clearly by defining a time-correlation

matrix related to the inverse of this,

QðtÞ � k�1B hxðt þ tÞxðtÞi0 ð17Þ

From the time-reversible nature of the equations of motion, Eq. (12), it is readily

shown that the matrix is ‘‘block-asymmetric’’:

QðtÞ ¼ EQðtÞTE ¼ EQð�tÞE ð18Þ

Since S is a symmetric matrix equal to �Qð0Þ�1, these equalities show that the

off-diagonal blocks must vanish at t ¼ 0, and hence that there is no

instantaneous coupling between variables of opposite parity. The symmetry or

asymmetry of the block matrices in the grouped representation is a convenient

way of visualizing the parity results that follow.

The most general quadratic form for the second entropy is [2]

Sð2Þðx0; xjtÞ ¼ 1
2
AðtÞ : x2 þ x � BðtÞx0 þ 1

2
A0ðtÞ : x02 ð19Þ

Since hxi0 ¼ 0, linear terms must vanish. A constant has also been neglected

here. In view of Eq. (12), the matrices must satisfy

EAðtÞE ¼ A0ðtÞ ¼ Að�tÞ ð20Þ

and

EBðtÞE ¼ BðtÞT ¼ Bð�tÞ ð21Þ
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These show that in the grouped representation, the even temporal part of the

matrices is block-diagonal, and the odd temporal part is block-adiagonal, (i.e., the

diagonal blocks are zero). Also, as matrices of second derivatives with respect to

the same variable, AðtÞ and A0ðtÞ are symmetric. The even temporal part of B is

symmetric, and the odd part is antisymmetric.

Defining the symmetric matrix ~BðtÞ � BðtÞE ¼ EBðtÞT, the second entropy

may be written

Sð2Þðx0; xjtÞ ¼ 1
2
EAðtÞE : x02 þ x � ~BðtÞEx0 þ 1

2
AðtÞ : x2

¼ 1
2
AðtÞ : ½Ex0 þ AðtÞ�1~BðtÞx	2 þ 1

2
AðtÞ : x2 � 1

2
x � ~BðtÞAðtÞ�1~BðtÞx

¼ 1
2
EAðtÞE : ½x0 þ EAðtÞ�1BðtÞEx	2 þ Sð1ÞðxÞ ð22Þ

The final equality results from the reduction condition, which evidently is

explicitly [2, 7]

S ¼ AðtÞ � ~BðtÞAðtÞ�1~BðtÞ ð23Þ

This essentially reduces the two transport matrices to one.

The last two results are rather similar to the quadratic forms given by Fox

and Uhlenbeck for the transition probability for a stationary Gaussian–Markov

process, their Eqs. (20) and (22) [82]. Although they did not identify the parity

relationships of the matrices or obtain their time dependence explicitly, the

Langevin equation that emerges from their analysis and the Doob formula, their

Eq. (25), is essentially equivalent to the most likely terminal position in the

intermediate regime obtained next.

The most likely position at the end of the interval is

xðx; tÞ � x0 ¼ �EAðtÞ�1BðtÞEx ð24Þ

If it can be shown that the prefactor is the identity matrix plus a matrix linear in t,
then this is, in essence, Onsager’s regression hypothesis [10] and the basis for

linear transport theory.

C. Time Scaling

Consider the sequential transition x1 �!
t

x2 �!
t

x3. One can assume Markovian

behavior and add the second entropy separately for the two transitions. In view of

the previous results this may be written

Sð2Þðx3; x2; x1jt; tÞ ¼ Sð2Þðx3; x2jtÞ þ Sð2Þðx2; x1jtÞ � Sð1Þðx2Þ
¼ 1

2
A0ðtÞ : x23 þ x2 � BðtÞx3 þ 1

2
AðtÞ : x22

þ 1
2
A0ðtÞ : x22 þ x1 � BðtÞx2 þ 1

2
AðtÞ : x21 � 1

2
S : x22

ð25Þ
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This ansatz is only expected to be valid for large enough t such that the two

intervals may be regarded as independent. This restricts the following results to

the intermediate time regime.

The second entropy for the transition x1 �!
2t

x3 is equal to the maximum

value of that for the sequential transition,

Sð2Þðx3; x1j2tÞ ¼ Sð2Þðx3; x2; x1jt; tÞ ð26Þ

This result holds in so far as fluctuations about the most probable trajectory are

relatively negligible. The optimum point is that which maximizes the second

entropy,

qSð2Þðx3; x2; x1jt; tÞ
qx2

����
x2¼x2
¼ 0 ð27Þ

The midpoint of the trajectory is ~x2 � ½x3 þ x1	=2. It can be shown that the

difference between the optimum point and the midpoint is order t, and it does not
contribute to the leading order results that are obtained here.

The left-hand side of Eq. (26) is

Sð2Þðx3; x1j2tÞ ¼ 1
2
A0ð2tÞ : x23 þ x1 � Bð2tÞx3 þ 1

2
Að2tÞ : x21 ð28Þ

The right-hand side of Eq. (25) evaluated at the midpoint is

Sð2Þðx3; ~x2; x1jt; tÞ ¼ 1
8
½5A0ðtÞ þ AðtÞ þ 2BðtÞ þ 2BTðtÞ � S	 : x23
þ 1

8
½5AðtÞ þ A0ðtÞ þ 2BðtÞ þ 2BTðtÞ � S	 : x21

þ 1
4
x1 � ½AðtÞ þ A0ðtÞ þ 4BðtÞ � S	 : x3

ð29Þ

By equating the individual terms, the dependence on the time interval of the

coefficients in the quadratic expansion of the second entropy may be obtained.

Consider the expansions

AðtÞ ¼ 1

t
a
1
þ 1

jtj a2 þ t̂a
3
þ a

4
þOðtÞ ð30Þ

A0ðtÞ ¼ �1
t

a
1
þ 1

jtj a2 � t̂a
3
þ a

4
þOðtÞ ð31Þ

and

BðtÞ ¼ 1

t
b
1
þ 1

jtj b2 þ t̂b
3
þ b

4
þOðtÞ ð32Þ
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Here and throughout, t̂ � signðtÞ. These are small-time expansions, but they are

not Taylor expansions, as the appearance of nonanalytic terms indicates. From

the parity and symmetry rules, the odd coefficients are block-adiagonal, and the

even coefficients are block-diagonal in the grouped representation. Equating the

coefficients of x23=jtj in Eqs. (28) and (29), it follows that

1
2

1
2
a
2
� t̂1

2
a
1

h i
¼ 1

8
½ 6a

2
� 4t̂a

1
þ 4b

2
	 ð33Þ

This has solution

a
1
¼ 0 and a

2
¼ �b

2
ð34Þ

Comparing the coefficient of x1x3=jtj in Eq. (29) with that in Eq. (28) confirms

this result, and in addition yields

b
1
¼ 0 ð35Þ

No further information can be extracted from these equations at this stage

because it is not possible to go beyond the leading order due to the approximation

x2 � ~x2. However, the reduction condition Eq. (23) may be written

S ¼ AðtÞ þ BðtÞ � BðtÞEAðtÞ�1½AðtÞ þ BðtÞ	E


 a
4
þ b

4
þ t̂½ a

3
þ b

3
	 þ 1

jtj a2Ejtja
�1
2
ða

4
þ b

4
þ t̂½ a

3
þ b

3
	ÞEþOt

ð36Þ

The odd expansion coefficients are block-adiagonal and hence E ½ a
3
þ b

3
	 Eþ

½a
3
þ b

3
	 ¼ 0. This means that the coefficient of t̂ on the right hand side is identi-

cally zero. (Later it will be shown that a
3
¼ 0 and that b

3
could be nonzero.)

Since the parity matrix commutes with the block-diagonal even coefficients, the

reduction condition gives

S ¼ 2½a
4
þ b

4
	 þ Ot ð37Þ

1. Optimum Point

To find the optimum intermediate point, differentiate the second entropy,

qSð2Þðx3; x2; x1jt; tÞ
qx2

¼ BðtÞx3 þ AðtÞx2 þ A0ðtÞx2 þ BTðtÞx1 � Sx2 ð38Þ
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Setting this to zero it follows that

x2 ¼ �½AðtÞ þ A0ðtÞ � S 	�1½BðtÞx3 þ BTðtÞx1	 
 �
2

jtj a2 þ 2a
4
� SþOt

� ��1

� �1
jtj a2 þ t̂b

3
þ b

4

� �
x3 þ

�1
jtj a2 � t̂b

3
þ b

4

� �
x1 þOt

� �

 1

2
½x3 þ x1	

� 1
4
jtja�1

2
½2a

4
� S	 � 1

2
jtja�1

2
½ðt̂b

3
þ b

4
Þx3 � ðt̂b3 � b

4
Þx1	 þ Ot2

¼ 1
2
½x3 þ x1	 � t

2
a�1
2
b
3
½x3 � x1	

� ~x2 þ tl½x3 � x1	 ð39Þ

This confirms that to leading order the optimum point is indeed the midpoint.

When this is inserted into the second entropy for the sequential transition, the

first-order correction cancels,

Sð2Þðx3; x2; x1Þ ¼ Sð2Þðx3; ~x2; x1Þ þ x1 � BðtÞ½x2 � ~x2	 þ ½x2 � ~x2	 � BðtÞx3
þ 1

2
½AðtÞ þ A0ðtÞ � S 	 : x22 � 1

2
½AðtÞ þ A0ðtÞ � S 	 : ~x22


 Sð2Þðx3; ~x2; x1Þ þ
t̂
2
x1 � b3½x3 � x1	 þ

t̂
2
½x3 � x1	 � bT3x3

� t̂
4
½x3 � x1	 � bT3 ½ x3 þ x1 	 �

t̂
4
½ x3 þ x1 	 � b3½x3 � x1	 þ Ot

¼ Sð2Þðx3; ~x2; x1Þ þ Ot ð40Þ

This means that all of the above expansions also hold for order Ot0. Hence
equating the coefficients of x23jtj

0
in Eqs. (28) and (29), it follows that

1
8
½ 6a

4
� 4b

4
� S 	 ¼ 1

2
a
4

ð41Þ

Since a
4
þ b

4
¼ S=2, this has solution

a
4
¼ S=2 and b

4
¼ 0 ð42Þ

Equating the coefficient of x1x3jtj0 in Eqs. (28) and (29) yields

1
4
½ 2a

4
þ 4b

4
þ 4t̂b

3
� S 	 ¼ t̂b

3
þ b

4
ð43Þ

This is an identity and no information about b
3
can be extracted from it.

D. Regression Theorem

The most likely terminal position was given as Eq. (24), where it was mentioned

that if the coefficient could be shown to scale linearly with time, then the Onsager

regression hypothesis would emerge as a theorem. Hence the small-t behavior of
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the coefficient is now sought. Postmultiply the most likely terminal position by

k�1B x and take the average, which shows that the coefficient is related to the time

correlation matrix defined in Eq. (17). Explicitly,

QðtÞ ¼ EAðtÞ�1BðtÞE S�1 ð44Þ

This invokes the result, hxðx; tÞxi0 ¼ hxðt þ tÞxðtÞi0, which is valid since the

mode is equal to the mean for a Gaussian conditional probability. Inserting the

expansion it follows that

QðtÞS 
 E
1

jtj a2 þ t̂a
3
þ a

4

� ��1 �1
jtj a2 þ t̂b

3
þ b

4

� �
E


 E ½ I � ta�1
2
a
3
� jtja�1

2
a
4
	½�I þ ta�1

2
b
3
þ jtja�1

2
b
4
	 E þOt2


 �I � ta�1
2
½ a

3
þ b

3
	 þ jtja�1

2
½ a

4
þ b

4
	 þ Ot2

ð45Þ

Here we have used the symmetry and commuting properties of the matrices to

obtain the final line. This shows that the correlation matrix goes like

QðtÞ 
 �S�1 þ tQ� þ jtjQþ þ Ot2 ð46Þ

whereQ� is block-adiagonal andQþ ¼ a�1
2
=2 is block-diagonal. SinceQð�tÞ ¼

QTðtÞ, the matrix Qþ is symmetric, and the matrix Q� is asymmetric. This

implies that

a
3
¼ 0 and Q� ¼ �a�1

2
b
3
S�1 ð47Þ

since a
3
is block-adiagonal and symmetric, and b

3
is block-adiagonal and

asymmetric. With these results, the expansions are

AðtÞ ¼ A0ðtÞ ¼ 1

jtj a2 þ
1

2
SþOt ð48Þ

and

BðtÞ ¼ �1jtj a2 þ t̂b
3
þOt ð49Þ

The second entropy, Eq. (22), in the intermediate regime becomes

Sð2Þðx0; xjtÞ ¼ 1
2
AðtÞ : x2 þ 1

2
A0ðtÞ : x02 þ x � BðtÞx0

¼ 1

2jtj a2 : ½x
0 � x	2 þ 1

4
S : ½x0 � x	2 þ 1

2
x � Sx0 þ t̂x � b

3
x0 þ � � �

¼ 1

2jtj a2 : ½x
0 � x	2 þ 1

2
x � ½Sþ 2t̂b

3
	x0 þ � � � ð50Þ
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Higher-order terms have been neglected in this small-t expansion that is valid in
the intermediate regime. This expression obeys exactly the symmetry relation-

ships, and it obeys the reduction condition to leading order. (See Eq. (68) for a

more complete expression that obeys the reduction condition fully.)

Assuming that the coarse velocity can be regarded as an intensive variable,

this shows that the second entropy is extensive in the time interval. The time

extensivity of the second entropy was originally obtained by certain Markov and

integration arguments that are essentially equivalent to those used here [2]. The

symmetric matrix a
2
controls the strength of the fluctuations of the coarse

velocity about its most likely value. That the symmetric part of the transport

matrix controls the fluctuations has been noted previously (see Section 2.6 of

Ref. 35, and also Ref. 82).

The derivative with respect to x0 is

qSð2Þðx0; xjtÞ
qx0

¼ 1

jtj a2½x
0 � x	 þ 1

2
½S� 2t̂b

3
	x ð51Þ

From this the most likely terminal position in the intermediate regime is

xðx; tÞ 
 x� jtj
2
a�1
2
fS� 2t̂b

3
gx

¼ x� jtj
2
a�1
2
XðxÞ þ ta�1

2
b
3
S�1XðxÞ

¼ x� jtj½Qþ þ t̂Q�	XðxÞ

� x� jtjLðt̂ÞXðxÞ

ð52Þ

It follows that the most likely coarse velocity is

�x
�
ðx; tÞ ¼ �t̂Lðt̂ÞXðxÞ ð53Þ

and the most likely terminal velocity is

_xðx; tÞ ¼ �½t̂Qþ þ Q�	XðxÞ ¼ �t̂Lðt̂ÞXðxÞ ð54Þ

These indicate that the system returns to equilibrium at a rate proportional to the

displacement, which is Onsager’s famous regression hypothesis [10].

That the most likely coarse velocity is equal to the most likely terminal

velocity can only be true in two circumstances: either the system began in the

steady state and the most likely instantaneous velocity was constant throughout

the interval, or else the system was initially in a dynamically disordered state,

and t was large enough that the initial inertial regime was relatively negligible.

These equations are evidently untrue for jtj ! 0, since in this limit the most
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likely velocity is zero (if the system is initially dynamically disordered, as it is

instantaneously following a fluctuation). In the limit that jtj ! 1 these

equations also break down, since then there can be no correlation between

current position and future (or past) velocity. Also, since only the leading term

or terms in the small-t expansion have been retained above, the neglected terms

must increasingly contribute as t increases and the above explicit results must

become increasingly inapplicable. Hence these results hold for t in the

intermediate regime, tshort<
 t<
 tlong.
The matrix Lðt̂Þ is called the transport matrix, and it satisfies

Lðt̂Þ ¼ E Lðt̂ÞTE ¼ Lð�t̂ÞT ð55Þ

This follows because, in the grouped representation, Qþ contains nonzero blocks

only on the diagonal and is symmetric, andQ� contains nonzero blocks only off the
diagonal and is asymmetric. These symmetry rules are called the Onsager–Casimir

reciprocal relations [10, 24]. They show that the magnitude of the coupling

coefficient between a flux and a force is equal to that between the force and the flux.

1. Asymmetry of the Transport Matrix

A significant question is whether the asymmetric contribution to the transport

matrix is zero or nonzero. That is, is there any coupling between the transport of

variables of opposite parity? The question will recur in the discussion of the rate

of entropy production later. The earlier analysis cannot decide the issue, since b
3

can be zero or nonzero in the earlier results. But some insight can be gained into

the possible behavior of the system from the following analysis.

In the intermediate regime, tshort<
 t<
 tlong, the transport matrix is linear in t
and it follows that

Lðt̂Þ ¼ t̂
q
qt

QðtÞ ¼ t̂kBh _xðt þ tÞxðtÞi0 ð56Þ

or, equivalently,

Lðt̂Þ ¼ 1

jtj ½QðtÞ þ S�1	 ¼ t̂kBhx
�ðt; tÞxðtÞi0 ð57Þ

That the time correlation function is the same using the terminal velocity or the

coarse velocity in the intermediate regime is consistent with Eqs (53) and (54).

Consider two variables, x ¼ fA;Bg, where A has even parity and B has odd

parity. Then using the terminal velocity it follows that

Lðt̂Þ ¼ t̂k�1B
h _Aðt þ tÞAðtÞi0 h _Aðt þ tÞBðtÞi0
h _Bðt þ tÞAðtÞi0 h _Bðt þ tÞBðtÞi0

� �
ð58Þ
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The matrix is readily shown to be antisymmetric, as it must be. In the

intermediate regime, the transport matrix must be independent of jtj, which
means that for nonzero t,

0 ¼ q
qt

Lðt̂Þ ¼ t̂k�1B
h€Aðt þ tÞAðtÞi0 h€Aðt þ tÞBðtÞi0
h€Bðt þ tÞAðtÞi0 h€Bðt þ tÞBðtÞi0

� �
ð59Þ

That the terminal acceleration should most likely vanish is true almost by

definition of the steady state; the system returns to equilibrium with a constant

velocity that is proportional to the initial displacement, and hence the acceleration

must be zero. It is stressed that this result only holds in the intermediate regime,

for t not too large. Hence and in particular, this constant velocity (linear decrease
in displacement with time) is not inconsistent with the exponential return to

equilibrium that is conventionally predicted by the Langevin equation, since the

present analysis cannot be extrapolated directly beyond the small time regime

where the exponential can be approximated by a linear function.

In the special case that B ¼ _A, the transport matrix is

L0ðt̂Þ ¼ t̂k�1B
h _Aðt þ tÞAðtÞi0 h _Aðt þ tÞ _AðtÞi0
h€Aðt þ tÞAðtÞi0 h€Aðt þ tÞ _AðtÞi0

� �
ð60Þ

Both entries on the second row of the transport matrix involve correlations with
€A, and hence they vanish. That is, the lower row of L0 equals the upper row of _L.
By asymmetry, the upper right-hand entry of L0 must also vanish, and so the only

nonzero transport coefficient is L0AA ¼ t̂k�1B h _Aðt þ tÞAðtÞi0. So this is one

example when there is no coupling in the transport of variable of opposite parity.

But there is no reason to suppose that this is true more generally.

E. Entropy Production

The constrained rate of first entropy production is

_Sð1Þð _x; xÞ ¼ _x � XðxÞ ð61Þ

This is a general result that holds for any structure x, and any flux _x.
In terms of the terminal velocity (the same result holds for the coarse

velocity), the most likely rate of production of the first entropy is

_S
ð1Þ
ðxÞ ¼ _xðx; t̂Þ � XðxÞ
¼ �½t̂Qþ þ Q�	 : XðxÞ2

¼ �t̂Qþ : XðxÞ2
ð62Þ
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The asymmetric part of the transport matrix gives zero contribution to the scalar

product and so does not contribute to the steady-state rate of first entropy

production [7]. This was also observed by Casimir [24] and by Grabert et al. [25],

Eq. (17).

As stressed at the end of the preceding section, there is no proof that the

asymmetric part of the transport matrix vanishes. Casimir [24], no doubt

motivated by his observation about the rate of entropy production, on p. 348

asserted that the antisymmetric component of the transport matrix had no

observable physical consequence and could be set to zero. However, the present

results show that the function makes an important and generally nonnegligible

contribution to the dynamics of the steady state even if it does not contribute to

the rate of first entropy production.

The optimum rate of first entropy production may also be written in terms of

the fluxes,

_S
ð1Þ
ðxÞ ¼ �t̂Lðt̂Þ�1 : _xðx; t̂Þ2 ð63Þ

Only the symmetric part of the inverse of the transport matrix contributes to this

(but of course this will involve products of the antisymmetric part of the transport

matrix itself). Both these last two formulas are only valid in the optimum or

steady state. They are not valid in a general constrained state, where Eq. (61) is

the only formula that should be used. This distinction between formulas that are

valid generally and those that are only valid in the optimum state is an example of

the point of the second question posed in the introduction, Question (4).

Unfortunately, most workers in the field regard the last two equations as general

formulas for the rate of first entropy production and apply them to constrained,

nonoptimum states where they have no physical meaning. Onsager, in his first

two papers, combined the general expression, Eq. (61), with the restricted one,

Eq. (63), to make a variational principle that is almost the same as the present

second entropy and that is generally valid. However, in the later paper with

Machlup [32], he proposes variational principles based solely on the two

restricted expressions and applies these to the constrained states where they have

no physical meaning. Prigogine [11, 83] uses both restricted expressions in his

work and interprets them as the rate of entropy production, which is not correct

for the constrained states to which he applies them.

The first question posed in the introduction, Question (3), makes the point

that one cannot have a theory for the nonequilibrium state based on the first

entropy or its rate of production. It ought to be clear that the steady state, which

corresponds to the most likely flux, _xðx; t̂Þ, gives neither the maximum nor the

minimum of Eq. (61), the rate of first entropy production. From that equation,

the extreme rates of first entropy production occur when _x ¼ �1. Theories that

invoke the Principle of Minimum Dissipation, [10–12, 32] or the Principle of
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Maximum Dissipation, [13–18] are fundamentally flawed from this point of

view. These two principles are diametrically opposed, and it is a little surprising

that they have both been advocated simultaneously.

Using the quadratic expression for the second entropy, Eq. (22), the reduction

condition, Eq. (23), and the correlation function, Eq. (17), the second entropy

may be written at all times as

Sð2Þðx0; xjtÞ ¼ Sð1ÞðxÞ þ 1
2
½S�1 � QðtÞSQðtÞT	�1 : ðx0 þ QðtÞSxÞ2 ð64Þ

It is evident from this that the most likely terminal position is xðx; tÞ ¼ �QðtÞSx,
as expected from the definition of the correlation function, and the fact that for a

Gaussian probability means equal modes. This last point also ensures that the

reduction condition is automatically satisfied, and that the maximum value of the

second entropy is just the first entropy,

Sð2Þðx; tÞ � Sð2Þðx0; xjtÞ ¼ Sð1ÞðxÞ ð65Þ

This holds for all time intervals t, and so in the optimum state the rate of pro-

duction of second entropy vanishes. This is entirely analogous to the equilibrium

situation, where at equilibrium the rate of change of first entropy vanishes.

The vanishing of the second term in the optimum state arises from a

cancelation that lends itself to a physical interpretation. This expression for the

second entropy may be rearranged as

Sð2Þðx0; xjtÞ ¼ Sð1ÞðxÞ þ 1
2
S�1 � QðtÞSQðtÞT
h i�1

: ðx0 � xÞ2

þ ðx0 � xÞ � ½S�1 � QðtÞSQðtÞT	�1ðI þ QðtÞSÞx

þ 1
2
½S�1 � QðtÞSQðtÞT	�1 : ½ðI þ QðtÞSÞx	2 ð66Þ

The first term on the right-hand side is the ordinary first entropy. It is negative

and represents the cost of the order that is the constrained static state x. The

second term is also negative and is quadratic in the coarse velocity. It represents

the cost of maintaining the dynamic order that is induced in the system for a

nonzero flux x
�
. The third and fourth terms sum to a positive number, at least in

the optimum state, where they cancel with the second term. As will become

clearer shortly, they represent the production of first entropy as the system returns

to equilibrium, and it is these terms that drive the flux.

Beyond the intermediate regime, in the long time limit the correlation

function vanishes, QðtÞ ! 0. In this regime the second entropy is just the sum

of the two first entropies, as is expected,

Sð2Þðx0; xjtÞ ! Sð1ÞðxÞ þ Sð1Þðx0Þ; jtj ! 1 ð67Þ
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This follows directly by setting Q to zero in either of the two previous

expressions.

In the intermediate regime,

½S�1 � QðtÞ SQ ðtÞT	�1 
 ðQþÞ�1=2jtj ¼ a
2
=jtj; and ðI þ QðtÞSÞ 
 tQ�Sþ jtj

QþS. Hence the second entropy goes like

Sð2Þðx0; xjtÞ 
 Sð1ÞðxÞ þ jtj
4
ðQþÞ�1 : x

� 2þ jtj
2
x
� �ðQþÞ�1½Q� þ t̂Qþ	Sx

þ jtj
4
ðQþÞ�1 : ð½Q� þ t̂Qþ	SxÞ2 ð68Þ

The terms that are linear in the time interval must add up to a negative number,

and so as the flux spontaneously develops these terms approach zero from below.

In the optimum or steady state, the third term on the right-hand side is minus

twice the fourth term, and so the sum of these two terms is

jtj
4
x
� � ðQþÞ�1½Q� þ t̂Qþ	Sx � t

4
x
� � XðxÞ ð69Þ

where the asymmetric coupling has been neglected. For t > 0, this is one-quarter

of the first entropy production and is positive, which justifies the above physical

interpretation of these two terms.

In summary, following a fluctuation the system is initially dynamically

disordered, and the flux is zero. If the flux were constrained to be zero for an

intermediate time, the second entropy would be less than the first entropy of the

fluctuation, and it would have decreased at a constant rate,

Sð2Þðx� ¼ 0; xjtÞ ¼ Sð1ÞðxÞ þ jtj
4
Qþ : ðSxÞ2 ð70Þ

ignoring the asymmetric term. If the constraint is relaxed, then the flux

develops, the third positive term increases and produces first entropy at an

increasing rate. It continues to increase until the cost of maintaining the

dynamic order, the second negative term that is quadratic in the flux, begins to

increase in magnitude at a greater rate than the third term that is linear in the

flux. At this stage, the second, third, and fourth terms add to zero. The steady

state occurs in the intermediate regime and is marked by the constancy of the

flux, as is discussed in more detail in Section IIG.

F. Reservoir

If one now adds a reservoir with thermodynamic force Xr, then the subsystem

macrostate x can change by internal processes �0x, or by exchange with the

reservoir, �rx ¼ ��xr. Imagining that the transitions occur sequentially,
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x! x0 ! x00, with x0 ¼ xþ�0x and x00 ¼ x0 þ�rx, the second entropy for the

stochastic transition is half the difference between the total first entropies of the

initial and final states,

Sð2Þr ð�rxjx;XrÞ ¼ 1
2
½Sð1Þð�rxþ xÞ � ð�rxþ xÞ � Xr � Sð1ÞðxÞ þ x � Xr	 ð71Þ

The factor of 1
2
arises from the reversibility of such stochastic transitions. One can

debate whether x or x0 should appear here, but it does not affect the following

results to leading order.

In the expression for the second entropy of the isolated system, Eq. (68), the

isolated system first entropy appears, Sð1ÞðxÞ. In the present case this must be

replaced by the total first entropy, Sð1ÞðxÞ � x � Xr. With this replacement and

adding the stochastic second entropy, the total second entropy is

S
ð2Þ
totalð�0x;�rx; xjXr; tÞ

¼ Sð1ÞðxÞ � x � Xr þ
1

2jtj a2 : ð�
0xÞ2 þ t̂

2
�0x � a

2
½t̂a�1

2
� 2a�1

2
b
3
S�1	Sx

þ jtj
8
a
2
: ð½t̂a�1

2
� 2a�1

2
b
3
S�1	SxÞ2 þ 1

2
½Sð1Þð�rxþ xÞ � Sð1ÞðxÞ ��rx � Xr	

ð72Þ

Setting the derivative with respect to �rx to zero, one finds

X00s ¼ Xr ð73Þ

which is to say that in the steady state the subsystem force equals the reservoir

force at the end of the transition. (Strictly speaking, the point at which the force is

evaluated differs from x00 by the adiabatic motion, but this is of higher order and

can be neglected.)

The derivative with respect to x is

qSð2Þtotal

qx
¼ Xs � Xr þ 1

2
½X00s � Xs	 þ O�0x

¼ 1
2
½Xs � Xr	 ð74Þ

To leading order this vanishes when the initial subsystem force equals that

imposed by the reservoirs,

Xs ¼ Xr ð75Þ

Since the subsystem force at the end of the transition is also most likely equal to

the reservoir force, this implies that the adiabatic change is canceled by the

stochastic change, �rx ¼ ��0x.
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The derivative with respect to �0x is

qSð2Þtotal

q�0x
¼ t̂a

2
x
� þ 1

2
ðS� 2t̂b

3
Þx ð76Þ

Hence the most likely flux is

x
� ¼ �t̂

2
a�1
2
½I � 2t̂b

3
S�1	Xr ð77Þ

This confirms Onsager’s regression hypothesis, namely, that the flux following a

fluctuation in an isolated system is the same as if that departure from equilibrium

were induced by an externally applied force.

G. Intermediate Regime and Maximum Flux

Most of the previous analysis has concentrated on the intermediate regime,

tshort<
 t<
 tlong. It is worth discussing the reasons for this in more detail, and to

address the related question of how one chooses a unique transport coefficient

since in general this is a function of t.
At small time scales following a fluctuation, t<
 tshort, the system is

dynamically disordered and the molecules behave essentially ballistically. This

regime is the inertial regime as the dynamic order sets in and the flux becomes

established. At long times, t>
 tlong, the correlation function goes to zero and the
flux dies out as the terminal position forgets the initial fluctuation. So it is clear

that the focus for steady flow has to be on the intermediate regime.

To simplify the discussion, a scalar even variable x will be used. In this case

the most likely terminal position is x0ðx; tÞ ¼ �QðtÞSx, where the correlation

function is QðtÞ ¼ k�1B hxðt þ tÞxðtÞi0. The most likely terminal velocity is

_xðx; tÞ ¼ qx0ðx; tÞ
qt

¼ � _QðtÞSx ¼ �k�1B h _xðt þ tÞxðtÞi0Sx ð78Þ

The maximum terminal velocity is given by

0 ¼ q _xðx; tÞ
qt

����
t¼t�
¼ �€Qðt�ÞSx ¼ �k�1B h€xðt þ t�ÞxðtÞi0Sx ð79Þ

So the terminal velocity or flux is a maximum when the terminal acceleration is

zero, which implies that the terminal velocity is a constant, which implies that

QðtÞ is a linear function of t. By definition, the steady state is the state of

constant flux. This justifies the above focus on the terms that are linear in t in the
study of the steady state. The preceding equations show that the steady state
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corresponds to the state of maximum unconstrained flux. (By maximum is meant

greatest magnitude; the sign of the flux is such that the first entropy increases.)

The transport matrix is the one evaluated at this point of maximal flux. In the

steady state during the adiabatic motion of the system, the only change is the

steady decrease of the structure as it decays toward its equilibrium state.

The first role of a reservoir is to impose on the system a gradient that makes

the subsystem structure nonzero. The adiabatic flux that consequently develops

continually decreases this structure, but the second role of the reservoir is to

cancel this decrement by exchange of variables conjugate to the gradient. This

does not affect the adiabatic dynamics. Hence provided that the flux is maximal

in the above sense, then this procedure ensures that both the structure and the

dynamics of the subsystem are steady and unchanging in time. (See also the

discussion of Fig. 9.) A corollary of this is that the first entropy of the reservoirs

increases at the greatest possible rate for any unconstrained flux.

This last point suggests an alternative interpretation of the transport

coefficient as the one corresponding to the correlation function evaluated at

the point of maximum flux. The second entropy is maximized to find the

optimum flux at each t. Since the maximum value of the second entropy is the

first entropy Sð1ÞðxÞ, which is independent of t, one has no further variational

principle to invoke based on the second entropy. However, one may assert that

the optimal time interval is the one that maximizes the rate of production of the

otherwise unconstrained first entropy, _Sð _x0ðx; tÞ; xÞ ¼ _x0ðx; tÞ � XsðxÞ, since the

latter is a function of the optimized fluxes that depend on t.
Finally, a point can be made about using the present analysis to calculate a

trajectory. Most of the above analysis invoked a small-t expansion and kept

terms up to linear order. This restricts the analysis to times not too long,

jt _xðx; tÞj 
 jxj. If one has the entire correlation function, then one can predict

the whole trajectory. The advantage of working in the intermediate regime is

that one only need know a single quantity, namely, the transport coefficient

corresponding to the maximal flux. Given this, one can of course still predict the

behavior of the system over long time intervals by piecing together short

segments in a Markov fashion. In this case the length of the segments should

be t�, which is long enough to be beyond the inertial regime during which

the system adjusts to the new structure, and short enough for the expansion to

linear order in t to be valid. In fact, it is of precisely the right length to be able to
use constant, time-independent transport coefficients. And even if it weren’t

quite right, the first-order error in t� would create only a second-order error in

the transport coefficient. Furthermore, choosing t� as the segment length will

ensure that the system reaches equilibrium in the shortest possible time with

unconstrained fluxes. Since x0ðx; tÞ ¼ �QðtÞSx for t intermediate, the Markov

procedure predicts for a long time interval

x0ðx; tÞ ¼ ð�Qðt�ÞSÞt=t
�
x; t>
 t� ð80Þ
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This can be written as an exponential decay with relaxation time

t�= ln½�Qðt�ÞS	.

III. NONLINEAR THERMODYNAMICS

A. Quadratic Expansion

In the nonlinear regime, the thermodynamic force remains formally defined as

the first derivative of the first entropy,

XðxÞ ¼ qSð1ÞðxÞ
qx

ð81Þ

However, it is no longer a linear function of the displacement. In other words, the

second derivative of the first entropy, which is the first entropy matrix, is no

longer constant:

SðxÞ ¼ q2Sð1ÞðxÞ
qx qx

ð82Þ

For the second entropy, without assuming linearity, one can nevertheless take x0

to be close to x, which will be applicable for t not too large. Define

E � Eðx; tÞ � Sð2Þðx; xjtÞ ð83Þ

F � Fðx; tÞ � qSð2Þðx0; xjtÞ
qx0

����
x0¼x

ð84Þ

and

G � Gðx; tÞ � q2Sð2Þðx0; xjtÞ
qx0 qx0

����
x0¼x

ð85Þ

With these the second entropy may be expanded about x, and to second order it is

Sð2Þðx0; xjtÞ ¼ E þ ðx0 � xÞ � Fþ 1
2
G : ðx0 � xÞ2

¼ Sð1ÞðxÞ þ 1
2
G : ½x0 � xþ G�1F	2

ð86Þ

The final equality comes about because this is in the form of a completed square,

and hence the reduction condition, Eq. (11), immediately yields

Sð1ÞðxÞ ¼ Eðx; tÞ � 1
2
Gðx; tÞ�1 : Fðx; tÞ2 ð87Þ

The right-hand side must be independent of t. The asymmetry introduced by the

expansion of Sð2Þðx0; xjtÞ about x (it no longer obeys the symmetry rules,

Eq. (12)) affects the neglected higher-order terms.
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The second entropy is maximized by the most likely position, which from the

completed square evidently is

x0ðx; tÞ ¼ x� Gðx; tÞ�1Fðx; tÞ ð88Þ

The parity and time scaling of these coefficients will be analyzed in the following

subsection.

Before that, it is worth discussing the physical interpretation of the

optimization. The first equality in expression (86) for the second entropy contains

two terms involving x0. The quadratic term is negative and represents the entropy

cost of ordering the system dynamically; whether the departure from zero is

positive or negative, any fluctuation in the flux represents order and is unfavorable.

The linear term can be positive or negative; it is this term that encourages a

nonzero flux that drives the system back toward equilibrium in the future, which

obviously increases the first entropy. (The quantity F will be shown below to be

related to the ordinary thermodynamic force X.) Hence the optimization

procedure corresponds to balancing these two terms, with the quadratic term

that is unfavorable to dynamic order preventing large fluxes, where it dominates,

and the linear term increasing the first entropy and dominating for small fluxes.

B. Parity

In addition to the coefficients for the nonlinear second entropy expansion defined

earlier, Eqs. (83), (84), and (85) define

Fyðx; tÞ � qSð2Þðx; x0jtÞ
qx0

����
x0¼x

ð89Þ

Gyðx; tÞ � q2Sð2Þðx; x0jtÞ
qx0 qx0

����
x0¼x

ð90Þ

and

Gzðx; tÞ � q2Sð2Þðx0; xjtÞ
qx0 qx

����
x0¼x

ð91Þ

Under the parity operator, these behave as

Eðx; tÞ ¼ EðEx; tÞ ¼ Eðx;�tÞ ð92Þ
Fðx; tÞ ¼ EFyðEx; tÞ ¼ Fyðx;�tÞ ð93Þ
Gðx; tÞ ¼ EGyðEx; tÞE ¼ Gyðx;�tÞ ð94Þ
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and

Gzðx; tÞ ¼ EGzðEx; tÞTE ¼ Gzðx;�tÞT ð95Þ

The matrices G and Gy are symmetric. If all the variables have the same parity,

then E ¼ �I, which simplifies these rules considerably.

C. Time Scaling

As in the linear regime, consider the sequential transition x1 �!
t

x2 �!
t

x3.

Again Markovian behavior is assumed and the second entropy is added

separately for the two transitions. In view of the previous results, in the

nonlinear regime the second entropy for this may be written

Sð2Þðx3; x2; x1jt; tÞ
¼ Sð2Þðx3; x2jtÞ þ Sð2Þðx2; x1jtÞ � Sð1Þðx2Þ
¼ 1

2
Gyðx3; tÞ : ½x2 � x3	2 þ Fyðx3; tÞ � ½x2 � x3	 þ Eðx3; tÞ
þ 1

2
Gðx1; tÞ : ½x2 � x1	2 þ Fðx1; tÞ � ½x2 � x1	 þ Eðx1; tÞ � Sð1Þðx2Þ ð96Þ

The first three terms arise from the expansion of Sð2Þðx3; x2jtÞ about x3, which
accounts for the appearance of the daggers, and the second three terms arise from

the expansion of Sð2Þðx2; x1jtÞ about x1. This ansatz is only expected to be valid

for large enough t such that the two intervals may be regarded as independent.

This restricts the following results to the intermediate time regime.

As in the linear case, the second entropy for the transition x1 �!
2t

x3 is equal

to the maximum value of that for the sequential transition,

Sð2Þðx3; x1j2tÞ ¼ Sð2Þðx3; x2; x1jt; tÞ ð97Þ

This result holds in so far as fluctuations about the most probable trajectory are

relatively negligible. Writing twice the left-hand side as the expansion about

the first argument plus the expansion about the second argument, it follows

that

2Sð2Þðx3; x1j2tÞ ¼ 1
2
Gyðx3; 2tÞ : ½x1 � x3	2 þ Fyðx3; 2tÞ � ½x1 � x3	 þ Eðx3; 2tÞ
þ 1

2
Gðx1; 2tÞ : ½x3 � x1	2 þ Fðx1; 2tÞ � ½x3 � x1	 þ Eðx1; 2tÞ

ð98Þ

As in the linear case, the optimum point is approximated by the midpoint, and

it is shown later that the shift is of second order. Hence the right-hand side of
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Eq. (97) is given by Eq. (96) evaluated at the midpoint x2 ¼ ~x2:

Sð2Þðx3; ~x2; x1jt; tÞ ¼ 1
8
½Gðx1; tÞ þ Gyðx3; tÞ	 : ½x3 � x1	2

þ 1
2
½Fðx1; tÞ � Fyðx3; tÞ	 � ½x3 � x1	

þ Eðx1; tÞ þ Eðx3; tÞ � 1
2
½Sð1Þðx1Þ þ Sð1Þðx3Þ	

þ 1
16
½x3 � x1	2 : ½Sðx1Þ þ Sðx3Þ	 ð99Þ

Here the first entropy Sð1Þð~x2Þ has been expanded symmetrically about the

terminal points to quadratic order.

Each term of this may be equated to half the corresponding one on the right-

hand side of Eq. (98). From the quadratic term it follows that

1
8
½Gðx1; tÞ þ Gyðx3; tÞ	 þ 1

16
½Sðx1Þ þ Sðx3Þ	 ¼ 1

4
½Gðx1; 2tÞ þ Gyðx3; 2tÞ	 ð100Þ

To satisfy this, G must contain terms that scale inversely with the time interval,

and terms that are independent of the time interval. As in the linear case, the

expansion is nonanalytic, and it follows that

Gðx; tÞ ¼ 1

jtj g0ðxÞ þ
1

t
g
1
ðxÞ þ g

2
ðxÞ þ t̂g

3
ðxÞ ð101Þ

and that, in view of the parity rule (94),

Gyðx; tÞ ¼ 1

jtj g0ðxÞ �
1

t
g
1
ðxÞ þ g

2
ðxÞ � t̂g

3
ðxÞ ð102Þ

From Eq. (100),

g
2
ðxÞ ¼ 1

2
SðxÞ ð103Þ

and g
3
ðxÞ ¼ 0. It will be shown later that g

1
ðxÞ ¼ 0. Note that neither Gðx; tÞ nor

Gyðx; tÞ can contain any terms in the intermediate regime other than those

explicitly indicated, unless the first-order contribution from the difference

between the midpoint and the optimum point is included.

From the linear terms, the second entropy forces are

Fðx; 2tÞ ¼ Fðx; tÞ and Fyðx; 2tÞ ¼ Fyðx; tÞ ð104Þ
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which imply that they are independent of the magnitude of the time interval.

Hence

Fðx; tÞ 
 fðx; t̂Þ; fðx; t̂Þ � f0ðxÞ þ t̂f1ðxÞ ð105Þ

and, from the parity rule (93),

Fyðx; tÞ 
 fyðx; t̂Þ; fyðx; t̂Þ � f0ðxÞ � t̂f1ðxÞ ð106Þ

For the case of a system where the variables only have even parity, this implies

f1ðxÞ ¼ 0.
Finally,

1
2
½Eðx1; 2tÞ þ Eðx3; 2tÞ	 ¼ Eðx1; tÞ þ Eðx3; tÞ � 1

2
½Sð1Þðx1Þ þ Sð1Þðx3Þ	 ð107Þ

This equation implies that

Eðx; tÞ 
 Sð1ÞðxÞ ð108Þ
to leading order.

These scaling relations indicate that in the intermediate regime the second

entropy, Eq. (86), may be written

Sð2Þðx0; xjtÞ ¼ 1

2jtj g0ðxÞ : ½x
0 � x	2 þ fðx; t̂Þ � ½x0 � x	 þ Sð1ÞðxÞ ð109Þ

(Here g
1
has been set to zero, as is justified later.) This shows that the fluctuations

in the transition probability are determined by a symmetric matrix, g
0
, in

agreement with previous analyses [35, 82]. Written in this form, the second

entropy satisfies the reduction condition upon integration over x0 to leading order
(c.f. the earlier discussion of the linear expression). One can make it satisfy the

reduction condition identically by writing it in the form

Sð2Þðx0; xjtÞ ¼ 1

2jtj g0ðxÞ : ½x
0 � x0	2 þ Sð1ÞðxÞ ð110Þ

with the most likely terminal position given explicitly later.

The derivative of the left-hand side of Eq. (108) is

qEðx; tÞ
qx

� Fðx; tÞ þ Fyðx; tÞ 
 2f0ðxÞ ð111Þ

Equating this to the derivative of the right-hand side shows that

f0ðxÞ ¼ 1
2
XðxÞ ð112Þ
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This relates the time-independent part of the natural nonlinear force to the

thermodynamic force for a system of general parity in the intermediate time

regime.

The scaling of Gðx; tÞ motivates writing

Gzðx; tÞ 
 1

jtj g
z
0
ðxÞ þ 1

t
gz
1
ðxÞ þ gz

2
ðxÞ þ t̂gz

3
ðxÞ ð113Þ

In view of the parity rule (95), gz
0
and gz

2
are symmetric matrices and gz

1
and gz

3
are antisymmetric matrices.

The derivative of the second entropy force is

qFðx; tÞ
qx

¼ Gðx; tÞ þ Gzðx; tÞ ð114Þ

which in the intermediate regime becomes

qf0ðxÞ
qx
þ t̂

qf1ðxÞ
qx
¼ 1

jtj½g0ðxÞþgz
0
ðxÞ	þ1

t
½g

1
ðxÞþgz

1
ðxÞ	þg

2
ðxÞþgz

2
ðxÞþ t̂gz

3
ðxÞ

ð115Þ

Clearly, the first two bracketed terms have to individually vanish. Since the first

bracket contains two symmetric matrices, this implies that g
0
ðxÞ ¼ �gz

0
ðxÞ,

and since the second bracket contains a symmetric matrix and an anti-

symmetric matrix, this also implies that g
1
ðxÞ ¼ gz

1
ðxÞ ¼ 0. Furthermore, since

g
2
ðxÞ ¼ SðxÞ=2 ¼ qf0ðxÞ=qxT, it is also concluded that gz

2
ðxÞ ¼ 0. Explicitly

then, in the intermediate regime it follows that

Gðx; tÞ ¼ 1

jtj g0ðxÞ þ
1

2
SðxÞ ð116Þ

Gyðx; tÞ ¼ 1

jtj g0ðxÞ þ
1

2
SðxÞ ð117Þ

and

Gzðx; tÞ ¼ �1jtj g0ðxÞ þ t̂gz
3
ðxÞ ð118Þ

with

gz
3
ðxÞ ¼ qf1ðxÞ=qx ð119Þ
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which will be used later. These further expansions justify the second entropy

given earlier, Eq. (109).

In view of the reduction condition, Eq. (87), and the earlier scaling of G and

F, the reduction condition (108) can be written to higher order:

Eðx; tÞ 
 Sð1ÞðxÞ þ jtj
2
g�1
0
ðxÞ : fðx; t̂Þ2 þOt2 ð120Þ

Since Eðx; tÞ is an even function of t, this shows that

f1ðxÞ � g�1
0
ðxÞXðxÞ ¼ 0 ð121Þ

This says that f1 is orthogonal to the usual thermodynamic force X (using the

inner product with metric g
0
).

It is always possible to write

f1ðxÞ ¼ g
0
ðxÞ�ðxÞXðxÞ ð122Þ

The matrix � is underdetermined by this equation. If the matrix is taken to be

antisymmetric,

�ðxÞ ¼ ��ðxÞT ð123Þ

then the quasi-orthogonality condition (121) is automatically satisfied. That

same condition shows that

�ðxÞ ¼ E�ðExÞTE ð124Þ

since f1ðExÞ ¼ �Ef1ðxÞ.
The derivative of the second entropy, Eq. (109), is

qSð2Þðx0; xjtÞ
qx0

¼ t̂g
0
ðxÞ x� þ1

2
½XðxÞ þ 2t̂f1ðxÞ	 ð125Þ

Hence the most likely terminal position is

xðx; tÞ ¼ x� jtjg
0
ðxÞ�1½1

2
XðxÞ þ t̂f1ðxÞ	

¼ x� jtj
2
g
0
ðxÞ�1XðxÞ � t�ðxÞXðxÞ

� x� jtjLðx; t̂ÞXðxÞ

ð126Þ
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The antisymmetric part of nonlinear transport matrix is not uniquely defined (due

to the nonuniqueness of �). However, the most likely terminal position is given

uniquely by any � that satisfies Eq. (122).

The nonlinear transport matrix satisfies the reciprocal relation

Lðx; t̂Þ ¼ E LðEx; t̂ÞTE ¼ Lðx;�t̂ÞT ð127Þ

These relations are the same as the parity rules obeyed by the second derivative

of the second entropy, Eqs. (94) and (95). This effectively is the nonlinear version

of Casimir’s [24] generalization to the case of mixed parity of Onsager’s

reciprocal relation [10] for the linear transport coefficients, Eq. (55). The

nonlinear result was also asserted by Grabert et al., (Eq. (2.5) of Ref. 25),

following the assertion of Onsager’s regression hypothesis with a state-

dependent transport matrix.

The symmetric and asymmetric most likely positions can be defined:

x�ðx; tÞ � 1
2
½xðx; tÞ � xðx;�tÞ	

¼
x� jtj

2
g
0
ðxÞ�1XðxÞ

�tg
0
ðxÞ�1f1ðxÞ

8<
: ð128Þ

This shows that the even temporal development of the system is governed

directly by the thermodynamic force, and that the odd temporal development is

governed by f1.

Analogous to the linear case, the most likely velocity is

_xðx; tÞ ¼ �x
�
ðx; tÞ ¼ �Lðx; t̂ÞXðxÞ ð129Þ

In terms of this, the most likely rate of production of the first entropy is

S
� ð1ÞðxÞ ¼ x

�ðx; t̂Þ � XðxÞ

¼ �t̂
2
½XðxÞ þ 2t̂f1ðxÞ	 � g

0
ðxÞ�1XðxÞ

¼ �t̂
2

XðxÞ � g
0
ðxÞ�1XðxÞ ð130Þ

where the orthogonality condition (121) has been used. This shows that, as in the

linear case, only the even part of the regression contributes to the most likely rate

of first entropy production, which is equivalent to retaining only the symmetric

part of the transport matrix. This was also observed by Grabert et al. (Eq. (2.13)

of Ref. 25).
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As in the linear case, it should be stressed that the asymmetric part of the

transport matrix (equivalently f1) cannot be neglected just because it does not

contribute to the steady rate of first entropy production. The present results show

that the function makes an important and generally nonnegligible contribution

to the dynamics of the steady state.

As in the linear case, the most likely value of the second entropy is Sð1ÞðxÞ,
provided that the reduction condition is satisfied. However, Eq. (109) only

satisfies the reduction condition to leading order, and instead its maximum is

Sð2ÞðxjtÞ¼Sð2Þðx0;xjtÞ

¼jtj
8
g
0
ðxÞ�1 : ½XðxÞþ2t̂f1ðxÞ	2�

jtj
4
g
0
ðxÞ�1 : ½XðxÞþ2t̂f1ðxÞ	2þSð1ÞðxÞ

¼�jtj
8

g
0
ðxÞ�1 :XðxÞ2�jtj

2
g
0
ðxÞ�1 : f1ðxÞ2þSð1ÞðxÞ

ð131Þ

As in the linear case, Eq. (66), one can identify three terms on the right-hand side

of the second equality: the first term, which is negative and scales with t,
represents the ongoing cost of maintaining the dynamic order; the second term,

which is positive, scales with t, and is larger in magnitude than the first, represents

the ongoing first entropy produced by the flux; and the third term, which is

negative and independent of t, represents the initial cost of erecting the static

structure. In the final equality, one can see that, due to the orthogonality condition,

the even and odd parts of the regression contribute separately to the maximum

value of the second entropy. Note that in the expression for the second entropy a

term independent of x0 has been neglected in this section. Hence the second

entropy does not here reduce to the first entropy as it does in Section 2.

1. Optimum Intermediate Point

The optimum intermediate point of the sequential transition may be obtained by

maximizing the corresponding second entropy. Using the expansion (96), the

derivative is

qSð2Þðx3; x2; x1jt; tÞ
qx2

¼ Fyðx3; tÞ þ Gyðx3; tÞ½x2 � x3	

þ Fðx1; tÞ þ Gðx1; tÞ½x2 � x1	 � Xðx2Þ
ð132Þ

Setting this to zero at the optimum point x2, and writing it as the departure from

the midpoint ~x2, it follows that

0¼Fðx1;tÞþFyðx3;tÞ�Xð~x2Þ�Sð~x2Þ½x2�~x2	
þ½Gðx1;tÞþGyðx3;tÞ	½x2�~x2	þ1

2
½Gðx1;tÞ�Gyðx3;tÞ	½x3�x1	

ð133Þ
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Hence to linear order in the differences, in the intermediate regime this is

0 ¼ t̂f1ðx1Þ � t̂f1ðx3Þ � Sð~x2Þ½x2 � ~x2	 þ
2

jtj g0ð
~x2Þ½x2 � ~x2	 ð134Þ

which has solution

x2 � ~x2 ¼ t̂ Sð~x2Þ �
2

jtj g0ð~x2Þ
� ��1 qf1ð~x2Þ

q~x2
½x1 � x3	

� �

¼ t
2
g
0
ð~x2Þ�1gz

3
ð~x2Þ½x3 � x1	

ð135Þ

using Eq. (119). This shows that the departure of the optimum point from the

midpoint is of second order (linear in t and in x3 � x1), and that l is of linear

order in t. Neglecting it in the previous analysis yields the leading contributions.

D. Linear Limit of Nonlinear Coefficients

In the linear limit, differentiation of the second entropy, Eq. (19), gives the

relationship between the two sets of coefficients. One obtains

Eðx; tÞ ¼ 1
2
½Aþ A0 þ Bþ BT	 : x2 ð136Þ

Fðx; tÞ ¼ ½A0 þ BT	 : x ð137Þ

Fyðx; tÞ ¼ ½Aþ B	 : x ð138Þ

Gðx; tÞ ¼ A0 ð139Þ

Gyðx; tÞ ¼ A ð140Þ

and

Gzðx; tÞ ¼ BT ð141Þ

These expressions can be used to confirm the consistency between the linear and

the nonlinear results given earlier.

E. Exchange with a Reservoir

Now the previously isolated subsystem is allowed to exchange x with an

external reservoir that applies a thermodynamic force Xr. Following the linear

analysis (Section II F), denote the subsystem thermodynamic force by XsðxÞ
(this was denoted simply XðxÞ for the earlier isolated system). At equilibrium
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and in the steady state, it is expected that XsðxÞ ¼ Xr, as will be shown

explicitly. The reservoir force and the subsystem force must always be kept

conceptually distinct even though they are numerically equal in the optimum

state.

In the event that the external reservoir actually comprises two spatially

separated reservoirs with a thermodynamic difference between them, then an

external thermodynamic gradient is being applied across the subsystem, and in

the optimum state there is a steady flux of x from one external reservoir to the

other through the subsystem, which remains in the state x. For example, in

the case of two temperature reservoirs, the thermodynamic gradient is related

to the difference between their inverse temperatures divided by their sepa-

ration, and the conjugate thermodynamic variable turns out to be the first

energy moment of the subsystem. In this case the flux of energy from one

reservoir to the other turns out to be related to the adiabatic rate of change of

the first energy moment of the subsystem.

Let x0 ¼ xþ�0x be the state of the subsystem after the internal change (i.e.,

as if it were isolated), and let x00 ¼ x0 þ�rx be the state after the externally

induced changes. By conservation the change in the reservoir is �xr ¼ ��rx,

and the change in the reservoir first entropy is�xr � Xr ¼ ��rx � Xr. Even when

the subsystem force is nonlinear, the reservoir force remains independent of x.

The analysis will be carried out using the nonlinear results for the subsystem;

in the linear regime the correspondence given in the preceding subsection can be

applied.

The second entropy then is a function of three constrained variables,

Sð2Þð�0x;�rx; xjt;XrÞ. The internal part, which accounts for the resistance to

the flux, is as given earlier; it characterizes the transition x! x0. The external

part is entirely influenced by the reservoir, and it consists of two parts: the

equilibration with the reservoir for the initial state x, and the transition x0 ! x00.
The singlet probability, representing the equilibration with the reservoir, is

}ðxjXrÞ / exp½Sð1ÞðxÞ � x � Xr	=kB ð142Þ

with the most likely state evidently satisfying XsðxÞ ¼ Xr. The exponent is the

total first entropy and replaces the isolated system first entropy that appears in the

expression for the second entropy of the isolated system, Eq. (86).

The transition x0 ! x00 is determined by one-half of the external change in the

total first entropy. The factor of 1
2
occurs for the conditional transition probability

with no specific correlation between the terminal states, as this preserves the

singlet probability during the reservoir induced transition [4, 8, 80]. The implicit

assumption underlying this is that the conductivity of the reservoirs is much

greater than that of the subsystem. The second entropy for the stochastic transition

is the same as in the linear case, Eq. (71). In the expression for the second entropy
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of the isolated system, Eq. (109), the isolated system first entropy, Sð1ÞðxÞ, must be

replaced by the total first entropy, Sð1ÞðxÞ � x � Xr. With this replacement and

adding the stochastic second entropy, the total second entropy is

S
ð2Þ
totalð�0x;�rx; xjXr; tÞ ¼

1

2jtj g0ðxÞ : ½�
0x	2 þ fðx; t̂Þ � ½�0x	 þ Sð1ÞðxÞ � x � Xr

þ 1
2
½Sð1Þðx00Þ � Sð1Þðx0Þ ��rx � Xr	

ð143Þ

Setting the derivative with respect to �rx to zero, one finds

X00s ¼ Xr ð144Þ

As in the linear case, in the steady state the subsystem force equals the reservoir

force at the end of the transition.

The derivative with respect to x is

qSð2Þtotal

qx
¼ Xs � Xr þ 1

2
½X00s � X0s	 þ O�0x ð145Þ

To leading order this vanishes when the initial subsystem force equals that

imposed by the reservoirs,

Xs ¼ Xr ð146Þ

Since the subsystem force at the end of the transition is also most likely equal to

the reservoir force, this implies that the adiabatic change is canceled by the

stochastic change, �rx ¼ ��0x.

The derivative with respect to �0x is

qSð2Þtotal

q�0x
¼ 1

jtj g0ðxÞ�
0xþ fðx; t̂Þ þ 1

2
X00s � X0s
� �

ð147Þ

The difference between the two forces is on the order of the perturbation and can

again be neglected. Hence the most likely flux is

x
� ¼ �t̂

2
g
0
ðxÞ�1½Xr þ 2t̂f1	 ð148Þ

Even in the nonlinear regime Onsager’s regression hypothesis holds: the flux

following a (rare) fluctuation in an isolated system is the same as if that departure

from equilibrium were induced by an externally applied force.
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F. Rate of Entropy Production

The constrained rate of first entropy production for the total system is

_S
ð1Þ
totalð _x; xÞ ¼ _Sð1Þs ð _x; xÞ þ _xr � Xr

¼ ½ _x0 � _xr	 � XsðxÞ þ _xr � Xr

ð149Þ

This is a general result that holds for any structure x, and any internal flux

_x ¼ ½�0x��xr	=t, and any external flux _xr ¼ �xr=t. In the most likely state,

the internal force equals the reservoir force, XsðxÞ ¼ Xr, and the internal flux

vanishes because the change in the reservoir exactly compensates the change in

the subsystem. Hence the most likely rate of production of the total first entropy is

_S
ð1Þ
totalðxÞ ¼ _xrðx; t̂Þ � Xr

¼ �t̂Lðx; t̂ÞT : X2
r

¼ �t̂
2

g
0
ðxÞ�1 : X2

r

ð150Þ

As in the case of the isolated system, the asymmetric part of the transport

matrix does not contribute to the scalar product or to the steady-state rate of

first entropy production. All of the first entropy produced comes from the

reservoirs, as it must since in the steady state the structure of the subsystem and

hence its first entropy doesn’t change. The rate of first entropy production is of

course positive.

IV. NONEQUILIBRIUM STATISTICAL MECHANICS

A. Steady-State Probability Distribution

The aim of this section is to give the steady-state probability distribution in phase

space. This then provides a basis for nonequilibrium statistical mechanics, just as

the Boltzmann distribution is the basis for equilibrium statistical mechanics. The

connection with the preceding theory for nonequilibrium thermodynamics will

also be given.

The generic case is a subsystemwith phase function x̂ðGÞ that can be exchanged
with a reservoir that imposes a thermodynamic forceXr. (The circumflex denoting

a function of phase space will usually be dropped, since the argument G
distinguishes the function from the macrostate label x.) This case includes the

standard equilibrium systems as well as nonequilibrium systems in steady flux.

The probability of a state G is the exponential of the associated entropy, which is

the total entropy. However, as usual it is assumed (it can be shown) [9] that the
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points in the phase space of the subsystem have equal weight and therefore that the

associated subsystem entropy may be set to zero. Hence it follows that

S
ð1Þ
totalðGjXrÞ ¼ Sð1Þs ðGÞ þ Sð1Þr ðxðGÞjXrÞ ¼ const:� xðGÞ � Xr ð151Þ

The final term is the subsystem-dependent part of the reservoir entropy, which

arises from exchanging x between the two.

Using this the so-called static probability distribution is

}stðGjXrÞ ¼
1

ZstðXrÞ
e�xðGÞ�Xr=kB ð152Þ

where kB is Boltzmann’s constant. This is the analogue of Boltzmann’s

distribution and hence will yield the usual equilibrium results. However, it is

dynamically disordered; under time reversal, xðGÞ ) xðGyÞ ¼ ExðGÞ, and

Xr ) Xyr � EXr, it remains unchanged:

}stðGjXrÞ ¼ }stðGyjXyr Þ ð153Þ

It is clear that the true nonequilibrium probability distribution requires an

additional factor of odd parity. Figure 1 sketches the origin of the extra term.

τ

x0

Figure 1. Sketch describing the origin of the odd work. The solid curve passing through the

origin is the adiabatic velocity that results if the current point in phase space is dynamically

disordered. The dashed lines are the most likely steady-state velocity corresponding to the current

macrostate. The area between the curve and the line is the expected excess change in the macrostate

of the isolated subsystem in the future and in the past, and this is equal to the putative change in

the reservoir macrostate. The entropy of the latter gives the additional weight to be factored into the

weight of the disordered macrostate.
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The static probability places the subsystem in a dynamically disordered state,

G1 so that at t ¼ 0 the flux most likely vanishes, _xðG1Þ ¼ 0. If the system is

constrained to follow the adiabatic trajectory, then as time increases the flux will

become nonzero and approach its optimum or steady-state value,

_xðtÞ ! Lðx1;þ1ÞX1, where x1 � xðG1Þ and X1 � XsðG1Þ. Conversely, if the

adiabatic trajectory is followed back into the past, then the flux would

asymptote to its optimum value, _xð�tÞ ! �Lðx1;�1ÞX1.

Fix t > 0 at some intermediate value. (Soon it will be shown that the results

are insensitive to the magnitude of t.) The quantity

xðG1; 0Þ � xðG1;�tÞ �
Z 0

�t
dt _xðG0ðtjG1ÞÞ ð154Þ

is the past adiabatic change in the subsystem macrostate, and

xðG1; tÞ � xðG1; 0Þ �
Z t

0

dt _xðG0ðtjG1ÞÞ

¼ �
Z 0

�t
dt E _xðG0ðtjGy1ÞÞ

ð155Þ

is the future adiabatic change in the subsystem macrostate. In the second equality

the minus sign arises from the fact that _x has opposite parity to x, _xðGÞ ¼
�E _xðGyÞ. The quantity ½xðG1; tÞ � xðG1;�tÞ	=2 is half of the total adiabatic

change in the subsystemmacrostate associated with the current phase space point

G1, and it may be written

x�ðG1Þ �
1

2
½xðG1; tÞ � xðG1;�tÞ	 �

1

2

Z t

�t
dt _xðG0ðtjG1ÞÞ

¼ 1

2

Z 0

�t
dt ½ _xðG0ðtjG1ÞÞ � e _xðG0ðtjGy1ÞÞ	

ð156Þ

From the second expression, it is easy to see that

x�ðGyÞ ¼ �Ex�ðGÞ ð157Þ

This says that the phase function x� has opposite parity to the original function x.

As mentioned, x�ðGÞ is half of the total adiabatic change in the subsystem

macrostate associated with the current phase space point G. The factor of 1
2
is

used to compensate for double counting of the past and future changes. In the

steady state, the subsystem most likely does not change macrostate, and hence

this change has to be compensated by the change in the reservoir, �xr ¼ x�ðGÞ.
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Accordingly, the change in the entropy of the reservoir associated with the

current point in phase space is

�SrðG1; tÞ ¼ Xr � x�ðG1Þ

¼ 1

2

Z t

�t
dt ½Xr � _xðG0ðtjG1ÞÞ þ t̂Xr � Lsðx1ÞXr	

¼ 1

2

Z t

�t
dt ½Xr � _xðG0ðtjG1ÞÞ þ t̂Xr � Lðx1; t̂ÞXr	

ð158Þ

where t̂ ¼ signðtÞ. In the second equality, the symmetric part of the transport

matrix appears, LsðxÞ ¼ ½Lðx;þ1Þ þ Lðx;�1Þ	=2, which is independent of t̂.

This means that the second term in the integrand is odd in time and it gives zero

contribution to the integral. In the third equality, the full transport matrix has

been invoked, because the asymmetric part gives zero contribution to the scalar

product (c.f. Eq. (130)).

The reason for adding this second term is to show that the integrand is short-

ranged and hence that the integral is independent of t. Since the most likely

subsystem force equals that imposed by the reservoir, Xs � Xr, with relatively

negligible error, the asymptote can be written

Xr � _xðG0ðtjG1ÞÞ ! �Xr � Lðx1;�1ÞX1 � �Lðx1;�1Þ : X2
r ; t! �t ð159Þ

This is equal and opposite to the term added to the integrand and so cancels with

it leaving a short-ranged integrand. Since this asymptote gives zero contribution

to the integral, because of this cancelation or, equivalently, because it is odd, the

integral is insensitive to the value of t provided that it is in the intermediate

regime.

The odd contribution to the nonequilibrium steady-state probability distribu-

tion is just the exponential of this entropy change. Hence the full nonequilibrium

steady-state probability distribution is

}ssðGjXrÞ ¼
1

ZssðXrÞ
e�xðGÞ�Xr=kBex�ðGÞ�Xr=kB ð160Þ

Whereas the static probability distribution was invariant under time reversal,

Eq. (153), the actual steady-state probability satisfies

}ssðGjXrÞ
}ssðGyjXyr Þ

¼ e2x�ðGÞ�Xr=kB ð161Þ
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This tells the odds of the current phase space point compared to its conjugate.

The quantity x�ðGÞ � Xr may be called the odd work.

B. Relationship with Green–Kubo Theory

It is now shown that the steady-state probability density, Eq. (160), gives the

Green–Kubo expression for the linear transport coefficient. Linearizing the

exponents for small applied forces, Xr � xs 
 1, and taking the transport

coefficient to be a constant, gives

h _xðGÞiss ¼
R
dG e�xðGÞ�Xr=kBex�ðGÞ�Xr=kB _xðGÞR
dG e�xðGÞ�Xr=kBex�ðGÞ�Xr=kB

¼
R
dG e�HðGÞ=kBT ½1� x0ðGÞ � X0r=kB	½1þ x�ðGÞ � Xr=kB	 _xðGÞR
dG e�HðGÞ=kBT ½1� x0ðGÞ � X0r=kB	½1þ x�ðGÞ � Xr=kB	

þ OX2
r

¼
R
dG e�HðGÞ=kBT _xðGÞx�ðGÞ � Xr=kBR

dG e�HðGÞ=kBT
þOX2

r

¼ 1

kB
h _xðGÞx�ðGÞi0 � Xr

� LXr ð162Þ

All the other linear terms vanish because they have opposite parity to the flux,

h _xðGÞxðGÞi0 ¼ 0. (This last statement is only true if the vector has pure even or

pure odd parity, xðGÞ ¼ �xðGyÞ. The following results are restricted to this

case.) The static average is the same as an equilibrium average to leading order.

That is, it is supposed that the exponential may be linearized with respect to all

the reservoir forces except the zeroth one, which is the temperature, X0;r ¼ 1=T ,
and hence x0ðGÞ ¼ HðGÞ, the Hamiltonian. From the definition of the adiabatic

change, the linear transport coefficient may be written

L � 1

kB
h _xðGÞx�ðGÞi0

¼ 1

2kB

Z t

�t
dt0 h _xðtÞ _xðt þ t0Þi0

ð163Þ

In the intermediate regime, this may be recognized as the Green–Kubo

expression for the thermal conductivity [84], which in turn is equivalent to the

Onsager expression for the transport coefficients [2].

This result is a very stringent test of the present expression for the steady-

state probability distribution, Eq. (160). There is one, and only one, exponent

that is odd, linear in Xr, and that satisfies the Green–Kubo relation.
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Likewise the even part of the probability can be tested by taking the steady-

state average force. Using similar linearization arguments to the earlier ones, it

may be shown that

hXsðGÞiss ¼ Xr ð164Þ

which is the expected result. Again this result is true for vector components of

pure parity. This confirms that the even part of the steady-state probability

distribution, Eq. (160), is correct since there is one, and only one, even exponent

that is linear in Xr that will yield this result.

In the case of mixed parity, it is expected that the steady-state probability

distribution, Eq. (160), will remain valid, but the results in this section require

clarification. Take, for example, the case of a subsystem with mobile charges on

which is imposed crossed electric and magnetic fields. A steady current flows in

the direction of the electric field, and an internal voltage is induced transverse to

the electric field such that there is no net transverse force or flux (Hall effect).

The induced transverse force is not equal to the imposed magnetic force (but it

is equal and opposite to the induced Lorentz force), and hence the earlier result

for the average internal force equalling the imposed force no longer holds.

Equally, in the linear regime, the current induced parallel to the applied electric

field is independent of the applied magnetic field, which implies that the cross

component of the linear transport matrix vanishes.

C. Microstate Transitions

1. Adiabatic Evolution

Let G0 ¼ Gþ�t
_G be the adiabatic evolution of G after an infinitesimal time step

�t > 0. The adiabatic evolution of x�ðGÞ can be obtained from

x�ðGÞ ¼
1

2

Z t

�t
dt0 _xðG0ðt0jGÞÞ

¼ 1

2

Z t��t

�t��t

dt00 _xðG0ðt00 þ�tjGÞÞ

¼ 1

2

Z t��t

�t��t

dt00 _xðG0ðt00jG0ÞÞ

¼ x�ðG0Þ �
�t

2
½ _xðG0ðtjG0ÞÞ � _xðG0ð�tjG0ÞÞ	

¼ x�ðG0Þ þ�tL
sðxðG0ÞÞXsðG0Þ

ð165Þ

In the final equality the asymptote has been used. Although this result has been

derived for infinitesimal�t, it is also valid in the intermediate regime,�t 
 Ot.
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This follows because the flux is constant and equal to its asymptotic value at the

extremity of the intervals (recall t > 0 and �t > 0),

1

2

Z t��t

t
dt00 _xðG0ðt00jG0ÞÞ ¼

1

2

Z t��t

t
dt00½�LðxðG0Þ;þ1ÞXsðG0Þ	

¼ �t

2
LðxðG0Þ;þ1ÞXsðG0Þ

ð166Þ

and similarly at the other extremity,

1

2

Z �t
�t��t

dt00 _xðG0ðt00jG0ÞÞ ¼
1

2

Z �t
�t��t

dt00½LðxðG0Þ;�1ÞXsðG0Þ	

¼ �t

2
LðxðG0Þ;�1ÞXsðG0Þ

ð167Þ

Adding these together gives formally the same result as for the infinitesimal time

step. Hence whether the time step is infinitesimal or intermediate, the adiabatic

change in the odd work is

½x�ðG0Þ � x�ðGÞ	 � Xr ¼ ��tXr � LsðxðG0ÞÞXsðG0Þ
� ��tL

sðxðGÞÞ : X2
r

ð168Þ

The final approximation is valid if the adiabatic change in the macrostate is

relatively negligible, jx0 � xj
jxj, and if the departure of the internal force from
the reservoir force is relatively negligible, jX0s � Xrj
jXrj.

Again denoting the adiabatic evolution over the intermediate time �t by a

prime, G0 ¼ Gð�tjGÞ, the adiabatic change in the even exponent that appears in

the steady-state probability distribution is

�½xðG0Þ � xðGÞ	 � Xr � �tXr � LðxðGÞ;þ1ÞXsðGÞ
� �tL

sðxðGÞÞ : X2
r

ð169Þ

This is equal and opposite to the adiabatic change in the odd exponent. (More

detailed analysis shows that the two differ at order �2
t , provided that the

asymmetric part of the transport matrix may be neglected.) It follows that the

steady-state probability distribution is unchanged during adiabatic evolution over

intermediate time scales:

}ssðG0ð�tjGÞjXrÞ � }ssðGjXrÞ þ O�2
t ; tshort<
�t<
 tlong ð170Þ
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This confirms the earlier interpretation that the exponent reflects the entropy of

the reservoirs only, and that the contribution from internal changes of the

subsystem has been correctly removed. During the adiabatic transition the

reservoirs do not change, and so the probability density must be constant.

Obviously there is an upper limit on the time interval over which this result holds

since the assumption that X0s � Xs implies that �tjSsðxÞ _xj 
 jXsj.

2. Stochastic Transition

In addition to the adiabatic transitions that would occur if the subsystem were

isolated, stochastic perturbations from the reservoirs are also present. Hence the

transition between the microstates G! G00 in the intermediate time step �t

comprises the deterministic adiabatic transition G! G0 due to the internal forces
of the subsystem, followed by a stochastic transition G0 ! G00 due to the

perturbations by the reservoir.

The stochastic transition probability due to the reservoir can be taken to be

�rðG00jG0;XrÞ ¼ ��ðjG00 � G0jÞe�½x00�x0 	�Xr=2kBe½x
00
�
�x0

�
	�Xr=2kB ð171Þ

The first factor is an appropriately normalized short-ranged function, such as a

Gaussian or Heaviside step function, that represents the strength of the reservoir

perturbations over the time interval. To leading order the normalization factor

does not depend on the reservoir forces or the points in phase space. The

exponent represents half the change in reservoir entropy during the transition.

Such stochastic transition probabilities were originally used in equilibrium

contexts [80, 81]. Half the difference between the final and initial reservoir

entropies that appears in the first exponent is the same term as appears in Glauber

or Kawasaki dynamics [75–78], where it guarantees detailed balance in the

equilibrium context.

The unconditional stochastic transition probability is reversible,

�rðG00jG0;XrÞ}ssðG0jXrÞ¼��ðjG00�G0jÞe�½x
00�x0 	�Xr=2kBe½x

00
�
�x0

�
	�Xr=2kB

e�x
0�Xr=kBex

0
�
�Xr=kB

ZssðXrÞ

¼��ðjG00 �G0jÞe�½x
00þx0 	�Xr=2kBe½x

00
�
þx0

�
	�Xr=2kB

1

ZssðXrÞ
¼�rðG0jG00;XrÞ}ssðG00jXrÞ ð172Þ

This is reasonable, since the arrow of time is provided by the adiabatic evolution

of the subsystem in the intermediate regime. The perturbative influence of the
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reservoir ought to be insensitive to the direction of time or the direction of

motion.

3. Stationary Steady-State Probability

For steady heat flow the probability density should not depend explicitly on time,

and so it must be stationary under the combined transition probability given

earlier. This can be verified directly:

}ðG00jXr; �tÞ ¼
Z

dG0 dG�rðG00jG0;XrÞdðG0 � G0ð�tjGÞÞ}ssðGjXrÞ

¼
Z

dG0 �rðG00jG0;XrÞ}ssðG0jXrÞ

¼
Z

dG0 �rðG0jG00;XrÞ}ssðG00jXrÞ

¼ }ssðG00jXrÞ; tshort<
�t<
 tlong

ð173Þ

The final equality follows from the normalization of the conditional stochastic

transition probability. This is the required result, which shows the stationarity

of the steady-state probability under the present transition probability. This result

invokes the preservation of the steady-state probability during adiabatic

evolution over intermediate time scales.

4. Forward and Reverse Transitions

The previous results for the transition probability held over intermediate time

scales. On infinitesimal time scales the adiabatic evolution of the steady-state

probability has to be accounted for. The unconditional transition probability over

an infinitesimal time step is given by

}ðG00  Gj�t;XrÞ ¼ �rðG00jG0;XrÞ}ssðGjXrÞ
¼ �rðG00jG0;XrÞ}ssðG0jXrÞe�t _x�Xr=kBe��t _x��Xr=kB

¼ ��ðjG00 � G0jÞ
ZssðXrÞ

e�½x
00þx0	�Xr=2kBe½x

00
�
þx0

�
	�Xr=2kBe�t ½ _x� _x�	�Xr=kB

ð174Þ

Now consider the forward transition, G! G0 ! G00, and its reverse, G00y !
G000 ! Gy (see Fig. 2). Note that G000 6¼ G0y, but that jG00 � G0j ¼ jGy � G000j. The
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ratio of the forward to the reverse transition probabilities is

}ðG00  Gj�t;XrÞ
}ðGy  G00yj�t;X

y
r Þ

¼ ��ðjG00 � G0jÞe�½x00þx0 	�Xr=2kBe½x
00
�
þx0

�
	�Xr=2kBe�t ½ _x� _x�	�Xr=kB=ZssðXrÞ

��ðjGy � G000jÞe�½xyþx000 	�Xyr =2kBe½x
y
�
þx000

�
	�Xyr =2kBe�t ½ _x00y� _x

00y
�
	�Xyr =kB=ZssðXyr Þ

¼ e�½x
00þx	�Xr=2kBe½x

00
�
þx�	�Xr=2kBe�t ½ _x� _x�	�Xr=kB

e�½x
yþx00y	�Xyr =2kBe½x

y
�
þx00y

�
	�Xyr =2kBe�t ½ _x00y� _x

00y
�
	�Xyr =kB

¼ e�½x
00þx	�Xr=2kBe½x

00
�
þx�	�Xr=2kBe�t ½ _x� _x�	�Xr=kB

e�½xþx00 	�Xr=2kBe�½x�þx
00
�
	�Xr=2kBe��t ½ _x00þ _x00

�
	�Xr=kB

¼ e½x
00
�
þx�	�Xr=kBe�t ½ _xþ _x00 	�Xr=kB ð175Þ

the even terms canceling. Not that this uses the fact that x and _x� have the same

parity and that this is opposite to that of _x and of x�, and also the fact that

xy � Xyr ¼ x � Xr, and similar facts. This result shows that the ratio of the forward

to the reverse transition probability over an infinitesimal time step is given by

the exponential of the odd work, plus the adiabatic evolution of the reversible

work.

Now consider a trajectory ½G	 ¼ fG0;G1; . . . ;Gf g, in the presence of the

reservoir force Xr, over a time interval tf ¼ f�t. Denote the reverse trajectory

Figure 2. Forward and reverse transitions. The solid lines are the adiabatic trajectories over an

infinitesimal time step, and the dashed lines are the stochastic transitions.
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with force Xyr � EXr by ½Gz	 ¼ fGyf ;G
y
f�1; . . . ;G

y
0g. Let G0i � G0ð�tjGiÞ denote

the adiabatic development, and let xi � xðGiÞ and x0i � xðG0iÞ. The total

adiabatic change in state over the trajectory is

�0x½G	 ¼
Xf
i¼0
½x0i � xi	 � 1

2
½x0f � xf þ x00 � x0	 ð176Þ

and the total adiabatic change in the odd work parameter is

�0x�½G	 ¼
Xf
i¼0
½x0�;i � x�;i	 � 1

2
½x0�;f � x�;f þ x0�;0 � x�;0	 ð177Þ

Clearly, the adiabatic work done on the forward trajectory is equal and oppo-

site to that done on the reverse trajectory, �0x½Gz	 � Xyr ¼ ��0x½G	 � Xr, and

the adiabatic odd work is the same on both trajectories, �0x�½Gz	 � Xyr ¼
�0x�½G	 � Xr. Note that for large f the end corrections may be neglected.

The change in entropy of the reservoir over the trajectory is

�Sr½G	 ¼ Xr ��xr ¼ �Xr ��rx ¼ �Xr � ð�x��0xÞ
¼ �Xr � ðxf � x0 ��0x½G	Þ ð178Þ

This is equal and opposite to the change on the reverse trajectory, �Sr½G	 ¼
��Sr½Gz	.

The unconditional probability of the trajectory is

}ð½G	jXrÞ

¼
Yf
i¼1
½�rðxijx0i�1;XrÞ	}ssðG0jXrÞ

¼
Yf
i¼1
½��ðjGi � G0i�1jÞe�½xi�x

0
i�1	�Xr=2kBe½x�;i�x0�;i�1	�Xr=2kB 	}ssðG0jXrÞ

¼
Yf
i¼1
½��ðjGi�G0i�1jÞe�½xi�xi�1	�Xr=2kBe½x�;i�x�;i�1	�Xr=2kBe�t ½ _xi�1� _x�;i�1	�Xr=2kB	}ssðG0jXrÞ

¼
Yf
i¼1
½��ðjGi � G0i�1jÞ	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
}ssðGf jXrÞ}ssðG0jXrÞ

q
e�

0x½G	�Xr=2kBe��
0x�½G	�Xr=2kB

� e�½x
0
f
�xf�x00þx0	�Xr=4kBe½x

0
�;f
�x�;f�x0�;0

þx�;0	�Xr=4kB ð179Þ
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This only depends on the probability of the termini, the total adiabatic works, and

the total weight of stochastic transitions. The first of these is for uncorrelated

motion and is the one that occurs in Glauber or Kawasaki dynamics [75–78]. The

last term is, of course, very sensitive to the specified trajectory and the degree to

which it departs from the adiabatic motion. However, the stochastic transitions

are the same on the forward and on the reverse trajectory, and the ratio of the

probabilities of these is

}ð½G	jXrÞ
}ð½Gz	jXyr Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
}ssðGf jXrÞ}ssðG0jXrÞ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
}ssðGy0jXyr Þ}ssðGyf jXyr Þ

q e�
0x½G	�Xr=2kBe��

0x�½G	�Xr=2kB

e�
0x½Gz	�Xyr =2kBe��0x�½Gz	�Xyr =2kB

� e�½x
0
f
�xf�x00þx0	�Xr=4kBe½x

0
�;f
�x�;f�x0�;0

þx�;0	�Xr=4kB

e½x
0y
f
�xy

f
�x0y

0
þxy

0
	�Xyr =4kBe�½x

0y
�;f
�xy

�;f
�x0y

�;0
þxy

�;0
	�Xyr =4kB

¼ e�
0x½G	�Xr=kBe½x�ðG0Þþx�ðGf Þ	�Xr=kBe�t ½ _x�;f� _x�;0	�Xr=2kB

� e�
0x½G	�Xr=kBe½x�ðG0Þþx�ðGf Þ	�Xr=kB

� e�
0x½G	�Xr=kB ð180Þ

the even terms canceling. In the limit of large f , this ratio depends only on the

adiabatic work done along the path.

The probability of observing the entropy of the reservoirs change by �S over

a period tf is related to the probability of observing the opposite change by

}ð�SrjXr; tf Þ ¼
Z

d½G	 dð�Sr ��Sr½G	Þ}ð½G	jXrÞ

¼
Z

d½Gz	 dð�Sr � Xr ��0x½G	Þ}ð½Gz	jXrÞe�
0x½G	�Xr=kB

¼ e�Sr=kB}ð��SrjXr; tf Þ ð181Þ

The end effects have been neglected here, including in the expression for change

in reservoir entropy, Eq. (178). This result says in essence that the probability of

a positive increase in entropy is exponentially greater than the probability of a

decrease in entropy during heat flow. In essence this is the thermodynamic

gradient version of the fluctuation theorem that was first derived by Bochkov and

Kuzovlev [60] and subsequently by Evans et al. [56, 57]. It should be stressed

that these versions relied on an adiabatic trajectory, macrovariables, and

mechanical work. The present derivation explicitly accounts for interactions

with the reservoir during the thermodynamic (here) or mechanical (later) work,
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and begins from the more fundamental result for the microscopic transition

probability at the molecular level [4].

Closely related to the fluctuation theorem is the work theorem. Consider the

average of the exponential of the negative of the entropy change,

he�Xr��0x½G	iss;tf ¼
Z

d½G	}ð½G	jXrÞe�Xr��0x½G	

¼
Z

d½Gz	}ð½Gz	jXyr Þ

¼ 1 ð182Þ

Note that the exponent on the left-hand side is the negative of the change in

reservoir entropy over the trajectory neglecting end effects, Eq. (178).

Similarly, in going from the first to the second equality, it has been assumed

that the trajectory is long enough that the end effects may be neglected.

Although the averand on the left-hand side scales exponentially with time, this

result shows that this particular average is not extensive in time (i.e., it does not

depend on tf ).

The work theorem in the case of mechanical work was first given by

Bochkov and Kuzovlev (for the case of a long cyclic trajectory) [60] and later

by Jarzynski [55]. Both derivations invoked an adiabatic trajectory, in contrast

to the present result that is valid for a system that can exchange with a reservoir

during the performance of the work.

V. TIME-DEPENDENT MECHANICAL WORK

A. Phase Space Probability

An important class of nonequilibrium systems are those in which mechanical

work, either steady or varying, is performed on the subsystem while it is in

contact with a heat reservoir. Such work is represented by a time-dependent

Hamiltonian, HmðG; tÞ, where mðtÞ is the work parameter. (For example, this

could represent the position of a piston or the strength of an electric field.)

Yamada and Kawasaki [68, 69] proposed a nonequilibrium probability

distribution that is applicable to an adiabatic system. If the system were

isolated from the thermal reservoir during its evolution, and if the system were

Boltzmann distributed at t � t, then the probability distribution at time t

would be

~}mðGjb; tÞ ¼ ~Z�1e�bHmðG�;t�tÞ

¼ ~Z�1e�bHmðG;tÞebWmðG;tÞ ð183Þ
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where b ¼ 1=kBT is the inverse temperature of the reservoir. Here G� ¼
Gmðt � tjG; tÞ is the starting point of the adiabatic trajectory, and the work done

is the change in energy of the system,WmðG; tÞ ¼ HmðG; tÞ� HmðG�; t � tÞ. This
result invokes Liouville’s theorem, namely, that the probability density is

conserved on an adiabatic trajectory [9]. This expression, which is intended to

represent the probability of the phase pointG at t, suffers from several deficiencies

when it is applied to a realistic system that is in contact with a heat reservoir during

the mechanical work. First, it depends rather sensitively on the magnitude of t,
whereas no such artificial time parameter is expected in a realistic system. Second,

it does not take into account the influence of the heat reservoir while the work is

being performed, which means that the structure of the subsystem evolves

adiabatically away from the true nonequilibrium structure. A modified thermo-

statted form of the Yamada–Kawasaki distribution has been given, but it is said to

be computationally intractable [53, 70, 71]. It is unclear whether artifacts are

introduced by the artificial thermostat. Based on calculations performed with

the Yamada–Kawasaki distribution, some have even come to doubt the very

existence of a nonequilibrium probability distribution [85–87].

The problems with the adiabatic Yamada–Kawasaki distribution and its

thermostatted versions can be avoided by developing a nonequilibrium phase

space probability distribution for the present case of mechanical work that is

analogous to the one developed in Section IVA for thermodynamic fluxes due to

imposed thermodynamic gradients. The odd work is required. To obtain this,

one extends the work path into the future by making it even about t:

~mtðt0Þ �
mðt0Þ; t0 � t

mð2t � t0Þ; t0 > t



ð184Þ

The corresponding adiabatic trajectory that is at G at time t is denoted by

G~mtðt
0jG; tÞ ¼ Gmðt0jG; tÞ; t0 � t

Gmð2t � t0jGy; tÞy; t0 > t



ð185Þ

One defines G�ðGÞ � G~mtðt � tjG; tÞ, which have the property G�ðGyÞ ¼
ðG�ðGÞÞy.

With these the odd work is [5]

~WmðG; tÞ ¼
1

2
½H~mtðGþ; t þ tÞ � H~mt ðG�; t � tÞ	

¼ 1

2

Z tþt

t�t
dt0 _H~mtðG~mtðt

0jG; tÞ; t0Þ

¼ 1

2

Z t

t�t
dt0 ½ _HmðGmðt0jG; tÞ; t0Þ � _HmðGmðt0jGy; tÞ; t0Þ	 ð186Þ
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(In this section, _Hm means the adiabatic rate of change of the Hamiltonian.) By

construction, the odd work has odd phase space parity, ~WmðG; tÞ ¼ � ~WmðGy; tÞ.
With it the nonequilibrium probability distribution for mechanical work is [5]

}mðGjb; tÞ ¼
e�bHmðG;tÞeb

~WmðG;tÞ

h3NN!Zmðb; tÞ
ð187Þ

The probability distribution is normalized by Zmðb; tÞ, which is a time-dependent

partition function whose logarithm gives the nonequilibrium total entropy, which

may be used as a generating function.

Asymptotically the rate of change of energy is

_H~mtðG~mtðt
0jG; tÞ; t0Þ 
 signðt0Þ _HmðtÞ; jt0j>
 tshort ð188Þ

where the most likely rate of doing work at time t appears. This assumes that the

change in energy is negligible on the relevant time scales, tj _Hmj 
 jHmj. Since
this asymptote is odd in time, one concludes that the odd work is independent of

t for t in the intermediate regime, and that ~Wm is dominated by the region t0 � t.

From this and the fact that dGmðt0jG; tÞ=dt ¼ 0, it follows that the rate of

change of the odd work along a Hamiltonian trajectory is

_~W~mðG; tÞ ¼ _HmðtÞ ð189Þ

This shows that the nonequilibrium probability distribution is stationary during

adiabatic evolution on the most likely points of phase space.

B. Transition Probability

The evolution of the probability distribution over time consists of adiabatic

development and stochastic transitions due to perturbations from the reservoir.

As above, use a single prime to denote the adiabatic development in time �t,

G! G0, and a double prime to denote the final stochastic position due to the

influence of the reservoir, G0 ! G00. The conditional stochastic transition

probability may be taken to be

�r
mðG00jG0; t; bÞ ¼ ��ðjG00 � G0jÞe�bðH00m�H0mÞ=2ebð ~W 00m� ~W 0mÞ=2 ð190Þ

This makes the unconditional stochastic transition probability reversible,

�r
mðG00jG0; t; bÞ}mðG0jb; tÞ ¼ �r

mðG0jG00; t; bÞ}mðG00jb; tÞ ð191Þ
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The unconditional microscopic transition probability is

}mðG00  Gjt;�t; bÞ ð192Þ
¼ �r

mðG00jG0; t; bÞ}mðGjb; tÞ

¼ ��ðjG00 � G0jÞe�bðH00m�H0mÞ=2ebð ~W 00m� ~W 0mÞ=2 e�bHmeb
~Wm

h3NN!Zmðb; tÞ

¼ ��ðjG00 � G0jÞe�bðH00mþH0mÞ=2ebð ~W 00mþ ~W 0mÞ=2eb�t
_Hme�b�t

_~Wm=h3NN!Zmðb; tÞ

¼ ��ðjG00 � G0jÞe�bðH00mþHmÞ=2ebð
~W 00mþ ~WmÞ=2eb�t

_Hm=2e�b�t
_~Wm=2=h3NN!Zmðb; tÞ

ð193Þ

for an infinitesimal �t. The _Hm can be replaced by ð _H00m þ _HmÞ=2 to this order,

and similarly for _~Wm.

Consider the forward transitionG! G0 ! G00 and its reverseG00y ! G000 ! Gy

on the mirror path. (It is necessary to use the mirror path centered at t þ�t

because time goes from t þ�t ! t þ 2�t, and mðt þ�tÞ ! mðtÞ.) The ratio of

the forward to the reverse transition probabilities is

}mðG00  Gjt;�t; bÞ
}~mtþ�t

ðGy  G00yjt þ�t;�t; bÞ

¼ eb½
~WmðG00;tþ�tÞþ ~WmðG;tÞ	e�tb½ _HmðG00;tþ�tÞþ _HmðG;tÞ	=2 Zmðb; t þ�tÞ

Zmðb; tÞ
ð194Þ

the even terms canceling. The ratio of partition functions can be written as the

exponential of the change in free energy.

Now consider a trajectory ½G	 ¼ fG0;G1; . . . ;Gf g, at times tn ¼ n�t,

n ¼ 0; 1; . . . ; f , with parameter path mn ¼ mðtnÞ. The reverse trajectory and

path is Gzn ¼ Gyf�n, m
z
n ¼ mf�n, n ¼ 0; 1; . . . ; f . The path is running backwards in

time, and hence the time derivatives of the Hamiltonian and of the odd work

change sign. The work done on the subsystem on the trajectory is just the total

adiabatic change in the Hamiltonian,

�0Hm½G	 ¼
�t

2
½ _HmðG0Þ þ _HmðGf Þ	 þ�t

Xf�1
i¼1

_HmðGiÞ ð195Þ

Clearly, �0H
mz½G
z	 ¼ ��0Hm½G	. For large f�t this gives the change in the

reservoirs’ entropy over the trajectory,�Sr=kB ¼ �b�Hm þ b�0Hm � b�0Hm.

The odd work done adiabatically is

�0 ~Wm½G	 ¼
�t

2
½ _~WmðG0Þ þ _~WmðGf Þ	 þ�t

Xf�1
i¼1

_~WmðGiÞ ð196Þ
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In this case, �0 ~Wmz ½Gz	 ¼ �0 ~Wm½G	, because ~W changes sign both with parity

and with the time derivative.

The unconditional probability of the trajectory is

}mð½G	;bÞ¼
Yf
i¼1
f��ðjGi�G0i�1jÞe�bðHm;i�H0m;i�1Þ=2ebð

~Wm;i� ~W 0m;i�1Þ=2g}mðG0jb;0Þ

¼
Yf
i¼1
f��ðjGiþ1�G0ijÞge�bHm;f =2eb

~Wm;f =2ebðHm;0þ�t
_Hm;0Þ=2e�bð

~Wm;0þ�t
_~Wm;0Þ=2

�eb�0Hm½G	=2e�b�tð _Hm;fþ _Hm;0Þ=4e�b�
0 ~Wm½G	=2eb�tð _~Wm;fþ _~Wm;0Þ=4e

�bHm;0eb
~Wm;0

h3NN!Zm;0

¼
Yf
i¼1
f��ðjGiþ1�G0ijÞgeb�

0Hm½G	=2e�b�
0 ~Wm½G	=2e�b�tð _Hm;f� _Hm;0Þ=4eb�tð _~Wm;f� _~Wm;0Þ=4

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
}mðGf jb;tf Þ}mðG0jb;0Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Zmðb;tf Þ=Zmðb;0Þ

q
ð197Þ

since H0m;i�1 ¼ Hm;i�1 þ�t
_Hm;i�1. The terms involving �t may be neglected. In

order to calculate the probabilities that appear in the final line, the behavior of

mðtÞ for t < 0 must be known. An explicit simplifying form is given shortly.

The ratio of the probabilities of the forward and reverse trajectories is

}mð½G	; bÞ
}mz ð½Gz	; bÞ

¼ eb
~WmðGf ;tf Þeb

~WmðG0;t0Þ Zmðb; tf Þ
Zmðb; 0Þ

eb�
0Hm½G	 ð198Þ

This is the mechanical version of the Reverse Transition Theorem [4]. The first

three factors are boundary terms, whereas the final exponent scales with the

length of the time interval.

It is possible to simplify these results for the case when it is valid to draw the

start and end points of the trajectories from a probability density with even

parity such as the Boltzmann distribution,

}BðGjb; 0Þ ¼
e�bHmðG;0Þ

ZBðb; mð0ÞÞ
and }BðGjb; tf Þ ¼

e�bHmðG;tf Þ

ZBðb; mðtf ÞÞ
ð199Þ

This would be valid if the parameter mðtÞ were held constant on some initial part

and on some final part of the path (equilibration phase), during which periods the

odd work vanishes. In this case the ratio of the forward and reverse trajectories is

}Bð½G	; bÞ
}Bð½Gz	; bÞ

¼ ZBðb; mðtf ÞÞ
ZBðb; mð0ÞÞ

eb�
0Hm½G	 ð200Þ
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This modification of the termini of the trajectory is identical to that assumed in

the fluctuation [56, 57, 60] and work [55, 60] theorems discussed next. The type

of work paths for which this modification is valid is discussed at the end of this

section.

The probability of observing the entropy of the reservoir change by �S over

a period tf is related to the probability of observing the opposite change by

}mð�Sjb; tf Þ ¼
Z

d½G	dð�S��S½G	Þ}mð½G	; bÞ

� k�1B

Z
d½Gz	dð�S=kB � b�0Hm½G	Þ}mz ð½G	z; bÞeb

~WmðGf ;tf Þeb
~WmðG0;t0Þ

� Zmðb; tf Þ
Zmðb; 0Þ

eb�
0Hm½G	

� Zmðb; tf Þ
Zmðb; 0Þ

e�S=kB}mz ð��Sjb; tf Þ ð201Þ

the odd work being neglected in the final equality. Using instead trajectories that

begin and end with the Boltzmann distribution, the exact result is

}Bð�0Hmjb; tf Þ ¼ eb�
0Hm}Bð��0Hmjb; tf ÞZBðb; tf Þ=ZBðb; 0Þ ð202Þ

This result says in essence that the probability of a positive increase in entropy is

exponentially greater than the probability of a decrease in entropy during

mechanical work. This is in essence the fluctuation theorem that was first derived

by Bochkov and Kuzovlev [58–60] and later by Evans et al. [56, 57]. A derivation

has also been given by Crooks [61, 62], and the theorem has been verified

experimentally [63]. The present derivation is based on the author’s microscopic

transition probability [4].

For the case of the work theorem [55], consider the average of the

exponential of the negative of the heat flow,

he�b�0Hmi½m	;tf ¼
Z

d½G	 e�b�0Hm½G	}mð½G	jb; tf Þ

¼
Z

d½Gz	}mz ð½Gz	jb; tf Þebð
~WmðGf ;tf Þþ ~WmðG0;t0ÞÞZmðb; tf Þ=Zmðb; 0Þ

�
Z

dGyf }mðGyf jb; tf Þe
�b ~WmðGyf ;tf ÞZmðb; tf Þ

�
Z

dGy0 }mðGy0jb; t0Þe�b
~WmðGy0 ;0Þ=Zmðb; 0Þ

¼ ZBðb; mðtf ÞÞZBðb; mð0ÞÞ
Zmðb; 0Þ2

ð203Þ
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Here it has been assumed that the trajectory is long enough that the ends are

uncorrelated. It has also been assumed that the path beyond the interval is such

that at both ends the nonequilibrium probability distribution has the form given

in Eq. (187). This result shows that this particular average is not extensive in time

(i.e., it does not scale with tf ). If the termini of the trajectories are drawn from a

Boltzmann distribution, the result becomes

he�b�0HmiB;½m	;tf ¼
ZBðb; mðtf ÞÞ
ZBðb; mð0ÞÞ

¼ e�b�FðbÞ ð204Þ

where the exponent is the difference between the Helmholtz free energies of the

system at the final and initial values of the work parameter. This is the work

theorem in the form given by Jarzynski [55], which has been rederived in

different fashions [57, 64, 65] and verified experimentally [66]. The original

version of the work theorem due to Bochkov and Kuzovlev [58–60] is valid for

work in a closed cycle, mðtf Þ ¼ mð0Þ, in which case the right-hand side is unity.

When are the simplified results valid? If the work path has buffer regions at

its beginning and end during which the work parameter is fixed for a time
>
 tshort, then the subsystem will have equilibrated at the initial and final values

of m in each case. Hence the odd work vanishes because _H ¼ 0, and the

probability distribution reduces to Boltzmann’s.

VI. NONEQUILIBRIUM QUANTUM STATISTICAL

MECHANICS

A theory for nonequilibrium quantum statistical mechanics can be developed

using a time-dependent, Hermitian, Hamiltonian operator ĤðtÞ. In the quantum

case it is the wave functions c that are the microstates analogous to a point in

phase space. The complex conjugate c� plays the role of the conjugate point in
phase space, since, according to Schrödinger, it has equal and opposite time

derivative to c.
Define the odd work operator,

~WðtÞ ¼ ½ÊþðtÞ � Ê�ðtÞ	=2 ð205Þ

where the past and future energy operators are

Ê�ðtÞ ¼ �̂ð�t; tÞ ~Htðt � tÞ�̂ð�t; tÞ ð206Þ

and where the time-shift operator is

�̂ðt; tÞ ¼ exp
�i
�h

Z tþt

t

dt0 ~Htðt0Þ
� �

ð207Þ
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The odd Hamiltonian operator has been continued into the future,

~Htðt0Þ � Ĥðt0Þ; t0 � t

Ĥð2t � t0Þ; t0 > t



ð208Þ

and the manipulation of the operators derived from it is facilitated by the

symmetry about t, ~Htðt0Þ ¼ ~Htð2t � t0Þ.
With these definitions, the nonequilibrium density operator for a subsystem

of a thermal reservoir of inverse temperature b is [5]

r̂ðtÞ ¼ 1

ZðtÞ exp�b½ĤðtÞ �
~WðtÞ	 ð209Þ

where the normalization factor is ZðtÞ ¼ TRfe�b½ĤðtÞ� ~WðtÞ	g. Accordingly, the
average of an observable at time t is

hÔit ¼ TRfr̂ðtÞÔðtÞg ð210Þ

and the present density operator can be said to provide a basis for nonequilibrium

quantum statistical mechanics.

VII. HEAT FLOW

A. Thermodynamic Variables

The canonical nonequilibrium system consists of a subsystem sandwiched

between two thermal reservoirs of different temperatures, with heat flowing

steadily through the subsystem from the hot reservoir to the cold reservoir.

Application of the general theory to this canonical problem illustrates the theory

and serves to make the analysis more concrete. The first task is to identify

explicitly the thermodynamic variables appropriate for this problem.

Consider a subsystem connected to thermal reservoirs of temperatures T�
and located at z ¼ �L=2. (To simplify the notation, only this scalar one-

dimensional case is treated.) It is expected that the imposed temperature

gradient, ðTþ � T�Þ=L, will induce a corresponding temperature gradient in the

subsystem, and also a gradient in the energy density.

To see this quantitatively the first entropy is required. Let the energies of the

respective reservoirs be Er�. Imagine a fixed region of the subsystem adjacent to

each boundary and denote the energy of these regions by Es�. Now impose the

energy conservation laws

�Esþ ¼ ��Erþ; and �Es� ¼ ��Er� ð211Þ
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This constraint is not exact because the boundary regions can also exchange

energy with the interior of the subsystem. However, it may be assumed that the

rate of this exchange is much slower than that with the reservoir. This point is

addressed further below.

Using the definition of temperature, T�1 ¼ qS=qE, the conservation laws,

and a Taylor expansion, the reservoirs’ entropy may be written

Sr�ðEr�Þ ¼ Sr�ðEr0�Þ � Es�=T� ð212Þ

The first term on the right-hand side is independent of the subsystem and may be

neglected. With this, the entropy of the total system constrained to be in the

macrostate Es� is the sum of that of the isolated subsystem in that macrostate and

that of the reservoirs,

StotalðEsþ;Es�jTþ; T�Þ ¼ SðEsþ;Es�Þ � Esþ=Tþ � Es�=T� ð213Þ

Here SðEsþ;Es�Þ is the entropy of the isolated subsystem. The derivative with

respect to the constraints yields

qStotal
qEs�

¼ 1

Ts�
� 1

T�
ð214Þ

The most likely state, which is denoted throughout by an overbar, is the one that

maximizes the entropy. In this case the entropy derivative vanishes when the

boundary temperatures of the subsystem equal that of the respective reservoirs,

Ts� ¼ T� ð215Þ

This result is intuitively appealing and not unexpected.

The same problem can be treated from a slightly different perspective.

Motivated by the fact that it is the inverse temperature that is thermodynami-

cally conjugate to the energy, define the zeroth temperature [1, 3] as

1

T0
� 1

2

1

Tþ
þ 1

T�

� �
ð216Þ

and the first temperature as

1

T1
� 1

L

1

Tþ
� 1

T�

� �
ð217Þ

The zeroth temperature is essentially the average temperature of the two

reservoirs, and the first temperature is essentially the applied temperature

gradient, T1
�1 � rT�1 ¼ �rT=T2

0 . The subsystem temperatures Ts0 and Ts1
can be defined identically in terms of Tsþ and Ts�.
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The subsystem energies used above can be rearranged in the form of energy

moments,

E0 ¼ ½Esþ þ Es�	 ð218Þ

and

E1 ¼ ðL=2Þ½Esþ � Es�	 ð219Þ

It may be shown that with these definitions the zeroth and first temperatures of

the subsystem are thermodynamically conjugate to the zeroth and first energy

moments,

1

Ts0
¼ qSðE0;E1Þ

qE0

; and
1

Ts1
¼ qSðE0;E1Þ

qE1

ð220Þ

This is in fact the more fundamental definition of the temperatures, but it is

entirely consistent with the preceding expressions.

The above definitions can be used to rearrange the constrained total

entropy as

StotalðE0;E1jT0; T1Þ ¼ SðE0;E1Þ � E0=T0 � E1=T1 ð221Þ

Maximizing the total entropy with respect to its arguments shows that the most

likely state is one in which these subsystem temperatures equal their reservoir

counterparts, T s0 ¼ T0 and Ts1 ¼ T1.

This second formulation is more general than the first. The energy moments

are always well defined, for example,

Ea ¼
Z
V

dr za EðrÞ ð222Þ

where EðrÞ is the energy density. In this formulation there is no need to invoke

an arbitrary boundary region. It will turn out that the rate of change of the first

energy moment is related to the heat flux through the subsystem. The zeroth

and first temperatures are defined to be conjugate to the respective energy

moments via the derivatives of the entropy, and again one can avoid having to

invoke a boundary region. A formal derivation of the conjugate relations may

be found in Ref. 1. The idea that moments and gradients are conjugate is due to

Onsager [10].
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B. Gaussian Approximation

The first energy moment of the isolated system is not conserved and it fluctuates

about zero. According to the general analysis of Section IIB, the entropy of the

isolated system may be written as a quadratic form,

SðE0;E1Þ ¼ S0ðE0Þ þ 1
2
E1SE1 ð223Þ

with the correlation coefficient satisfying

S�1 ¼ �1
kB
hE1E1i ð224Þ

In this approximation the first temperature is given by

T�1s1 ¼ SE1 ð225Þ

In view of this, an applied temperature gradient induces an energy moment in the

subsystem that is given by

E1 ¼ S�1T�11 ð226Þ

C. Second Entropy

1. Isolated System

Now consider the transition E1 ! E01 in time t > 0. Most interest lies in the

linear regime, and so for an isolated system the results of Section IID apply. From

Eq. (50), the second entropy in the intermediate regime is

Sð2ÞðE01;E1jtÞ ¼
jtj
2
a2 E0

1

�
þ t̂
2
a�12 SE1

� �2
þ 1

2
SE2

1 �
jtj
8
a�12 S2E2

1

¼ 1

2jtj a2½E
0
1 � E1	2 þ

1

2
E01SE1 ð227Þ

where the coarse velocity is E0
1

�
� ðE01 � E1Þ=t. The zero superscript is appended

to make it clear that this is the internal or adiabatic rate of change of moment

(i.e.,the system is isolated from any reservoirs). In the case of a reservoir it will be

necessary to distinguish this internal change from the total change. Note that

because E1 has even parity and is the only variable to appear, b3 ¼ 0.

If the final term in the first equality were to be neglected, then the reduction

condition would be satisfied exactly with respect to E01, but not with respect the

E1, and the symmetry between the two variables would be broken. In the present
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form the reduction condition is satisfied by both variables to first order, and this

expansion of the reduction condition is applied consistently.

The derivative with respect to E01 is

qSð2ÞðE01;E1jtÞ
qE01

¼ t̂a2½E0
1

�
þt̂a�12 SE1=2	 ð228Þ

Hence the most likely rate of change of moment due to internal processes is

E0
1

�
¼ �t̂

2
a�12 SE1 ¼

�t̂
2

a�12 T�1s1 ð229Þ

The most likely rate of change of the first entropy of the isolated system is

_S
ð1Þ
ðE1Þ � _E1T

�1
s1 ¼

�t̂
2

a�12 S2E2
1 ð230Þ

Hence the first entropy most likely increases linearly with time. The most likely

value of the second entropy of the isolated system is

S
ð2ÞðE1jtÞ ¼

jtj
2
a2E

0
1

� 2

þ t
2
E0
1

�
SE1 þ

1

2
SE2

1

¼ jtj
8
a�12 S2E2

1 �
jtj
4
a�12 S2E2

1 þ
1

2
SE2

1 ð231Þ

The final term is negative and independent of the time interval. It represents the

entropy cost of establishing the structural order in the isolated system. The first

term is negative and scales with the length of the time interval. It represents the

ongoing cost of maintaining the dynamic order of the isolated system. The middle

term is positive and scales with the length of the time interval. This term

represents the ongoing first entropy gained as the system relaxes toward

equilibrium. The dynamic order evidently costs less than the disorder it produces.

2. Reservoirs

Now place the subsystem in thermal contact with the two reservoirs discussed at

the start of this section. In this case the energy moment can change by the internal

processes just discussed, or by exchange with the reservoirs,

E01 ¼ E1 þ�0E1 þ�rE1 ð232Þ

By energy conservation, �rE1 ¼ ��Er1. The second entropy now depends on

�0E1, �
rE1, and E1. The second entropy due to the reservoirs is

Sð2Þr ð�rE1;E1jT1Þ ¼ �
1

2

E1

T1
þ E1 þ�rE1

T1

� �
ð233Þ
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This is half the sum of the first entropy of the initial and final states, as is usual for

a stochastic transition. Adding this to the isolated system second entropy given

earlier, one has

S
ð2Þ
totalð�0E1;�

rE1;E1jT1; tÞ

¼ 1

2jtj a2½�
0E1	2 þ

1

2
½E1 þ�0E1 þ�rE1	 SE1 �

1

2

2E1 þ�rE1

T1
ð234Þ

Setting the derivative with respect to the external change �rE1 to zero shows

that

SE1 ¼ 1=T1 ð235Þ

which is to say that in the steady state the induced first temperature is equal to the

applied first temperature, T s1 ¼ T1. The derivative with respect to E1 yields

qSð2Þtotal

qE1

¼ 1

2
SE1 þ

1

2
SE01 þ

1

T1
ð236Þ

which vanishes when E1 ¼ E1 and E
0
1 ¼ E1. This says that in the steady state the

change in the subsystem moment due to the internal energy flows within the

subsystem is exactly canceled by that due to energy flow from the reservoir, and

so the subsystem structure remains unchanged, �0E1 ¼ ��rE1. Optimizing

with respect to �0E1 yields the isolated system result,

E0
1

�
¼ �t̂

2
a�12 SE1 ¼

�t̂
2

a�12 T�11 ð237Þ

This result shows that the most likely rate of change of the moment due to

internal processes is linearly proportional to the imposed temperature gradient.

This is a particular form of the linear transport law, Eq. (54), with the imposed

temperature gradient providing the thermodynamic driving force for the flux.

Note that for driven transport t is taken to be positive because it is assumed that

the system has been in a steady state for some time already (i.e., the system is

not time reversible).

This result confirms Onsager’s regression hypothesis. The most likely velocity

in an isolated system following a fluctuation from equilibrium, Eq. (229), is equal

to the most likely velocity due to an externally imposed force, Eq. (237), when the

internal force is equal to the external force, T s1 ¼ T1.

This result for the most likely change in moment is equivalent to Fourier’s

law of heat conduction. To see this take note of the fact that in the steady state

the total rate of change of moment is zero, _E1 ¼ 0, so that the internal change is
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canceled by that due to the reservoirs, _E0
1 ¼ _Er1. (In the steady state _E0

1 ¼ E0
1

�
.)

The rate of change of the reservoir moment is just the energy flux through the

system,

J ¼ �
_Er�
A
¼

_Er1

V
¼

_E0
1

V
ð238Þ

where A is the cross-sectional area of the subsystem and V ¼ AL is the subsystem

volume. Now Fourier’s law says

J ¼ �l rT ¼ lT2
0=T1 ð239Þ

where l is the thermal conductivity. Accordingly,

_E0
1 ¼ lVT2

0=T1 ð240Þ

This means that thermal conductivity and second entropy transport coefficient

are related by l ¼ �1=2VT2
0a2.

3. Rate of Entropy Production

The optimum values of the first and second entropies, and the steady rates of

production of these by the reservoirs may readily be obtained. The maximum

value of the total first entropy is

S
ð1Þ
totalðT1Þ ¼

1

2
SE1

2 � E1

T1
¼ �1

2ST2
1

ð241Þ

The rate of change of the total first entropy, which, since the subsystem’s structure

does not change with time, is the same as that of the reservoirs, is given by

_S
ð1Þ
r ðT1Þ ¼

�Er1

T1t
¼

_E0
1

T1
¼ �a

�1
2

2T2
1

ð242Þ

This is evidently positive (since a2 < 0, the second entropy being concave

down).

It should be clear that the most likely or physical rate of first entropy

production is neither minimal nor maximal; these would correspond to values of

the heat flux of �1. The conventional first entropy does not provide any

variational principle for heat flow, or for nonequilibrium dynamics more

generally. This is consistent with the introductory remarks about the second

law of equilibrium thermodynamics, Eq. (1), namely, that this law and the first

entropy that in invokes are independent of time. In the literature one finds claims

for both extreme theorems: some claim that the rate of entropy production is
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minimal and others claim that it is maximal, whereas the present results indicate

that it is neither. One has to distinguish the first or structural entropy, which

conventionally is what is meant by the word ‘‘entropy’’ in the literature, from the

second or dynamic entropy, which was introduced in Ref. 2 and which provides

the basis for the present nonequilibrium theory. It is the second entropy that obeys

a variational principle that allows the physical nonequilibrium state to be obtained

by maximizing it with respect to constraints.

The most likely value of the total second entropy, which is of course its

maximum value, is

S
ð2Þ
totalðT1; tÞ ¼ S

ð2Þ
totalð�0E1;�rE1;E1jT1; tÞ

¼ 1

2jtj a2�
0E1

2 þ 1

2
E1SE1 �

1

2

2E1 þ�rE1

T1

¼ jtj
8
a�12

1

T2
1

þ 1

2
S�1

1

T2
1

� S�1
1

T2
1

� jtj
4
a�12

1

T2
1

ð243Þ

The first term, which is negative and scales linearly with time, is the ongoing cost

of maintaining dynamic order in the subsystem. The second term is the cost of

ordering the static structure of the subsystem, and this is more than compensated

by the third term, which is the entropy gain that comes from exchanging energy

with the reservoirs to establish that static order. The fourth term, which is

positive and scales linearly with time, is the ongoing first entropy produced by

the reservoirs as they exchange energy by a constant flux through the subsystem.

Physically the variational procedure based on the second entropy may be

interpreted like this. If the flux _E0
1 were increased beyond its optimum value,

then the rate of entropy consumption by the subsystem would be increased due

to its increased dynamic order by a greater amount than the entropy production

of the reservoirs would be increased due to the faster transfer of heat. The

converse holds for a less than optimum flux. In both cases the total rate of

second entropy production would fall from its maximum value.

D. Phase Space Probability Distribution

The steady-state probability distribution for a system with an imposed

temperature gradient, }ssðGjb0; b1Þ, is now given. This is the microstate

probability density for the phase space of the subsystem. Here the reservoirs

enter by the zeroth, b0 � 1=kBT0, and the first, b1 � 1=kBT1, temperatures. The

zeroth energy moment is the ordinary Hamiltonian,

E0ðGÞ ¼ HðGÞ ¼
XN
i¼1

Ei ð244Þ
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and the first energy moment in the z-direction is just

E1ðGÞ ¼
XN
i¼1

Eizi ð245Þ

where Ei is the total energy of particle i. The adiabatic rate of change of the

energy moment, which is the natural or Hamiltonian motion where no heat

flows to the isolated system, is denoted as _E0
1ðGÞ ¼ _G0 � rE1ðGÞ. Both

moments have even phase space parity, E0ðGÞ ¼ E0ðGyÞ and E1ðGÞ ¼ E1ðGyÞ,
since it is assumed that there are no velocity-dependent forces in the

Hamiltonian. The rate of change of the energy moment necessarily has odd

parity, _E0
1ðGyÞ ¼ � _E0

1ðGÞ.
From Eq. (152), the static or time-reversible phase space probability

density is

}stðGjb0; b1Þ ¼
1

Zssðb0; b1Þ
e�b0E0ðGÞe�b1E1ðGÞ ð246Þ

and from Eq. (160), the steady-state probability is

}ssðGjb0; b1Þ ¼
1

Zssðb0; b1Þ
e�b0E0ðGÞe�b1E1ðGÞeb1E1�ðGÞ ð247Þ

where the odd work is

b1E1�ðGÞ ¼
b1
2

Z t

t
dt _E0

1ðG0ðtjGÞÞ; tshort < t < tlong ð248Þ

The odd work should be insensitive to the value of t, provided that it is in the

intermediate regime, tshort<
 t<
 tlong. An estimate of the inertial time is [2]

tshort ¼
�2h _E0

1ðtÞE1ð0Þi0
hð _E0

1Þ
2i0

; t� tshort

¼ 2lVkBT2
0

hð _E0
1Þ

2i
0

ð249Þ

The long time limit may be estimated from [2]

tlong ¼
hE2

1i0
2lVkBT2

0

ð250Þ
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From Eq. (174) the unconditional transition probability is

}ðG00  Gj�t; b0; b1Þ

¼ ��ðjG00 � G0jÞ
Zssðb0; b1Þ

e�b0½E
00
0
þE0

0
	=2e�b1½E

00
1
þE0

1
	=2eb1½E

00
1�
þE0

1�
	=2e�tb1½ _E0

1
� _E0

1�
	 ð251Þ

where the adiabatic development is denoted by a prime, G0 ¼ G0ð�tjGÞ and so

on. The zeroth energy moment is of course a constant of the adiabatic motion.

From Eq. (175), the ratio of the forward and reverse transitions is

}ðG00  Gj�t; b0; b1Þ
}ðG G00j�t; b0; b1Þ

¼ eb1½E
00
1�
þE1�	e�tb1½ _E1þ _E00

1
	 ð252Þ

Similarly, the ratio of trajectory probabilities is, to first and second order,

}ð½G	jb0; b1Þ
}ð½Gz	jb0; b1Þ

¼ eb1�
0E1½G	eb1½E1�ðG0ÞþE1�ðGf Þ	 ð253Þ

where the adiabatic work done on the trajectory is

�0E1½G	 ¼ b1

Z f

0

dt _E0
1ðGðtjG0ÞÞ ð254Þ

Note that the argument is the actual trajectory, not the adiabatic trajectory, and in

the integrand appears the adiabatic time derivative, not the actual time derivative.

The change in the entropy of the reservoirs over a trajectory is

�Sr½G	=kB ¼ b1½�0E1½G	 � E1ðGf Þ þ E1ðG0Þ	, which in conjunction with the

above ratio may be used to derive the heat flow version of the fluctuation

theorem, Eq. (181) and of the work theorem, Eq. (182).

VIII. MONTE CARLO SIMULATIONS OF HEAT FLOW

The availability of a phase space probability distribution for the steady state

means that it is possible to develop a Monte Carlo algorithm for the computer

simulation of nonequilibrium systems. The Monte Carlo algorithm that has been

developed and applied to heat flow [5] is outlined in this section, following a

brief description of the system geometry and atomic potential.

A. System Details

A Lennard-Jones fluid was simulated. All quantities were made dimension-

less using the well depth ELJ, the diameter sLJ, and the time constant
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tLJ ¼
p
mLJs2

LJ=ELJ, where mLJ is the mass. In addition, Boltzmann’s constant

was set equal to unity. The pair potential was cut and shifted at Rcut ¼ 2:5. No
tail correction was used. The shift to make the potential zero at the cutoff is

necessary for consistency between the Monte Carlo and the molecular

dynamics aspects of the computations.

A spatial neighbor table was used with cubic cells of side length � 0:6 [1]. At

the beginning of the simulation a list of neighbor cells within the cutoff of each

cell was calculated and stored. The neighborhood volume composed of such small

neighbor cells can be made to closely approximate the cutoff sphere. In contrast,

most conventional neighbor lists are based on cubes of side length equal to the

potential cutoff [84]. The advantage of the present small neighbor cells is that they

reduce the enveloping neighborhood volume from 27 large cubes (each of size

Rcut, neighborhood volume 27R3
cut) to approximately 667 small cubes, giving a

neighborhood volume on the order of ð4p=3ÞðRcut þ 0:6Þ3. The number of

neighbors that enter a force or potential calculation with these small cells is almost

a factor of three smaller than for the conventional cells of length Rcut.

Both a uniform bulk fluid and an inhomogeneous fluid were simulated. The

latter was in the form of a slit pore, terminated in the z-direction by uniform

Lennard-Jones walls. The distance between the walls for a given number of atoms

was chosen so that the uniform density in the center of the cell was equal to the

nominal bulk density. The effective width of the slit pore used to calculate the

volume of the subsystem was taken as the region where the density was nonzero.

For the bulk fluid in all directions, and for the slit pore in the lateral directions,

periodic boundary conditions and the minimum image convention were used.

The energy per atom consists of kinetic energy, singlet, and pair potential

terms,

Ei ¼
1

2m
pi � pi þ wðqizÞ þ

1

2

XN
j¼1

j6¼i uðqijÞ ð255Þ

where wðzÞ is the wall potential (if present). In terms of this the zeroth moment is

just the total energy,

E0ðGÞ ¼
XN
i¼1

Ei ð256Þ

and the first moment is

E1ðGÞ ¼
XN
i¼1

qizEi ð257Þ
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The adiabatic rate of change of the first energy moment is

_E0
1ðGÞ ¼

XN
i¼1

_qizEi þ qiz _Ei ð258Þ

where the velocity is _qiz ¼ piz=mLJ. Using Hamilton’s equations, it is readily

shown that

_Ei ¼
�1
2

XN
j¼1

j 6¼i u0ðqijÞ
qij � ½pi þ pj	

mqij
ð259Þ

This holds whether or not the singlet potential is present. In the case of periodic

boundary conditions, it is quite important to use the minimum image convention

for all the separations that appear in this expression. This may be rewritten in the

convenient form [4]

_E0
1 ¼

X
ia

kiapia=m ð260Þ

where

ji ¼
Ei
m
ẑ�

XN
j¼1

j 6¼i u0ðqijÞ
½qiz � qjz	
2mqij

qij ð261Þ

The Monte Carlo algorithms require �E0, �E1, and � _E0
1. In attempting to

move atom n in phase space, the n-dependent contribution to these formulas was

identified and only the change in this was calculated for each attempted move.

It was necessary periodically to generate an adiabatic trajectory in order to

obtain the odd work and the time correlation functions. In calculating E1ðtÞ on a

trajectory, it is essential to integrate _E0
1ðtÞ over the trajectory rather than use the

expression for E1ðGðtÞÞ given earlier. This is because _E0
1 is insensitive to the

periodic boundary conditions, whereas E1 depends on whether the coordinates

of the atom are confined to the central cell, or whether the itinerant coordinate is

used, and problems arise in both cases when the atom leaves the central cell on a

trajectory.

Because the starting position of each trajectory was taken from a Boltzmann-

weighted distribution in 6N-dimensional phase space, the center of mass velocity

of the system (the total linear momentum) was generally nonzero. Prior to

commencing each molecular dynamics trajectory, the z-component of the center

of mass velocity was zeroed at constant kinetic energy by shifting and rescaling

the z-component of the momenta. (Only the z-component of the first energy

the second law of nonequilibrium thermodynamics 69



moment was used.) It was found that a nonzero center of mass velocity made a

nonnegligible contribution to the conductivity. Conventional molecular dynamics

simulations are performed with zero center of mass velocity, which is of course

the most appropriate model of reality. For the bulk case the total z-momentum was

conserved at zero along the molecular dynamics trajectory. For the inhomoge-

neous simulations, the momentum during the adiabatic evolution was not

conserved due to collisions with the walls. In this case an additional external force

was applied to each atom that was equal and opposite to the net wall force per

atom, which had the effect of conserving the z-component of the total linear

momentum at zero along the molecular dynamics trajectory.

B. Metropolis Algorithm

Monte Carlo simulations were performed in 6N-dimensional phase space, where

N ¼ 120–500 atoms [5]. The Metropolis algorithm was used with umbrella

sampling. The weight density was

oðGÞ ¼ e�b0E0ðGÞe�b1E1ðGÞeab1
_E0
1
ðGÞ ð262Þ

The umbrellaweight used to generate the configurationswas corrected by using the

exact steady-state probability density, Eq. (247), to calculate the averages (see

later). The final exponent obviously approximates the odd work, b1E1�, but is

about a factor of 400 faster to evaluate. In the simulations a was fixed at 0:08,
although itwould be possible to optimize this choice or to determinea on the fly [3].

A trial move of an atom consisted of a small displacement in its position and

momentum simultaneously. Step lengths of 0.9 in velocity and 0.09 in position

gave an acceptance rate of about 50%. A cycle consisted of one trial move of all

the atoms.

Averages were collected after every 50 cycles. For this the required odd work

was obtained from the adiabatic Hamiltonian trajectory generated forward and

backward in time, starting at the current configuration. A second order

integrator was used,

qnaðt þ�tÞ ¼ qnaðtÞ þ�t _qnaðtÞ þ
�2

t

2m
FnaðtÞ

pnaðt þ�tÞ ¼ pnaðtÞ þ
�t

2
½FnaðtÞ þ Fnaðt þ�tÞ	 ð263Þ

where n labels the atom, a ¼ x, y, or z labels the component, and FnaðtÞ �
FnaðqNðtÞÞ is the force, which does not depend on the momenta. Obviously one

evaluates Fnaðt þ�tÞ after evaluating the new positions and before evaluating

the new momenta. Typically, the time step was �t ¼ 10�3. The zeroth energy

moment in general increased by less than 1% over the trajectory.
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Labeling the current configuration by i, the trajectory is G0ðtjGiÞ. This was
calculated both forward and backward in time, �tf � t � tf . The running

integral for E1�ðGi; tÞ, 0 � t � tf , was calculated along the trajectory using

both the trapezoidal rule and Simpson’s rule, with indistinguishable results. The

average flux was calculated as a function of the time interval,

h _E0
1it ¼

P
i
_E0
1ðGiÞe�ab1 _E

0
1
ðGiÞeb1E1�ðGi;tÞP

i e
�ab1 _E0

1
ðGiÞeb1E1�ðGi;tÞ

ð264Þ

Note how the umbrella weight used in the Metropolis scheme is canceled

here. The thermal conductivity was obtained as a function of the time interval,

lðtÞ ¼ h _E0
1it=b1VkBT2

0 . Compared to implementing the steady-state prob-

ability directly in the Metropolis algorithm, not only is the umbrella method

orders of magnitude faster in generating configurations, but it also allows

results as a function of t to be collected, and it reduces the correlation

between consecutive, costly trajectories, by inserting many cheap, umbrella

steps. On the order of 50,000 trajectories were generated for each case

studied.

C. Nonequilibrium Molecular Dynamics

Perhaps the most common computer simulation method for nonequilibrium

systems is the nonequilibrium molecular dynamics (NEMD) method [53, 88].

This typically consists of Hamilton’s equations of motion augmented with an

artificial force designed to mimic particular nonequilibrium fluxes, and a

constraint force or thermostat designed to keep the kinetic energy or temperature

constant. Here is given a brief derivation and critique of the main elements of that

method.

Following Ref. 84, let the Hamiltonian for the nonequilibrium state be

represented by

HneðGÞ ¼ H0ðGÞ þ FðtÞAðGÞ ð265Þ

Here the perturbation to the usual Hamiltonian, FðtÞAðGÞ, is switched on at a

certain time,

FðtÞ ¼ F ; t > 0

0; t < 0



ð266Þ

In this case the nonequilibrium equations of motion are

_qia ¼ pia=mþ FðtÞApia ð267Þ
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and

_pia ¼ fia � FðtÞAqia ð268Þ

with the subscripts on the nonequilibrium potential denoting a derivative. (A

thermostat is generally also added.) The function A has even parity so that the

equations of motion are time reversible. It is straightforward to show that at a

given point in phase space, the rate of change of the nonequilibrium potential is

the same in the nonequilibrium and in the natural system,

_AðGÞ ¼ _A0ðGÞ ð269Þ

The average of an odd function of phase space at a time t > 0 after switching

on the nonequilibrium perturbation, assuming that the system is initially

Boltzmann distributed, is

hBðtÞine ¼
R
dG1e

�bH0ðG1ÞBðGF ðtjG1ÞÞR
dG1e�bH0ðG1Þ

:

¼
R
dG1e

�bH0ðGF Þe�bF½AðGF Þ�AðG1Þ	BðGF ÞR
dG1 e�bHF ðGF ÞebF½AðGF Þ�AðG1Þ	

¼ �bF
R
dGF e

�bH0ðGF Þ½AðGF Þ � AðG1Þ	BðGF ÞR
dGF e�bHF ðGF Þ

¼ �bFh½AðGF Þ � AðG1Þ	BðGF Þi0

� �bF
Z t

0

dt0h _Aðt0ÞBð0Þi0 ð270Þ

where GF � GF ðtjG1Þ. This result uses the fact that the nonequilibrium

Hamiltonian is a constant on the nonequilibrium trajectory, and that the Jacobian

of the transformation along a nonequilibrium trajectory is unity. It also linearizes

everything with respect to F and neglects terms with total odd parity.

There is an approximation implicit in the final line. The subscript zero

implies an average for an isolated system (i.e., on an adiabatic or bare

Hamiltonian trajectory), whereas the actual trajectory used to obtain this result

is the modified one, GF ðtjG1Þ 6¼ G0ðtjG1Þ. In so far as these are the same to

leading order, this difference may be neglected.

The choices of A, B, and F are dictated by the Green–Kubo relation for the

particular flow of interest. For heat flow one chooses BðGÞ ¼ _E0
1ðGÞ, _AðGÞ ¼

� _E0
1ðGÞ, and F ¼ T0=T1 ¼ b1=b0.
Depending on the point of view, it is either a strength or a weakness of the

NEMD method that it gives a uniform structure for the nonequilibrium system
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(e.g., for heat flow the subsystem does not acquire the applied temperature

gradient, nor does it have gradients in energy or density). On the one hand, such

imposed uniformity makes the simulations compatible with periodic boundary

conditions, and it does not affect the dynamics in the linear regime. On the other

hand, the incorrect structure precludes reliable results for the dynamics in the

nonlinear regime when the two are coupled. It is possible to develop NEMD

equations that do correctly account for the structure by analyzing the linear

response of functions of opposite parity to that used above, as was done at the

end of Section IVB.

In the practical implementation of the NEMD method, it is usual to set the

momentum derivative of the nonequilibrium potential to zero, Apia ¼ 0

[53, 89]. Presumably the reason for imposing this condition is that it preserves

the classical relationship between velocity and momentum, _qia ¼ pia=m. In
view of this condition, the rate of change of the nonequilibrium potential

reduces to

_AðGÞ ¼
X
ia

Aqiapia=m ðNEMDÞ ð271Þ

The Green–Kubo result demands that this be equated to the negative of the

natural rate of change of the first energy moment, Eq. (260), which means that

Aqia ¼ �kia ðNEMDÞ ð272Þ

However, this leads to the contradiction that _A0ðtÞ ¼ � _E0
1ðtÞ, but A0ðtÞ 6¼ �E0

1ðtÞ.
The problem arises because one does not have the freedom to make the

momentum derivative zero. One can see this from the usual condition on second

derivatives,

q2A
qqia qpjg

¼ q2A
qpjg qqia

ð273Þ

From the fact that

qkia
qpjg
¼ dijdazpjg

m
ð274Þ

one concludes that the momentum derivative of the nonequilibrium potential

must be nonzero. It is in fact equal to

Apia ¼ �
qE1

qpia
¼ � qizpia

m
ð275Þ
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This means that

Aqia ¼ �kia þ qizfia ð276Þ

where f i is the force on atom i. With these, _A0ðGÞ ¼ � _E0
1ðGÞ and

A0ðGÞ ¼ �E0
1ðGÞ. Using these forces, the nonequilibrium trajectory is properly

derived from the nonequilibrium Hamiltonian, and the adiabatic incompressi-

bility of phase space is assured, r � _GF ¼ 0 (provided no thermostat is applied).

D. Monte Carlo Results

1. Structure

Figure 3 shows the profiles induced in a bulk system by an applied temperature

gradient. These Monte Carlo results [1] were obtained using the static probability

distribution, Eq. (246). Clearly, the induced temperature is equal to the applied

temperature. Also, the slopes of the induced density and energy profiles can be

obtained from the susceptibility, as one might expect since in the linear regime

there is a direct correspondence between the slopes and the moments [1].

The energy susceptibility is given in Fig. 4. This was again obtained using

the static probability distribution. In this case the susceptibility was obtained

directly from the ratio of the induced energy moment to the applied temperature

gradient, Eq. (226), and from the fluctuations, Eq. (224), with indistinguishable

results. (In the latter formula E1 was replaced by its departure from equilibrium,

dE1 � E1 � hE1ist.) The line passing through the points was obtained from bulk

properties [1], which shows that the nonequilibrium structure is related directly

to that of an equilibrium system.

-0.5

0.0

0.5

1.0

1.5

2.0

2.5

840-4-8
z

Figure 3. Induced temperature (top), number density (middle), and energy density (bottom)

profiles for b1 ¼ 0:0031 and T0 ¼ 2, r ¼ 0:5. The symbols are Monte Carlo results using the static

probability distribution, Eq. (246), and the lines are either the applied temperature or the profiles

predicted from the simulated susceptibility. (From Ref. 1.)
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2. Dynamics

Figure 5 shows the decay of the first energy moment following a fluctuation [2].

The fluctuation was induced by sampling the static probability distribution,

Eq. (246), which has no preferred direction in time, and the configurations were

used as starting points for independent trajectories. The trajectories were

generated adiabatically forward and backward in time. The point of the figure is

that on short time scales, t<
 tshort, the moment displays a quadratic dependence

on time, E1ðtÞ 
 t2, whereas on long time scales, t>
 tshort, it decays linearly in
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Figure 4. Susceptibility of the energy moment at T0 ¼ 2. The symbols are static Monte Carlo

results [1] and the curve is obtained from a local thermodynamic approximation [1] using the bulk

susceptibilities from a Lennard-Jones equation of state [90]. (From Ref. 1.)
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Figure 5. Molecular dynamics simulation of the decay forward and backward in time of the

fluctuation of the first energy moment of a Lennard-Jones fluid (the central curve is the average

moment, the enveloping curves are estimated standard error, and the lines are best fits). The starting

positions of the adiabatic trajectories are obtained from Monte Carlo sampling of the static

probability distribution, Eq. (246). The density is 0.80, the temperature is T0 ¼ 2, and the initial

imposed thermal gradient is b1 ¼ 0:02. (From Ref. 2.)
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time, E1ðtÞ 
 jtj. This is consistent with conclusions drawn from the second

entropy analysis of fluctuations, Section IIC.

Figure 6 tests the dependence of the thermal conductivity on the time interval

used to calculate E1�ðG; tÞ [5]. These are Monte Carlo simulations using the

Metropolis algorithm, umbrella sampling, and the steady-state probability

distribution, Eq. (247). Provided that the limit is not too small, for t>
 1, the

thermal conductivity is independent of the integration limit used for E1�, as can

be seen from the figure. This asymptotic or plateau value is ‘‘the’’ thermal

conductivity. The values of t required to reach the respective plateaus here

appear comparable to straight Green–Kubo equilibrium calculations [3], but the

present steady-state simulations used about one-third the number of trajectories

for comparable statistical error.

In the chapter it was assumed that the change in moment over the relevant

time scales was negligible, tj _E1j 
 jE1j. In the case of r ¼ 0:8 at the largest

value of t in Fig. 5, hE1iss ¼ �432 and h _E1iss ¼ 161, and so this assumption is

valid in this case. Indeed, this assumption was made because on long time scales

the moment must return to zero and the rate of change of moment must begin to

decrease. There is no evidence of this occurring in any of the cases over the full

interval shown in Fig. 6.

Table I shows the values of the relaxation time calculated using Eqs. (249)

and (250). Both the inertial time and the long time decrease with increasing

density. This is in agreement with the trend of the curves in Fig. 6. Indeed, the

actual estimates of the relaxation times in Table I are in semiquantitative

agreement with the respective boundaries of the plateaux in Fig. 6. The estimate

of tlong, the upper limit on t that may be used in the present theory, is perhaps a

little conservative.
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Figure 6. The dependence of the thermal conductivity on the time interval for the odd work,
~W1ðG; tÞ. The curves are lðtÞ ¼ h _E0

1ð0Þit=VkBT2
0b1 for densities of, from bottom to top, 0.3, 0.5,

0.6, and 0.8, and T0 ¼ 2. (From Ref. 5.)
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Figure 7 compares the thermal conductivity obtained from nonequilibrium

Monte Carlo simulations [5] with previous NEMD results [89, 91]. The good

agreement between the two approaches validates the present phase space

probability distribution. Of course, since the analysis in Section IVB shows that

the present steady-state probability gives the Green–Kubo formula, the results

in Fig. 7 test the simulation algorithm rather than the probability distribution

per se. The number of time steps that we required for an error of about 0.1 was

about 3� 107 (typically 2� 105 independent trajectories, each of about 75 time

steps forward and backward to get into the intermediate regime). This obviously

depends on the size of the applied thermal gradient (the statistical error

decreases with increasing gradient), but appears comparable to that required by

NEMD simulations [89]. No attempt was made to optimize the present

algorithm in terms of the number of Monte Carlo cycles between trajectory

evaluations or the value of the umbrella parameter.

TABLE I

Thermal Conductivity and Relaxation Times for Various Densitiesa at T0 ¼ 2

tshort tlong
r l Eq. (249) Eq. (250)

0.3 1.63(8) 0.404(19) 3.22(16)

0.5 2.78(13) 0.233(11) 5.31(34)

0.6 3.76(16) 0.197(9) 3.41(18)

0.8 7.34(18) 0.167(4) 1.36(3)

aThe standard error of the last few digits is in parentheses. Data from Ref. 5.
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Figure 7. Nonequilibrium Monte Carlo results for the thermal conductivity (T0 ¼ 2). The

circles and squares are the present steady-state results for bulk and inhomogeneous systems,

respectively (horizontally offset by �0:015 for clarity), and the triangles are NEMD results [89, 91].

(From Ref. 5.)
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Figure 7 also shows results for the thermal conductivity obtained for the slit

pore, where the simulation cell was terminated by uniform Lennard-Jones walls.

The results are consistent with those obtained for a bulk system using periodic

boundary conditions. This indicates that the density inhomogeneity induced by

the walls has little effect on the thermal conductivity.

Figure 8 shows the t-dependent thermal conductivity for a Lennard-Jones

fluid (r ¼ 0:8, T0 ¼ 2) [6]. The nonequilibrium Monte Carlo algorithm was

used with a sufficiently small imposed temperature gradient to ensure that the

simulations were in the linear regime, so that the steady-state averages were

equivalent to fluctuation averages of an isolated system.

The conductivity was obtained from the simulations as

l0ðtÞ ¼ 1

VkBT
2
0b1
h _E0

1iss;t

¼ �1
VkBT

2
0

hE1ðtÞ _E0
1ðt þ tÞi0 ð277Þ

Here V is the volume, T0 is the average applied temperature, b1 is essentially the
applied inverse temperature gradient, and E1 is the first energy moment. It was

also obtained using the coarse velocity over the interval, which is essentially the

time integral of the above expression,

l00ðtÞ ¼ �1
VkBT

2
0 t
hE1ðtÞ½E1ðt þ tÞ � E1ðtÞ	i0 ð278Þ
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Figure 8. The dimensionless thermal conductivity, k�1B tLJsLJlðtÞ, at r ¼ 0:8 and T0 ¼ 2. The

symbols are the simulation data, with the triangles using the instantaneous velocity at the end of the

interval, l0ðtÞ, Eq. (277), and the circles using the coarse velocity over the interval, l00ðtÞ, Eq. (278).
The solid line is the second entropy asymptote, essentially Eq. (229), and the dotted curve is the

Onsager–Machlup expression l0OMðtÞ, Eq. (280). (Data from Ref. 6.)
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These two expressions follow from Eq. (229): multiply it by E1ðtÞ, take the

isolated system average, and do an integration by parts using the fact that

T�1s1 ¼ qS=qE1. The coarse grained expression follows by using it directly, and

the terminal velocity expression follows by taking the t derivative. ‘‘The’’

thermal conductivity l1 is obtained from the simulations as the plateau limit

of these.

Onsager and Machlup [32] gave an expression for the probability of a path of

a macrostate, }½x	. The exponent may be maximized with respect to the path for

fixed end points, and what remains is conceptually equivalent to the constrained

second entropy used here, although it differs in mathematical detail. The

Onsager–Machlup functional predicts a most likely terminal velocity that is

exponentially decaying [6, 42]:

_xðx1; tÞ ¼ �t̂e
�jtjm

mx1 ð279Þ

Consequently, the time correlation function given by Onsager–Machlup theory

is [6]

l0OMðtÞ ¼ l1e�tm ð280Þ

where the inverse time constant is m ¼ S=2a2, the first entropy matrix is

S ¼ �kB=hE2
1i0, and the second entropy matrix is a2 ¼ �1=2VT2

0l1.
The exponential decay predicted by the Onsager–Machlup theory, and by the

Langevin and similar stochastic differential equations, is not consistent with the

conductivity data in Fig. 8. This and the earlier figures show a constant value for

lðtÞ at larger times, rather than an exponential decay. It may be that if the data

were extended to significantly larger time scales it would exhibit exponential

decay of the predicted type.

It ought to be stressed that the simulation results for the time-correlation fun-

ction were obtained in a system with periodic boundary conditions. In

particular, E1ðtÞ was obtained by integrating _E0
1ðt0Þ over time. The latter

function depends on the separation between pairs of atoms, not their absolute

position, and was evaluated using the nearest image convention (see Eq. (258) et

seq.). Figure 9a shows data from simulations performed on a system confined

between two walls, with periodic boundaries only in the lateral directions, and

the energy moment measured parallel to the normal to the walls. It can be seen

that as the width of the fluid increases, the extent of the plateau region for the

conductivity increases and the eventual rate of decay slows. These data suggest

that the extent of the plateau region scales with the size of the system, and that

periodic systems are effectively infinite, at least on the time scales used in these

simulations.
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Figure 9b compares the decay of the correlations in a confined fluid case with

the present Markov prediction, Eq. (80), and the Onsager–Machlup prediction,

Eq. (280). Note that the Markov prediction has been designed to pass through

the maximum, l0ðtÞ ¼ l1ð1� t�mÞð�1þt=t
�Þ
. Strictly speaking, it is only

applicable for t > t�, as the Markov approximation is predicated on a constant

transport coefficient. It is possible to apply the theory from t ¼ 0, and without

fitting it is still a reasonable approximation for t > t� (not shown). For the state
point of the figure, the Onsager–Machlup decay time is m�1 ¼ 2:57, and the

Markov decay time is �t�= lnð1� t�mÞ ¼ 2:44. Evidently there is little to

choose between them in this case. The evident failure of the Onsager–Machlup

expression for t<
 t� is undoubtedly due to the same cause as for the Markov

theory: using the fixed transport coefficient is not valid on short time scales. The

dependence of the Markov decay time on t� will give different decay times for

the different cases shown in Fig 9a, since the location of the peak varies.

On the basis of the results in Fig. 9 and the discussion in Section IIG, the

interpretation of the transport coefficient as the maximal value of the correlation

function may be given as follows. After a fluctuation in structure, over time a flux

develops in an isolated system, as predicted by the optimized second entropy for

each time, and reaches a maximum in the intermediate time regime. In the

thermodynamic limit this plateau region may be quite extensive. The end of the

plateau region and the decrease in flux occurs when the decrease in the magni-

tude of the original fluctuation due to the total flux to date becomes relatively

significant, because after the transient regime the flux is proportional to the current

magnitude of the fluctuation. This interpretation is supported by the success of the

Markov analysis in the figure. If a reservoir is connected, the steady-state flux has

ample time to develop, but as there is no decrease in the magnitude of the static

structure due to replenishment by the reservoir, the flux remains at the same value

it would have in the steady-state regime of the isolated system.
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Figure 9. Simulated thermal conductivity l0ðtÞ for a Lennard-Jones fluid. The density in the

center of the system is r ¼ 0:8 and the zeroth temperature is T0 ¼ 2. (a) A fluid confined between

walls, with the numbers referring to the width of the fluid phase. (From Ref. 6.) (b) The case

Lz ¼ 11:2 compared to the Markov (dashed) and the Onsager–Machlup (dotted) prediction.
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It is also of interest to explore the small-time or transient regime. Using the

functional form t2AðtÞ ¼ si þ jtja2, the second entropy, Eq. (227), may be

extrapolated to smaller time scales. The thermal conductivities become

l0ðtÞ ¼ �t
ðs1 þ ts2Þ

þ t2s2

ðs1 þ ts2Þ2
ð281Þ

and

l00ðtÞ ¼ �t
2ðs1 þ ts2Þ

ð282Þ

Figure 10 shows small-time fits to the thermal conductivity using the above

functional form. It can be seen that quite good agreement with the simulation

data can be obtained with this simple time-dependent transport function. Such a

function can be used in the transient regime or to characterize the response to

time-varying applied fields.

IX. CONCLUSION

The Second Law of Nonequilibrium Thermodynamics that is described here is

very general. Is it too general to provide a basis for detailed quantitative

calculations? Is there a need for such a law, particularly given its undeniable,

indeed deliberate, similarity, with the traditional equilibrium Second Law?
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Figure 10. Fitted thermal conductivity, l0ðtÞ and l00ðtÞ, using t2AðtÞ ¼ �0:0083� 0:0680jtj,
for r ¼ 0:8 (upper data and curves), and t2AðtÞ ¼ �0:139� 0:314jtj, for r ¼ 0:3 (lower data and

curves). (From Ref. 6.)
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One of the benefits of having an explicit nonequilibrium Second Law is that

it focuses attention on time, and on the fact that the equilibrium Second Law

offers no prescription for the speed of time or for the rate of change. Similarly,

by introducing the second entropy, which could also be called the transition

entropy, it makes the point that any quantitative theory for the time evolution

of a system must go beyond the ordinary or first entropy. Almost all theories of

the nonequilibrium state to date have been based on the first entropy or its rate

of change. It can be argued that the slow rate of progress of nonequilibrium

theory itself is due directly to the failure to distinguish between the first and

second entropies, a distinction that the nonequilibrium Second Law makes

extant.

Despite the significance of the second entropy, the concept is really very easy

to grasp. The first entropy gives the weight of molecular configurations

associated with the structure that is a macrostate. The second entropy gives the

weight of molecular configurations associated with transitions between pairs of

macrostates. These transitions may be called dynamic structure, and because

they occur over a specified time interval, they are the same as a rate or a flux.

In the equilibrium Second Law, the first entropy increases during spon-

taneous changes in structure, and when the structure stabilizes (i.e., change

ceases), the first entropy is a maximum. This state is called the equilibrium

state. Similarly, in the nonequilibrium Second Law, the second entropy

increases during spontaneous changes in flux, and when the flux stabilizes, the

second entropy is a maximum. This state is called the steady state. The present

nonequilibrium Second Law has the potential to provide the same basis for the

steady state that Clausius’ Second Law has provided for the equilibrium state.

Of course, depending on the system, the optimum state identified by the second

entropy may be the state with zero net transitions, which is just the equilibrium

state. So in this sense the nonequilibrium Second Law encompasses Clausius’

Second Law. The real novelty of the nonequilibrium Second Law is not so much

that it deals with the steady state but rather that it invokes the speed of time

quantitatively. In this sense it is not restricted to steady-state problems, but can in

principle be formulated to include transient and harmonic effects, where the

thermodynamic or mechanical driving forces change with time. The concept of

transitions in the present law is readily generalized to, for example, transitions

between velocity macrostates, which would be called an acceleration, and

spontaneous changes in such accelerations would be accompanied by an increase

in the corresponding entropy. Even more generally it can be applied to a path of

macrostates in time.

Arguably a more practical approach to higher-order nonequilibrium states

lies in statistical mechanics rather than in thermodynamics. The time correlation

function gives the linear response to a time-varying field, and this appears in

computational terms the most useful methodology, even if it may lack the
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satisfying universality of the Second Law. One reason for focussing on the

steady state is the simplicity of many of the analytic formulas that emerge. But

as discussed in Sections IIE and IIG, using the time correlation function itself

can also be fruitful [92].

For nonequilibrium statistical mechanics, the present development of a phase

space probability distribution that properly accounts for exchange with a

reservoir, thermal or otherwise, is a significant advance. In the linear limit the

probability distribution yielded the Green–Kubo theory. From the computational

point of view, the nonequilibrium phase space probability distribution provided

the basis for the first nonequilibrium Monte Carlo algorithm, and this proved to

be not just feasible but actually efficient. Monte Carlo procedures are inherently

more mathematically flexible than molecular dynamics, and the development of

such a nonequilibrium algorithm opens up many, previously intractable, systems

for study. The transition probabilities that form part of the theory likewise

include the influence of the reservoir, and they should provide a fecund basis for

future theoretical research. The application of the theory to molecular-level

problems answers one of the two questions posed in the first paragraph of this

conclusion: the nonequilibrium Second Law does indeed provide a quantitative

basis for the detailed analysis of nonequilibrium problems.

The second question concerned the close similarity between the formulations

of the two Second Laws. The justification for a distinct nonequilibrium Second

Law was given earlier, but the reason for casting it in such a familiar fashion

may be discussed. To some extent, there is no choice in the matter, since as a

law of nature there are only so many ways it can be expressed without changing

its content. Beyond this, there are actually several advantages in the new law

being so closely analogous to the old one. Besides the obvious psychological

fact that familiarity breeds acceptance, familiarity also enables intuition, and so

many nonequilibrium concepts can now be grasped simply by analogy with

their equilibrium counterparts. In fact, in setting up a one-to-one correspon-

dence between the two Second Laws, the groundwork has been laid to carry

over the known equilibrium results to the nonequilibrium context. That is, all

known equilibrium principles, theorems, and relationships ought to have a

nonequilibrium version based on the correspondence established by the new

Second Law.

The philosophical and conceptual ramifications of the nonequilibrium

Second Law are very deep. Having established the credentials of the Law by

the detailed analysis outlined earlier, it is worth considering some of these large-

scale consequences. Whereas the equilibrium Second Law of Thermodynamics

implies that order decreases over time, the nonequilibrium Second Law of

Thermodynamics explains how it is possible that order can be induced and how

it can increase over time. The question is of course of some relevance to the

creation and evolution of life, society, and the environment.
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The present analysis shows that when a thermodynamic gradient is first

applied to a system, there is a transient regime in which dynamic order is

induced and in which the dynamic order increases over time. The driving force

for this is the dissipation of first entropy (i.e., reduction in the gradient), and

what opposes it is the cost of the dynamic order. The second entropy provides a

quantitative expression for these processes. In the nonlinear regime, the fluxes

couple to the static structure, and structural order can be induced as well. The

nature of this combined order is to dissipate first entropy, and in the transient

regime the rate of dissipation increases with the evolution of the system over

time.

Prigogine has used the term ‘‘dissipative structures’’ to describe the order

induced during nonequilibrium processes [11, 83]. Physical examples include

convective rolls, chemical clock reactions, and chaotic flows. These are also

suggested to be related to the type of order that living organisms display—a

theme that continues to be widely studied [13–18]. While one can argue about

the mathematical analysis and physical interpretation of these studies, there is

little doubt that the broad picture that emerges is consistent with the

nonequilibrium Second Law. At its simplest, the argument is that life exists

on the energy gradient provided by the Sun. Living systems also exploit

gradients in material resources due to their spatial segregation. The raison d’etre

for life is to reduce these gradients, and the role of evolution is to increase

the rate at which these gradients are dissipated. Cope’s rule, which is the

observation that body size increases as species evolve [93], may simply be a

manifestation of the extensivity of the second entropy. Changes in environment

and society occur on shorter time scales than biological evolution, and the

historical record certainly reveals an increasing capacity for entropy production

over time. It is sobering to reflect that we evolve in order to hasten our own end.
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I. INTRODUCTION

Complex systems can display complex phenomena that are not easily described

at a microscopic level using molecular dynamics simulation methods. Systems

may be complex because some or all of their constituents are complex molecular

species, such as polymers, large biomolecules, or other molecular aggregates.

Such systems can exhibit the formation of patterns arising from segregation of

constituents or nonequilibrium effects and molecular shape changes induced by

flows and hydrodynamic interactions. Even when the constituents are simple

molecular entities, turbulent fluid motions can exist over a range of length and

time scales.

Many of these phenomena have their origins in interactions at the molecular

level but manifest themselves over mesoscopic and macroscopic space and time

scales. These features make the direct simulation of such systems difficult

because one must follow the motions of very large numbers of particles over

very long times. These considerations have prompted the development of

coarse-grain methods that simplify the dynamics or the system in different ways

in order to be able to explore longer length and time scales. The use of

mesoscopic dynamical descriptions dates from the foundations of none-

quilibrium statistical mechanics. The Boltzmann equation [1] provides a field

description on times greater than the time of a collision and the Langevin

equation [2] replaces a molecular-level treatment of the solvent with a stochastic

description of its properties.

The impetus to develop new types of coarse-grain or mesoscopic simulation

methods stems from the need to understand and compute the dynamical

properties of large complex systems. The method of choice usually depends on

the type of information that is desired. If properties that vary on very long

distance and time scales are of interest, the nature of the dynamics can be

altered, while still preserving essential features to provide a faithful

representation of these properties. For example, fluid flows described by

the Navier–Stokes equations will result from dynamical schemes that preserve

the basic conservation laws of mass, momentum, and energy. The details of the

molecular interactions may be unimportant for such applications. Some coarse-

grain approaches constructed in this spirit, such as the lattice Boltzmann method

[3] and direct simulation Monte Carlo [4], are based on the Boltzmann equation.

In dissipative particle dynamics [5, 6], several atoms are grouped into

simulation sites whose dynamics is governed by conservative and frictional
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forces designed to reproduce the thermodynamics and hydrodynamics of the

system. Smoothed particle hydrodynamics [7] is used to discretize continuum

equations by employing weight functions assigned to fictitious particles so that

hydrodynamic simulations can be carried out in a molecular dynamics

framework. A number of different routes have been taken to construct coarse-

grain models for the intermolecular potentials by grouping a number of atoms

together to form sites that interact through effective potentials [8–10].

Molecular dynamics simulations may then be carried out more effectively on

these coarse-grained entities.

In this chapter we describe another mesoscopic dynamical scheme that is

based on a coarse-grain description of molecular collisions. In molecular

dynamics a many-body system interacting through an intermolecular potential

evolves by Newton’s equations of motion. From a kinetic theory perspective, the

time evolution of the system is governed by collisional encounters among the

molecules. Description of the collisions is difficult since it entails the solution of

a many-body scattering problem in a dense phase system to determine the

relevant cross sections. In many applications this level of molecular detail is

unnecessary or even unwanted. On coarse-grained distance and time scales

individual collisional encounters are not important; instead it is the net effect of

many collisions that plays a crucial role in determining the system properties.

On such scales only the generic features of molecular dynamics are important.

These include the conservation laws and the symplectic nature of the dynamics.

If these generic features are preserved, then the dynamics will capture many

essential features on coarse-grained scales, which do not depend on specific

features of the intermolecular potentials. This is the approach adopted here. We

construct a fictitious multiparticle collision (MPC) dynamics that accounts for

the effects of many real collisions and yet preserves the conservation laws and

the phase space structure of full molecular dynamics [11].

There are several attractive features of such a mesoscopic description.

Because the dynamics is simple, it is both easy and efficient to simulate. The

equations of motion are easily written and the techniques of nonequilibriun

statistical mechanics can be used to derive macroscopic laws and correlation

function expressions for the transport properties. Accurate analytical expres-

sions for the transport coefficient can be derived. The mesoscopic description

can be combined with full molecular dynamics in order to describe the

properties of solute species, such as polymers or colloids, in solution. Because

all of the conservation laws are satisfied, hydrodynamic interactions, which play

an important role in the dynamical properties of such systems, are automatically

taken into account.

We begin with a description of multiparticle collision dynamics and discuss

its important properties. We show how it can be combined with full molecular

dynamics (MD) to construct a hybrid MPC–MD method that can be used to
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simulate complex systems. The equations of motion of MPC dynamics form the

starting point for the derivation of macroscopic laws. Discrete-time projection

operator methods are used to obtain the macroscopic laws and Green–Kubo

expressions are used for the transport properties. The method is then applied to

colloidal suspensions and polymer solutions. It is also used to study chemically

reacting systems both close to and far from equilibrium. Finally, generalizations

of the MPC dynamics are described that allow one to study nonideal and

immiscible solutions.

II. MULTIPARTICLE COLLISION DYNAMICS

Consider a system of N particles with masses m in a volume V ¼ L3. Particle i

has position ri and velocity vi and the phase point describing the microscopic

state of the system is xN � ðrN ; vNÞ ¼ ðr1; r2; . . . ; rN ; v1; v2; . . . ; vNÞ. We

assume that the particles comprising the system undergo collisions that occur

at discrete-time intervals t and free stream between such collisions. If the

position of particle i at time t is ri, its position at time t þ t is

r�i ¼ ri þ vit ð1Þ

The collisions that take place at the times t represent the effects of many real

collisions in the system.1 These effective collisions are carried out as follows.2

The volume V is divided into Nc cells labeled by cell indices x. Each cell is

assigned at random a rotation operator ôx chosen from a set � of rotation

operators. The center of mass velocity of the particles in cell x is

Vx ¼ N�1x

PNx

i¼1 vi, where Nx is the instantaneous number of particles in the

cell. The postcollision velocities of the particles in the cell are then given by

v�i ¼ Vx þ ôxðvi � VxÞ ð2Þ

The set of rotations used in MPC dynamics can be chosen in various ways and

the specific choice will determine the values of the transport properties of the

system, just as the choice of the intermolecular potential will determine the

transport properties in a system evolving by full molecular dynamics through

Newton’s equations of motion. It is often convenient to use rotations about a

randomly chosen direction, n̂, by an angle a chosen from a set of angles. The

1Without loss of generality, the time t may be set to unity if only MPC and free streaming determine

the dynamics. In hybrid models discussed later that combine molecular and MPC dynamics, its value

influences the transport properties of the system. Anticipating such an extension, we allow t to

remain arbitrary here.
2The multiparticle collision rule was first introduced in the context of a lattice model with a

stochastic streaming rule in Ref. 12.
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postcollision velocity v�i of particle i in cell x arising from the rotation by angle a
is given explicitly by

v�i ¼ Vx þ ôxðvi � VxÞ ¼ Vx þ n̂n̂ � ðvi � VxÞ
þ ðI� n̂n̂Þ � ðvi � VxÞ cos a� n̂� ðvi � VxÞ sin a ð3Þ

The unit vector n̂ may be taken to lie on the surface of a sphere and the angles a
may be chosen from a set � of angles. For instance, for a given a, the set of

rotations may be taken to be � ¼ fa;�ag. This rule satisfies detailed balance.

Also, a may be chosen uniformly from the set � ¼ faj0 � a � pg. Other

rotation rules can be constructed. The rotation operation can also be carried out

using quaternions [13]. The collision rule is illustrated in Fig. 1 for two particles.

From this figure it is clear that multiparticle collisions change both the directions

and magnitudes of the velocities of the particles.

In multiparticle collisions the same rotation operator is applied to each

particle in the cell x but every cell in the system is assigned a different rotation

operator so collisions in different cells are independent of each other. As a result

of free streaming and collision, if the system phase point was ðrN ; vNÞ at time t,

it is ðr�N ; v�NÞ at time t þ t.
For consistency we refer to this model as multiparticle collision (MPC)

dynamics, but it has also been called stochastic rotation dynamics. The difference

in terminology stems from the placement of emphasis on either the multiparticle

nature of the collisions or on the fact that the collisions are effected by rotation

operators assigned randomly to the collision cells. It is also referred to as real-

coded lattice gas dynamics in reference to its lattice version precursor.

Figure 1. Application of the multiparticle collision rule for two particles with initial velocities

v1 and v2 leading to postcollision velocities v�1 and v�2, respectively. Intermediate velocity values in

the rule ðv1 � VÞ and ðv2 � VÞ are shown as thin solid lines while ôðv1 � VÞ and ôðv2 � VÞ are
shown as dashed lines.
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A. Properties of MPC Dynamics

It is easy to verify that multiparticle collisions conserve mass, momentum, and

energy in every cell. Mass conservation is obvious. Momentum and energy

conservation are also easily established. For momentum conservation in cell x
we have

XNx

i¼1
mv�i ¼

XNx

i¼1
mðVþ ôx½vi � V	Þ ¼

XNx

i¼1
mvi ð4Þ

where we have used the fact that the rotation operator is the same for every

particle in the cell. Similarly, energy conservation is established by direct

calculation as

XNx

i¼1

m

2
jv�i j

2 ¼
XNx

i¼1

m

2
jVþ ôx½vi � V	j2 ¼

XNx

i¼1

m

2
jvij2 ð5Þ

Phase space volumes are also preserved in MPC dynamics. The phase space

volume element dxN is invariant with respect to both the streaming and collision

steps. Under streaming the volume element transforms according to

dxNðt þ tÞ ¼ JðxNðt þ tÞ; xNðtÞÞdxNðtÞ, where J ¼ detJ and the Jacobean

matrix has elements Ji; j ¼ qxiðt þ tÞ=qxjðtÞ. Direct calculation shows that

J ¼ 1 for free streaming. The invariance of the phase space volume element in

multiparticle collisions is a consequence of the semidetailed balance condition

and the fact that rotations do not change phase space volumes. Letting pðôjvNÞ
be the conditional probability of the rotation ô given vN , we have

dx�N ¼ drNdv�N ¼ drN
X

ô;vN jôðvN Þ¼v�N
pðôjvNÞdvN

¼ dxN
X

ô;vN jôðvN Þ¼v�N
pðôjvNÞ ¼ dxN ð6Þ

The last equalities follow from the fact that the rotations do not depend on the

velocities.

Assuming the MPC dynamics is ergodic, the stationary distribution is

microcanonical and is given by

PðxNÞ ¼ AV�1d
m

2

XN
i¼1
jvij2 �

3kBTN

2

 !
d
XN
i¼1
½vi � u	

 !
ð7Þ

where u is the mean velocity of the system and A is a normalization constant. If

this expression is integrated over the coordinates and velocities of particles with
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i ¼ 2; . . . ;N, in the limit of large N we obtain the Maxwell–Boltzmann

distribution,

Pðx1Þ ¼
N

V

mb
2p

� �3=2

e�bmjv1�uj
2=2 ð8Þ

where b ¼ 1=kBT .
One may also show that MPC dynamics satisfies an H theorem and that any

initial velocity distribution will relax to the Maxwell–Boltzmann distribution

[11]. Figure 2 shows simulation results for the velocity distribution function that

confirm this result. In the simulation, the particles were initially uniformly

distributed in the volume and had the same speed jvj ¼ 1 but different random

directions. After a relatively short transient the distribution function adopts the

Maxwell–Boltzmann form shown in the figure.

B. Galilean Invariance and Grid Shifting

In the description of MPC dynamics, the size of the collision cell was not

specified. Given the number density �n ¼ N=V of the system, the cell size will

control how many particles, on average, participate in the multiparticle collision

event. This, in turn, controls the level of coarse graining of the system. As

originally formulated, it was assumed that on average particles should free

stream a distance comparable to or somewhat greater than the cell length in the

0.8

0.6

0.4

0.2

0

vx

–3 –2 –1 0 1 2 3

P(vx)

Figure 2. Comparison of the simulated velocity distribution (histogram) with the Maxwell–

Boltzmann distribution function (solid line) for kBT ¼ 1
3
: The system had volume V ¼ 1003 cells of

unit length and N ¼ 107 particles with mass m ¼ 1. Rotations ôx were selected from the set

� ¼ fp=2;�p=2g about axes whose directions were chosen uniformly on the surface of a sphere.
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time t. Thus if �v 
 ðkBT=mÞ1=2 is the mean thermal speed at temperature T so

that the mean free path is � ¼ �vt, the MPC cell length a should be chosen to be

a � �. (Alternatively, for unit cell length, the temperature should be chosen so

that this condition is satisfied.) Then, on average, particles will travel to

neighboring cells where they will undergo multiparticle collisions with

molecules they have not encountered on the previous time step. This will lead

to rapid decorrelation of collision events. The dimensionless mean free path

l ¼ �=a is an important parameter in MPC dynamics.

In some applications it may not be possible or desirable to satisfy these

conditions. For example, at low temperatures the mean free path may be very

small so that particles may travel only a small fraction of a cell length. If the

multiparticle collision rule were applied to such a system the collision events

would be strongly correlated. Ihle and Kroll [14, 15] combined grid shifting

with multiparticle collisions in order to improve the mixing properties of the

dynamics for small l. In the grid-shifting algorithm, prior to the application of

the collision step, all particles in the system are shifted by a translation vector

whose components are chosen from a uniform distribution on the interval

½�a=2; a=2	. After collision, the particles are shifted back to their original

positions. If xsi is the shifted cell coordinate of particle i, then the postcollision

velocity in this modified MPC rule is

v�i ¼ Vxsi þ ôxsi ðvi � Vxsi Þ ð9Þ

Thus even if the mean free path is small compared to the cell length, particle (or

equivalently grid) shifting will cause particles to collide with molecules in

nearby cells, thereby reducing the effects of locally correlated collision events in

the same cell.

C. Multicomponent Systems

Multiparticle collision dynamics can be generalized to treat systems with

different species. While there are many different ways to introduce multiparticle

collisions that distinguish between the different species [16, 17], all such rules

should conserve mass, momentum, and energy. We suppose that the N-particle

system contains particles of different species a ¼ A;B; . . . with masses ma.

Different multiparticle collisions can be used to distinguish the interactions

among the species. For this purpose we let VðaÞx denote the center of mass velocity

of particles of species a in the cell x;3

VðaÞx ¼
1

Nx
ðaÞ

XNx
ðaÞ

i¼1
vai ð10Þ

3We use the same symbol a for chemical species and the rotation angle when confusion is unlikely.
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where N
ðaÞ
x is the number of particles of species a in cell x and vai is the velocity

of particle i of species a. The center of mass velocity of all Nx ¼
P

a N
ðaÞ
x

particles in the cell x is given by

Vx ¼

P
a
N
ðaÞ
x maV

ðaÞ
xP

a
N
ðaÞ
x ma

ð11Þ

A sequence of multiparticle collisions may then be carried out. The first

MPC event involves particles of all species and is analogous to that for a single

component system: a rotation operator ô is applied to every particle in a cell.

The all-species collision step is

va
00

i ¼ Vx þ ôxðvai � VxÞ ð12Þ

where va
00

i is the velocity of particle i of species a after this step. The second set of

MPC events involve only particles of the same species. The rotation operator ôa

is applied to each particle of species a in the cell. It changes from cell to cell and

from species to species. The species-specific rotation operator

va�i ¼ VðaÞ
00

x þ ôa
xðva

00

i � V
00ðaÞ
x Þ ð13Þ

is applied. Here VðaÞ
00

x is the center of mass velocity of particles of species a after

the all-species collision step. In this rule ôx is applied to all particles in the cell,

but the ôa
x are applied only on particles of species a.

The full MPC event consists of the concatenation of these independent steps

and its net effect is

v�i ¼ Vx þ ôxðVðaÞx � VxÞ þ ôa
xôxðvai � VðaÞx Þ ð14Þ

This collision dynamics clearly satisfies the conservation laws and preserves

phase space volumes.

III. COLLISION OPERATORS AND EVOLUTION EQUATIONS

The algorithmic description of MPC dynamics given earlier outlined its essential

elements and properties and provided a basis for implementations of the

dynamics. However, a more formal specification of the evolution is required in

order to make a link between the mesoscopic description and macroscopic laws

that govern the system on long distance and time scales. This link will also

provide us with expressions for the transport coefficients that enter the
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macroscopic laws. The first step in this analysis is formulation of the evolution

equations in a form convenient for analysis.

The state of the entire system at time t is described by the N-particle phase

space probability density function, PðxN ; tÞ. In MPC dynamics the time

evolution of this function is given by the Markov chain,

PðrN þ vNt; vN ; t þ tÞ ¼ eiL0tPðxN ; t þ tÞ ¼ ĈPðxN ; tÞ ð15Þ

The displaced position on the left-hand side reflects the free streaming between

collisions generated by the free streaming Liouville operator,

iL0 ¼ vN � =rN ð16Þ

while the collision operator Ĉ on the far right-hand side is defined by

ĈPðxN ; tÞ ¼ 1

j�jNc

X
�Nc

Z
dv0NPðrN ; v0N ; tÞ

YN
i¼1

dðvi � Vx � ôx½v0i � Vx	Þ ð17Þ

In this equation j�j is thenumberof rotationoperators in the set. Equation (15) is the

MPCanalogueof theLiouville equation for a systemobeyingNewtoniandynamics.

A similar form for the collision operator applies if the grid-shifting algorithm

is employed [15]. Letting b be an index that specifies a specific choice of origin

for the center of a cell, we may label each collision operator by this index: Ĉb.
Grid shifting involves a random translation of the grid by a vector distance

whose components are drawn uniformly in the interval ½�a=2; a=2	, as

discussed earlier. Since this shift is independent of the system phase point

and time, the grid-shift collision operator ĈG is a superposition of the Ĉb, the
fixed-grid collision operators, and is given by

ĈGPðxN ; tÞ ¼
1

Vc

Z
Vc

db ĈbPðxN ; tÞ ð18Þ

where Vc ¼ a3 is the volume of the cell.

In the discussion of kinetic equations and transport properties it is convenient

to write the evolution equation in more compact form as

PðxN ; t þ tÞ ¼
Z

dx0NLðxN ; x0NÞPðx0N ; tÞ � L̂PðxN ; tÞ ð19Þ

where

L̂PðxN ; tÞ¼ 1

j�jNc

X
�Nc

Z
dx0N

YN
i¼1

dðvi�Vx� ôx½v0i�Vx	Þdðr0i�ðriþvitÞÞPðx0N ; tÞ

ð20Þ
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These evolution equations form the starting point for the derivation of

macroscopic kinetic equations, which we now consider. They also serve as the

starting point for the proof of the H theorem. This proof can be found in Ref. 11.

IV. MACROSCOPIC LAWS AND TRANSPORT COEFFICIENTS

In addition to the fact that MPC dynamics is both simple and efficient to simulate,

one of its main advantages is that the transport properties that characterize

the behavior of the macroscopic laws may be computed. Furthermore,

the macroscopic evolution equations can be derived from the full phase space

Markov chain formulation. Such derivations have been carried out to obtain

the full set of hydrodynamic equations for a one-component fluid [15, 18] and the

reaction-diffusion equation for a reacting mixture [17]. In order to simplify the

presentation and yet illustrate the methods that are used to carry out such

derivations, we restrict our considerations to the simpler case of the derivation of

the diffusion equation for a test particle in the fluid. The methods used to derive

this equation and obtain the autocorrelation function expression for the diffusion

coefficient are easily generalized to the full set of hydrodynamic equations.

The diffusion equation describes the evolution of the mean test particle density

�nðr; tÞ at point r in the fluid at time t. Denoting the Fourier transform of the local

density field by �nkðtÞ, in Fourier space the diffusion equation takes the form

q
qt
�nkðtÞ ¼ �Dk2�nkðtÞ ð21Þ

where D is the diffusion coefficient. Our goal is to derive this equation from

Eq. (19). We are not interested in the evolution of P itself but only the mean local

test particle density, which is given by

�nkðtÞ ¼
Z

dxN nkðr1ÞPðxN ; tÞ ð22Þ

where the microscopic test particle density is nkðr1Þ ¼ e�k�r1 . From Eq. (19) it

follows that

�nkðt þ tÞ ¼
Z

dxNnkðr1ÞL̂PðxN ; tÞ ð23Þ

This equation does not provide a closed expression for �nk and to close it we use

projection operator methods. We introduce a projection operator P defined by

PhðxNÞ ¼ n�kðr1ÞP0ðxNÞhnkðr1Þn�kðr1Þi�1
Z

dxN nkðr1ÞhðxNÞ ð24Þ
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where P0ðxNÞ is the equilibrium density and hðxNÞ is an arbitrary function of

the phase space coordinates. The equilibrium density is stationary under MPC

evolution so that P0ðxNÞ ¼ L̂P0ðxNÞ. The angle brackets denote an average

over the equilibrium distribution, h� � �i ¼
R
dxN � � �P0ðxNÞ. For the test

particle density hnkðr1Þn�kðr1Þi ¼ 1, so the projection operator takes the

simpler form

PhðxNÞ ¼ n�kðr1ÞP0ðxNÞ
Z

dxN nkðr1ÞhðxNÞ ð25Þ

which we use in the following derivation. The complement of P is Q ¼ 1� P.
One may easily verify by direct computation that P and Q are projection

operators. We note that PPðxN ; tÞ ¼ n�kðr1ÞP0ðxNÞ�nkðtÞ. Using these results we
may write Eq. (23) as

�nkðt þ tÞ ¼ hnkðr1ÞL̂n�kðr1Þi�nkðtÞ þ
Z

dxN nkðr1ÞL̂QPðxN ; tÞ ð26Þ

The equation of motion for QP is

QPðxN ; t þ tÞ ¼ QL̂ðP þ QÞPðxN ; tÞ ð27Þ

which may be solved formally by iteration to give

QPðxN ; tÞ ¼ ðQL̂ÞtQPðxN ; 0Þ þ
Xn
j¼1
ðQL̂Þj�1QðL̂� 1ÞPPðxN ; t � jtÞ ð28Þ

where t ¼ nt. If the system is prepared in an initial state where the phase space

density is perturbed by displacing only the test particle density from its

equilibrium value so that PðxN ; 0Þ ¼ nkðr1ÞP0ðxNÞ, then QPðxN ; 0Þ ¼ 0 and we

may drop the first term in Eq. (28). Taking this initial condition and substituting

this result into Eq. (26) yields a non-Markovian evolution equation for the mean

test particle density:

�nkðt þ tÞ ¼ hnkðr1ÞL̂n�kðr1Þi�nkðtÞ

þ
Xn
j¼1
hnkðr1ÞðL̂� 1ÞðQL̂Þj�1QðL̂� 1Þn�kðr1Þi�nkðt � jtÞ ð29Þ

For small wavevectors the test particle density is a nearly conserved variable

and will vary slowly in time. The correlation function in the memory term

in the above equation involves evolution, where this slow mode is projected
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out of the dynamics. Consequently it will decay much more rapidly. In this

case we may make a Markovian approximation and write the evolution

equation as

�nkðt þ tÞ ¼ ð1þ KðkÞÞ�nkðtÞ ð30Þ
where

KðkÞ ¼ hnkðr1ÞðL̂� 1Þn�kðr1Þi

þ
X1
j¼1
hnkðr1ÞðL̂� 1ÞðQL̂Þj�1QðL̂� 1Þn�kðr1Þi ð31Þ

The last step in the derivation is the calculation of KðkÞ in the small

wavevector limit and the connection of this quantity to the diffusion coefficient.

In the Appendix we show that KðkÞ can be written

KðkÞ ¼ hnkðr1ÞðL̂� 1Þn�kðr1Þi þ
X1
j¼1
h fkðx1ÞL̂j~f�kðx1Þi ð32Þ

where

fkðx1Þ ¼ nkðSðx1; tÞÞ � hnkðSðx1; tÞÞn�kðx1Þinkðx1Þ
~f�kðx1Þ ¼ n�kðx1Þ � n�kðSðx1; tÞÞhnkðSðx1; tÞÞn�kðx1Þi ð33Þ

and SðxN ; tÞ stands for the phase point at time twhose value at time zero was xN .

To obtain a more explicit expression for this quantity we may substitute the

expression for nk. We find

fkðx1Þ ¼ iktk̂ � v1 þOðk2Þ; ~f�kðx1Þ ¼ iktk̂ � v1 þOðk2Þ ð34Þ

In addition,

hnkðr1ÞðL̂� 1Þn�kðr1Þi ¼ � 1
2
k2t2hðk̂ � v1Þ2i þ Oðk4Þ ð35Þ

Thus, to lowest order in k,

KðkÞ ¼ � 1
2
k2t2hðk̂ � v1Þ2i �

X1
j¼1

k2t2hðk̂ � v1ÞL̂jðk̂ � v1Þi ð36Þ

which we see is Oðk2Þ.
To derive the diffusion equation we return to Eq. (30), which we write as

�nkðt þ tÞ ¼ et q=qt�nkðtÞ ¼ ð1þ KðkÞÞ�nkðtÞ ð37Þ
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making use of the time translation operator. This yields the operator identity

et q=qt ¼ 1þ KðkÞ, whose logarithm is t q=qt ¼ ln ð1þ KðkÞÞ ¼ KðkÞ þ Oðk4Þ.
Applying this expression for the operator to �nkðtÞ, we obtain

q
qt
�nkðtÞ ¼

KðkÞ
t

�nkðtÞ ð38Þ

which has the same form as the diffusion equation (21) if we identify

k2D ¼ �KðkÞ=t. This identification yields the discrete Green–Kubo expression

for the diffusion coefficient,

D ¼ 1

2
thv21zi þ

X1
j¼1

thv1zL̂jv1zi ð39Þ

where we have chosen k̂ to lie along the z-direction. The formula has the same

structure as a trapezoidal rule approximation to the usual expression for D as the

time integral of the velocity correlation function.

A. Calculation of D

In order to compute the discrete Green–Kubo expression for D we must evaluate

correlation function expressions of the form hv1zL̂jv1zi. Consider

rD ¼
hv1zL̂v1zi
hv1zv1zi

¼ 1

j�j
X
o

X1
n¼1

gn

n!
e�g
Z

dv1
v1zv

�
1zfðv1Þ
hv1zv1xi

ð40Þ

where we have used the fact that the particles are Poisson distributed in the cells

with g ¼ �na3, the average number of particles in a cell for a system with number

density �n. Here v�1z denotes the post collision velocity given in Eq. (2) determined

by the rotation operator o. Using rotations by �a about a randomly chosen axis

(see Eq. (3)), this integral may be evaluated to give

rD ¼
1

3g
ð2ð1� cos aÞð1� e�gÞ þ gð1þ 2 cos aÞÞ ð41Þ

Assuming a single relaxation time approximation, the diffusion coefficient takes

the form

D � � 1

2
thvzvzi þ thvzvzi

X1
j¼0

rD
j ¼ t

hvxvxið1þ rDÞ
2ð1� rDÞ

ð42Þ

102 raymond kapral



Substituting rD into Eq. (42), the diffusion coefficient is given by

D ¼ D0 �
kBTt
2m

3g
ðg� 1þ e�gÞð1� cos aÞ � 1

� �
ð43Þ

This analytic formula with a ¼ p=2 is compared with the simulation results in

Fig. 3, where it is seen that it provides an excellent approximation to the

simulation results over all of the physically interesting density range.

For the parameters used to obtain the results in Fig. 3, l 
 0:6; so the mean

free path is comparable to the cell length. If l
 1, the correspondence between

the analytical expression for D in Eq. (43) and the simulation results breaks

down. Figure 4a plots the deviation of the simulated values of D from D0 as a

function of l. For small l values there is a strong discrepancy, which may be

attributed to correlations that are not accounted for in D0, which assumes that

collisions are uncorrelated in the time t. For very small mean free paths, there is

a high probability that two or more particles will occupy the same collision

volume at different time steps, an effect that is not accounted for in the

geometric series approximation that leads to D0. The origins of such corrections

have been studied [19–22].

The last issue we address concerns the existence of long-time tails in the

discrete-time velocity correlation function. The diffusion coefficient can be

written in terms of the velocity correlation function as

D ¼ kBT

m

X1
j¼0

0

t
hv1zL̂jv1zi
hv1zv1zi

� kBTt
m

X1
j¼0

0

Cvð jtÞ ð44Þ

Figure 3. Comparison of the simulated diffusion coefficient (�) with the theoretical value D0

(solid line). The simulation parameters are a ¼ p=2, L=a ¼ 100, t ¼ 1, m ¼ 1, and kBT ¼ 1
3
.
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where the prime on the sum signifies that the j ¼ 0 term should be multiplied by a

factor of 1
2
and Cvð jtÞ is the discrete-time velocity correlation function. The test

particle density couples to other nearly conserved small wavevector modes in the

fluid, leading to collective fluid contributions to the velocity correlation function

and diffusion coefficient. The most important of such modes is the fluid velocity

field uk and mode coupling to nonlinear products of the form nquk�q leads to an

algebraic decay of the velocity correlation function of the form

CvðtÞ 

2

3�n
ð4pðDþ nÞtÞ�3=2 ð45Þ

where n is the kinematic viscosity that characterizes the decay of the transverse

fluid velocity field. Since this relation is a consequence of the coupling between

the single particle and collective fluid modes, and the existence of conservation

laws, one expects that MPC dynamics will also yield such nonanalytic long-time

decay. This is indeed the case as is shown in Fig. 4b that graphs CvðtÞ versus t on
a double logarithmic plot for two values of the dimensionless mean free path

[20]. Linear long-time regions with the correct slope are evident in the figure.

The departure from linear behavior at very long times is due to finite size effects.

Long-time tails in correlation functions in the context of MPC dynamics have

been studied in some detail by Ihle and Kroll [23].

V. HYDRODYNAMIC EQUATIONS

The hydrodynamic equations can be derived from the MPC Markov chain

dynamics using projection operator methods analogous to those used to obtain

Figure 4. (a) Deviation of the diffusion coefficient from the theoretical prediction in Eq. (43)

as a function of l for a ¼ 30�, g ¼ 5, and L=a ¼ 20. (b) Velocity correlation function versus

dimensionless time for l ¼ 1 and 0.1. The solid lines are the theoretical prediction of the long-time

decay in Eq. (45). The other parameters are the same as in panel (a). (From Ref. 20.)
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the diffusion equation [18, 23–26]. The hydrodynamic equations describe the

dynamics of local densities corresponding to the conserved mass, momentum,

and energy variables on long distance and time scales. The Fourier transforms of

the microscopic variables corresponding to these fields are

nk ¼
Z

dr eik�rnðrÞ ¼
XN
i¼1

eik�ri ð46Þ

uk ¼
X
n

eik�nuðnÞ �
X
n

eik�n
XN
i¼1

viyð12� jri � njÞ ð47Þ

Ek ¼
X
n

eik�nEðnÞ �
X
n

eik�n
XN
i¼1

m

2
v2i yð12� jri � njÞ ð48Þ

Here y is the Heaviside function. The projection operator formalism must be

carried out in matrix from and in this connection it is useful to define the

orthogonal set of variables, fnk; uk; skg, where the entropy density is

sk ¼ Ek � CvTnk with Cv the specific heat. In terms of these variables the

linearized hydrodynamic equations take the form

qtnk ¼ ik � uk ð49Þ

qtuk ¼ ik � kBTrk þ
sk

cv

� �
� Z

r
kk� 1

3
k21

� �
: uk �

Zb

r
kk : uk ð50Þ

qtsk ¼ kBTik � uk �
l
r
k2sk ð51Þ

where r ¼ m�n is the mean mass density and Z, Zb, and l are the shear viscosity,

bulk viscosity, and thermal conductivity coefficients, respectively. As in the

derivation of the diffusion equation described earlier a projection operator may be

constructed that projects the full MPCMarkov chain dynamics onto the conserved

fields. A Markovian approximation that assumes the conserved fields are slowly

decaying functions for small wavenumbers leads to Eq. (51) along with discrete-

time Green–Kubo expressions for the transport coefficients [18, 23–26].

Projection operator methods are not the only way to obtain the macroscopic

laws and transport coefficients. They have also been obtained through the use of

Chapman–Enskog methods [11] and a kinetic theory method based on the

computation of moments of the local equilibrium distribution function [27–29].

These derivations yield general expressions for the transport coefficients that

may be evaluated by simulating MPC dynamics or approximated to obtain

analytical expressions for their values. The shear viscosity is one of the most

important transport properties for studies of fluid flow and solute molecule
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dynamics. The discrete time Green–Kubo expression for the viscosity is the sum

of kinetic and collisional contributions [26],

Z ¼ rt
NkBT

X1
j¼0

0

hskin
xy ð0Þskin

xy ð jtÞi þ
rt

NkBT

X1
j¼0

0

hscol
xy ð0Þscol

xy ð jtÞi

¼ Zkin þ Zcol ð52Þ

where the kinetic and collisional stress tensors are

skin
xy ¼ �

XN
i¼1

vixviy; scol
xy ¼ �

1

t

XN
i¼1

vixBiy ð53Þ

with

Biyð jtÞ ¼ xsiyðð jþ 1ÞtÞ � xsiyð jtÞ � tviyð jtÞ ð54Þ

The collisional contribution arises from grid shifting and accounts for effects on

scales where the dimensionless mean free path is small, l
 1. The discrete

Green–Kubo derivation leading to Eq. (52) involves a number of subtle issues

that have been discussed by Ihle, Tüzel, and Kroll [26].

For the collision rule using rotations by �a about a randomly chosen axis,

these expressions may be evaluated approximately to give [26]

Zkin ¼ kBTtr
2m

5g� ðg� 1þ e�gÞð2� cos a� cos 2aÞ
ðg� 1þ e�gÞð2� cos a� cos 2aÞ

� �
ð55Þ

and

Zcol ¼ m

18at
ðg� 1þ e�gÞð1� cos aÞ ð56Þ

Identical results were obtained using the kinetic theory moment method by

Kikuchi, Pooley, Ryder, and Yeomans [28, 29].

These expressions for the shear viscosity are compared with simulation results

in Fig. 5 for various values of the angle a and the dimensionless mean free path l.
The figure plots the dimensionless quantity ðn=lÞðt=a2Þ and for fixed g and a we

see that ðnkin=lÞðt=a2Þ 
 constl and ðncol=lÞðt=a2Þ 
 const=l. Thus we see in
Fig. 5b that the kinetic contribution dominates for large l since particles free

stream distances greater than a cell length in the time t; however, for small l the

collisional contribution dominates since grid shifting is important and is

responsible for this contribution to the viscosity.
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A. Simulation of Hydrodynamic Flows

Since MPC dynamics yields the hydrodynamic equations on long distance and

time scales, it provides a mesoscopic simulation algorithm for investigation of

fluid flow that complements other mesoscopic methods. Since it is a particle-

based scheme it incorporates fluctuations, which are essential in many

applications. For macroscopic fluid flow averaging is required to obtain the

deterministic flow fields. In spite of the additional averaging that is required the

method has the advantage that it is numerically stable, does not suffer from

lattice artifacts in the structure of the Navier–Stokes equations, and boundary

conditions are easily implemented.

Since hydrodynamic flow fields are described correctly, the method is also

useful in applications to rheology. As an example we consider the three-

dimensional flow of a fluid between planar walls around a spherical obstacle

studied by Allahyarov and Gompper [30]. The flow was generated by imposing a

gravitational field of dimensionless strength g� ¼ ga=
ffiffiffiffiffiffiffiffi
kBT
p

. Figure 6 shows the

flow field around the sphere in the middle z-plane of the system for two values of

the Reynolds number, Re ¼ 2Rvmax=n, where R is the sphere radius and vmax is the

maximum fluid velocity. As the Reynolds number increases, symmetric vortices

develop behind the obstacle and the length of the steady wake increases in a

manner that agrees with experiment and theoretical predictions. Similar

investigations of flow around a cylinder have been carried out [31].

VI. REACTIVE MPC DYNAMICS

Reactive systems form the core of chemistry and most biological functions are

based on the operation of complex biochemical reaction networks. In dealing

Figure 5. (a) Viscosity as a function of the angle a for l ¼ 0:2 and g ¼ 10. (b) Viscosity

versus l for a ¼ 130� and g ¼ 5. The solid circles are simulation results. The dotted lines are Zcol

and the dashed lines are Zkin. The solid lines are the total viscosity Z ¼ Zkin þ Zcol. (From Ref. 20.)
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with reactions, two features typically come into play: the reactive event itself and

the diffusional or other mixing processes that are responsible for bringing the

reagents together. There is a large literature on diffusion-influenced reaction

dynamics and its description by reaction-diffusion equations of the form

q
qt
cðr; tÞ ¼ Rðcðr; tÞÞ þ Dr2cðr; tÞ ð57Þ

dating from the work of Smoluchowski [32]. Here c ¼ ðc1; c2; . . . ; csÞ is a vector
of the concentrations of the s chemical species, R is a vector-valued function of

the reaction rates, which is often determined from mass action kinetics, and D is

the matrix of diffusion coefficients. If the system is well mixed, then the simple

chemical rate equations,

d

dt
cðtÞ ¼ RðcðtÞÞ ð58Þ

can be used to describe the evolution of the chemical concentrations. These

macroscopic chemical kinetic equations are the analogues of the Navier–Stokes

equations for nonreactive fluid flow. (Reaction can also be coupled to fluid flow

but we shall not consider this here.)

There are situations where such a macroscopic description of reaction

dynamics will break down. For instance, biochemical reactions in the cell may

involve only small numbers of molecules of certain species that participate in

the mechanism. An example is gene transcription where only tens of free

Figure 6. Flow around a sphere. The system size is 50� 25� 25 with g ¼ 8 particles per cell.

The gravitational field strength was g� ¼ 0:005 and the rotation angle for MPC dynamics was

a ¼ �p=2. Panel (a) is for a Reynolds number of Re ¼ 24 corresponding to l ¼ 1:8 while panel (b)

is the flow for Re ¼ 76 and l ¼ 0:35. (From Ref. 30.)
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RNApolymerase molecules are involved in the process. If the system is well

stirred so that spatial degrees of freedom play no role, birth–death master

equation approaches have been used to describe such reacting systems [33, 34].

The master equation can be simulated efficiently using Gillespie’s algorithm

[35]. However, if spatial degrees of freedom must be taken into account, then

the construction of algorithms is still a matter of active research [36–38].

Spatially distributed reacting systems can be described by a generalization of

MPC dynamics that incorporates stochastic birth–death reactive events in the

collision step. For simplicity, consider a single reaction among a set of s species

Xa, ða ¼ 1; . . . ; sÞ:

n1X1 þ n2X2 þ � � � þ nsXsÐ
kf

kr
�n1X1 þ �n2X2 þ � � � þ �nsXs ð59Þ

Here na and �na are the stoichiometric coefficients for the reaction. The

formulation is easily extended to treat a set of coupled chemical reactions.

Reactive MPC dynamics again consists of free streaming and collisions, which

take place at discrete times t. We partition the system into cells in order to carry

out the reactive multiparticle collisions. The partition of the multicomponent

system into collision cells is shown schematically in Fig. 7. In each cell,

independently of the other cells, reactive and nonreactive collisions occur at

times t. The nonreactive collisions can be carried out as described earlier for

multi-component systems. The reactive collisions occur by birth–death

stochastic rules. Such rules can be constructed to conserve mass, momentum,

and energy. This is especially useful for coupling reactions to fluid flow. The

reactive collision model can also be applied to far-from-equilibrium situations,

where certain species are held fixed by constraints. In this case conservation laws

Figure 7. Schematic representation of collision cells for reactive MPC dynamics. Each cell

contains various numbers of the different species. The species numbers change in the cells as a result

of chemical reactions.
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may be violated. Here we describe a simple situation where the reaction is a

‘‘coloring’’ process that is independent of the velocities of the particles.

The reaction transition probabilities in a cell are determined by birth–death

probabilistic rules that model the changes in the species particle numbers in

the reaction mechanism. Letting N ¼ ðNð1Þ;Nð2Þ; . . . ;NðsÞÞ be the set of all

instantaneous cell species numbers, the reaction transition matrix can be

written

WRðNjN0Þ ¼ kf
Ys
a¼1

NðaÞ
0
!

ðNðaÞ0 � nðaÞÞ!
dNðaÞ;NðaÞ0þ�a

þ kr
Ys
a¼1

NðaÞ
0
!

ðNðaÞ0 � �naÞ!
dNðaÞ;NðaÞ0��a

þ ð1� ðrf ðN0Þ þ rrðN0ÞÞ
Ys
a¼1

dNðaÞ;NðaÞ0

ð60Þ

where

rf ðNÞ ¼ kf
Ys
a¼1

NðaÞ!

ðNðaÞ � naÞ!
; rrðNÞ ¼ kr

Ys
a¼1

NðaÞ!

ðNðaÞ � �naÞ!
ð61Þ

and �a ¼ �na � na is the change in the particle number for species a in the

reaction. The structure of the reaction transition matrix accounts for

the combinatorial choice of reaction partners in the cell at time t. Reactions
are carried out with probabilities determined by the reaction transition matrix.

The full collision step then consists of birth–death reaction and velocity changes

by multiparticle collisions.

As a simple illustration, consider the irreversible autocatalytic reaction

Aþ 2B!
kf
3B [39]. The reaction transition matrix is

WRðNjN0Þ ¼ kf N
ðAÞ0NðBÞ

0
ðNðBÞ

0
� 1ÞdNðAÞ;NðAÞ0�1dNðBÞ;NðBÞ0þ1

þ ð1� kf N
ðAÞ0NðBÞ

0
ðNðBÞ

0
� 1ÞÞdNðAÞ;NðAÞ0 dNðBÞ;NðBÞ0 ð62Þ

If nonreactive MPC collisions maintain an instantaneous Poissonian distribution

of particles in the cells, it is easy to verify that reactive MPC dynamics yields the

reaction-diffusion equation,

q
qt
�nAðr; tÞ ¼ �kf �nA�n2B þ Dr2�nA ð63Þ
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Starting from an initial state where half the system has species A and the

other half B, a reaction front will develop as the autocatalyst B consumes the

fuel A in the reaction. The front will move with velocity c. The reaction-

diffusion equation can be solved in a moving frame, z ¼ x� ct, to determine the

front profile and front speed,

�nAðzÞ ¼ �n0ð1þ e�cz=DÞ�1 ð64Þ

where �nA þ �nB ¼ �n0 and the front speed is c ¼ ðDk�n20=2Þ
1=2

. Figure 8 shows the

results of front propagation using reactive MPC dynamics for a system where

reaction is a very slow process compared to diffusion. In this limit we expect that

the reaction-diffusion equation will provide an accurate description of the front.

This is indeed the case as the figure shows. In other parameter regimes the

reaction-diffusion equation description breaks down.

Reactive MPC dynamics should prove most useful when fluctuations in

spatially distributed reactive systems are important, as in biochemical

networks in the cell, or in situations where fluctuating reactions are coupled

to fluid flow.

VII. HYBRID MPC–MD DYNAMICS

Multiparticle collision dynamics can be combined with full molecular dynamics

in order to describe the behavior of solute molecules in solution. Such hybrid

MPC–MD schemes are especially useful for treating polymer and colloid

dynamics since they incorporate hydrodynamic interactions. They are also useful

for describing reactive systems where diffusive coupling among solute species is

important.

Figure 8. (a) Species density fields. Black denotes high B density and light gray denotes high

A density. (b) Comparison of the reactive MPC front profile (circles) with the theoretical profile in

Eq. (64) (solid line). The rate constant is kf ¼ 0:0005 and kBT ¼ 1
3
.
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Hybrid MPC–MD schemes can be constructed in a number of different ways

depending on how the solute molecules couple to the fictitious MPC solvent

molecules. In one such scheme the solute molecules are assumed to interact

with the solvent through an intermolecular potential [18]. More specifically,

consider a system with Ns solute molecules and Nb solvent or bath particles. Let

VsðrNsÞ be the intermolecular potential among the Ns solute molecules and

VsbðrNs ; rNbÞ the interaction potential between the solute and bath particles.

There are no bath–bath particle intermolecular forces since these are accounted

for by MPC dynamics. The hybrid MPC–MD dynamics is then easily generated

by replacing the free streaming step in Eq. (1) by streaming in the

intermolecular potential, VðrNs ; rNbÞ ¼ VsðrNsÞ þ VsbðrNs ; rNbÞ, which is gener-

ated by the solution of Newton’s equations of motion,

_ri ¼ vi; mi _vi ¼ �
qV
qri
¼ Fi ð65Þ

Multiparticle collisions are carried out at time intervals t as described earlier. We

can write the equation of motion for the phase space probability density function

as a simple generalization of Eq. (15) by replacing the free-streaming operator

with streaming in the intermolecular potential. We find

eiLtPðxN ; t þ tÞ ¼ ĈPðxN ; tÞ ð66Þ

The propagator expðiLtÞ on the left-hand side reflects the dynamics generated by

the Liouville operator,

iL ¼ vN � =rN þ F � =vN ð67Þ

that occurs between multiparticle collisions. This hybrid dynamics satisfies the

conservation laws and preserves phase space volumes.

Hybrid MPC–MD schemes may be constructed where the mesoscopic

dynamics of the bath is coupled to the molecular dynamics of solute species

without introducing explicit solute–bath intermolecular forces. In such a hybrid

scheme, between multiparticle collision events at times t, solute particles

propagate by Newton’s equations of motion in the absence of solvent forces. In

order to couple solute and bath particles, the solute particles are included in the

multiparticle collision step [40]. The above equations describe the dynamics

provided the interaction potential is replaced by VsðrNsÞ and interactions

between solute and bath particles are neglected. This type of hybrid MD–MPC

dynamics also satisfies the conservation laws and preserves phase space

volumes. Since bath particles can penetrate solute particles, specific structural

solute–bath effects cannot be treated by this rule. However, simulations may be

more efficient since the solute–solvent forces do not have to be computed.
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VIII. SIMULATING REAL SYSTEMS WITH MPC DYNAMICS

Having presented the basic elements of MPC dynamics and the statistical

mechanical methods used to derive the macroscopic laws and transport

coefficients, we now show how MPC dynamics can be used to study a variety

of phenomena. Before doing this we provide some guidelines that can be used to

determine the model parameters that are appropriate for simulations. Since MPC

dynamics is a self-contained dynamical scheme, the values of transport

properties and system conditions can be tuned by varying the parameters that

specify the system state and by changing the nature of the collision dynamics.

This can be done by changing the cell size a or the mean number of particles per

cell g, the precise form of the collision rule (e.g., the angle a or its distribution)

the dimensionless mean free path l, and so on. Similarly, the macroscopic

behavior of real systems is determined by the values of state parameters, such as

density and temperature, and the values of transport coefficients that enter into

the macroscopic evolution equations. Often what matters most in observing a

particular type of behavior, say, fluid turbulence or the swimming motion of a

bacterium in water, are the values of these dimensionless numbers. The ability of

MPC dynamics to mimic the behavior of real systems hinges on being able to

control the values of various dimensionless numbers that are used to characterize

the system. A full discussion of such dimensionless numbers for MPC dynamics

has been given by Padding and Louis [41] and Hecht et al. [42], which we

summarize here.

The Schmidt number Sc ¼ n=D0, where n ¼ Z=r is the kinematic viscosity

and D0 is the diffusion coefficient, is the ratio of the rate of diffusive momentum

transfer to the rate of diffusive mass transfer. In gases this number is of order

unity since momentum transport occurs largely through mass transport.

However, in liquids this number is large since collisional effects control

momentum transport. Using the results in Eqs. (55), (56), and (43) to compute

the Schmidt number, we obtain the estimate Sc � 1
3
þ 1=18l2 if we assume that

the cell occupancy is large enough to drop the expð�gÞ terms in the transport

coefficients and use the a ¼ p=2 collision rule. Thus small dimensionless mean

free paths are needed to simulate liquid-like regimes of the Schmidt number. For

example, for l ¼ 0:1 we have Sc � 6.

The Reynolds number Re ¼ v‘=n, where v and ‘ are the characteristic

velocity and length for the problem, respectively, gauges the relative

importance of inertial and viscous forces in the system. Insight into the nature

of the Reynolds number for a spherical particle with radius ‘ in a flow with

velocity v may be obtained by expressing it in terms of the Stokes time,

ts ¼ ‘=v, and the kinematic time, tn ¼ ‘2=n. We have Re ¼ tn=ts. The Stokes

time measures the time it takes a particle to move a distance equal to its radius

while the kinematic time measures the time it takes momentum to diffuse over
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that distance. For large-scale turbulent flow the Reynolds number is large and

inertia dominates. For small particle motion in dense fluids inertial effects are

unimportant and the Reynolds number is small. For instance, for swimming

bacteria such as Escherichia coli the Reynolds number is typically of order

10�5 [43]. These low Reynolds numbers result from the small sizes and low

velocities of the particles, in conjunction with the fact that they move in a

medium with relatively high viscosity. In MPC dynamics low Reynolds

numbers can be achieved by considering systems with small dimensionless

mean free path l, but the values that can be obtained are not as low as those

quoted above for bacteria.

The Peclet number Pe ¼ v‘=Dc, where Dc is the diffusion coefficient of a

solute particle in the fluid, measures the ratio of convective transport to

diffusive transport. The diffusion time tD ¼ ‘2=Dc is the time it takes a particle

with characteristic length ‘ to diffuse a distance comparable to its size. We may

then write the Peclet number as Pe ¼ tD=ts, where ts is again the Stokes time.

For Pe > 1 the particle will move convectively over distances greater than its

size. The Peclet number can also be written Pe ¼ Reðn=DcÞ, so in MPC

simulations the extent to which this number can be tuned depends on the

Reynolds number and the ratio of the kinematic viscosity and the particle

diffusion coefficient.

IX. FRICTION AND HYDRODYNAMIC INTERACTIONS

Most descriptions of the dynamics of molecular or particle motion in solution

require a knowledge of the frictional properties of the system. This is especially

true for polymer solutions, colloidal suspensions, molecular transport processes,

and biomolecular conformational changes. Particle friction also plays an

important role in the calculation of diffusion-influenced reaction rates, which

will be discussed later. Solvent multiparticle collision dynamics, in conjunction

with molecular dynamics of solute particles, provides a means to study such

systems. In this section we show how the frictional properties and hydrodynamic

interactions among solute or colloidal particles can be studied using hybrid

MPC–MD schemes.

A. Single-Particle Friction and Diffusion

The friction coefficient is one of the essential elements in the Langevin

description of Brownian motion. The derivation of the Langevin equation from

the microscopic equations of motion provides a Green–Kubo expression for this

transport coefficient. Its computation entails a number of subtle features.

Consider a Brownian (B) particle with mass M in a bath of N solvent molecules

with mass m. The generalized Langevin equation for the momentum P of the B
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particle is [44, 45]

dPðtÞ
dt
¼ �

Z t

0

dt0�ðt0ÞPðt � t0Þ þ fþðtÞ ð68Þ

where fþðtÞ is a random force whose time evolution is determined by projected

dynamics and the memory kernel �ðtÞ describes the random force correlations,

�ðtÞ ¼ hfþðtÞ � fi=hP2i ð69Þ

where the angular brackets denote an equilibrium average. The time-dependent

friction coefficient may be defined as the finite-time integral of the projected

force autocorrelation function,

�ðtÞ ¼ 1

3kBT

Z t

0

dt0 hfþðtÞ � fi: ð70Þ

The friction constant is then the infinite-time value of this function:

� ¼ limt!1 �ðtÞ.
For a massive B particle (M � m) and bath relaxation that is rapid compared

to the characteristic decay time of the B-particle momentum, Mazur and

Oppenheim [45] derived the Langevin equation from the microscopic equations

of motion using projection operator methods. If the projected force

autocorrelations decay rapidly, one may make a Markovian approximation to

obtain the Langevin equation [46],

dPðtÞ
dt
¼ � �

m
PðtÞ þ fþðtÞ ð71Þ

where m ¼ hP2i=3kBT . The conditions under which a Markovian Langevin

description is applicable have been given by Tokuyama and Oppenheim [47]. For

Langevin dynamics the momentum autocorrelation function decays exponen-

tially and is given by

CPðtÞ ¼ hPðtÞ � PihP2i�1 ¼ e��t=m ð72Þ

Since the diffusion coefficient is the infinite-time integral of the velocity

correlation function, we have the Einstein relation, D ¼ kBT=�.
Computer simulations of transport properties using Green–Kubo relations

[48] are usually carried out in the microcanonical ensemble. Some of the subtle

issues involved in such simulations have been discussed by Español and Zuñiga

[49]. From Eq. (70) we see that the time-dependent friction coefficient is given

in terms of the force correlation function with projected dynamics. Instead, in

MD simulations the time-dependent friction coefficient is computed using

ordinary dynamics.
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We define the quantity �uðtÞ, where evolution is by ordinary dynamics, by

�uðtÞ ¼
1

3kBT

Z t

0

dt0 hfðtÞ � fi ð73Þ

Its Laplace transform �̂uðzÞ is related to the Laplace transform of �ðtÞ, �̂ðzÞ,
by [48]

�̂uðzÞ ¼
�ðzÞ

zþ �ðzÞ=m ð74Þ

The form of this equation for small z is �̂uðzÞ � �=ðzþ �=mÞ. In t-space we have

�uðtÞ � �e��t=m ð75Þ

From this expression we see that the friction cannot be determined from the

infinite-time integral of the unprojected force correlation function but only from

its plateau value if there is time scale separation between the force and

momentum correlation functions decay times. The friction may also be estimated

from the extrapolation of the long-time decay of the force autocorrelation

function to t ¼ 0, or from the decay rates of the momentum or force

autocorrelation functions using the above formulas.

In the canonical ensemble hP2i ¼ 3kBTM and m ¼ M. In the microcanonical

ensemble hP2i ¼ 3kBTm ¼ 3kBTMNm=ðM þ NmÞ [49]. If the limit M !1 is

first taken in the calculation of the force autocorrelation function, then m ¼ Nm

and the projected and unprojected force correlations are the same in the

thermodynamic limit. Since MD simulations are carried out at finite N, the

study of the N (and M) dependence of �uðtÞ and the estimate of the friction

coefficient from either the decay of the momentum or force correlation

functions is of interest. Molecular dynamics simulations of the momentum and

force autocorrelation functions as a function of N have been carried out [49, 50].

Equation (75) shows that �uðtÞ is an exponentially decaying function for long

times with a decay constant �=m. For very massive B particles M � mN with

M=mN ¼ q ¼ const, the decay rate should vary as 1=N since m ¼ mNq=ðqþ 1Þ.
The time-dependent friction coefficient �uðtÞ for a B particle interacting with the

mesoscopic solvent molecules through repulsive LJ potentials

VsbðrÞ ¼ 4E
s
r

� �12
� s

r

� �6
þ 1

4

� �
; for r < 21=6s ð76Þ

and zero for r � 21=6s, is shown in Fig. 9 for various values of N [51]. The

semilogarithmic plots of �uðtÞ for different values of N show the expected linear
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decay at long times. The long-time linear decay may be extrapolated to t ¼ 0 to

obtain � shown in the figure.

In order to examine the nature of the friction coefficient it is useful to consider

the various time, space, and mass scales that are important for the dynamics of a B

particle. Two important parameters that determine the nature of the Brownian

motion are rm ¼ ðm=MÞ1=2, that depends on the ratio of the bath and B particle

masses, and rr ¼ r=ð3M=4ps3Þ, the ratio of the fluid mass density to the mass

density of the B particle. The characteristic time scale for B particle momentum

decay is tB ¼ M=�, from which the characteristic length ‘B ¼ ðkBT=MÞ1=2tB can

be defined. In derivations of Langevin descriptions, variations of length scales

large compared to microscopic length but small compared to ‘B are considered.

The simplest Markovian behavior is obtained when both rm 
 1 and rr 
 1,

while non-Markovian descriptions of the dynamics are needed when rm 
 1 and

rr � 1 [47]. The other important times in the problem are tn ¼ s2=n, the time it

takes momentum to diffuse over the B particle radius s, and tD ¼ s2=Dc, the

time it takes the B particle to diffuse over its radius.

The friction coefficient of a large B particle with radius s in a fluid with

viscosity Z is well known and is given by the Stokes law, �h ¼ 6pZs for stick

boundary conditions or � ¼ 4pZs for slip boundary conditions. For smaller

particles, kinetic and mode coupling theories, as well as considerations based on

microscopic boundary layers, show that the friction coefficient can be written

approximately in terms of microscopic and hydrodynamic contributions as

��1 ¼ ��1m þ ��1h . The physical basis of this form can be understood as follows:

for a B particle with radius s a hydrodynamic description of the solvent should

Figure 9. (a) Semilogarithmic plot of time-dependent friction coefficient as function of time

for M=m � 20N for three values of N. The straight lines show the extrapolation of the exponential

long-time decay to t ¼ 0 used to determine the value of �. (b) Friction constant as a function of s:
circles—� from simulation; dotted line—�h; dashed line—�m; and solid line—�.
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be applicable outside a boundary layer, r > �s. Inside the boundary layer the

molecular nature of the dynamics can be taken into account. Processes inside

the boundary layer contribute a microscopic component to the friction due

to collisions between the B and bath particles, which is given by

�m ¼ 8
3
rs2ð2pmkBTÞ1=2. Using a suitable ‘‘radiation-like’’ boundary condition

to account for this boundary layer [52], the total friction formula is obtained

with �h given by the Stokes law form. Since the microscopic contribution scales

as s2 while the hydrodynamic contribution scales as s, the microscopic

contribution is important for small particles. The calculation of the friction

coefficient with sufficient accuracy for large enough systems to resolve the

hydrodynamic and microscopic components for B particles with varying sizes is

a problem that can be addressed using MPC dynamics.

Figure 9b shows the friction constant as a function of s. For large s the

friction coefficient varies linearly with s in accord with the prediction of the

Stokes formula. The figure also shows a plot of �h (slip boundary conditions)

versus s. It lies close to the simulation value for large s but overestimates the

friction for small s. For small s, microscopic contributions dominate the

friction coefficient as can be seen in the plot of �m. The approximate expression

��1 ¼ ��1m þ ��1h interpolates between the two limiting forms. Cluster friction

simulation results have also been interpreted in this way [53]. A discussion of

microscopic and hydrodynamic (including sound wave) contributions to the

velocity correlation function along with comparisons with MPC simulation

results was given by Padding and Louis [41].

B. Hydrodynamic Interactions

The disturbances that solute particles create in the fluid by their motion are

transmitted to other parts of the fluid through solvent collective modes, such

as the solvent velocity field. These long-range hydrodynamic interactions give

rise to a coupling among different solute molecules that influences their motion

[54]. If the number density of B particles is nB, the hydrodynamic screening

length within which hydrodynamic interactions become important is

‘H ¼ ð6pnBsÞ�1=2. The time it takes hydrodynamic interactions to become

important is tH ¼ tn=f, where f ¼ 4ps3nB=3 is the volume fraction of B

particles [55]. It is important to account for such hydrodynamic interactions

when dealing with the dynamics of polymers and colloidal suspensions

[56, 57].

Brownian motion theory may be generalized to treat systems with many

interacting B particles. Such many-particle Langevin equations have been

investigated at a molecular level by Deutch and Oppenheim [58]. A simple

system in which to study hydrodynamic interactions is two particles fixed in

solution at a distance R12. The Langevin equations for the momenta Pi (i ¼ 1; 2)
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of Brownian particles with mass M in a solvent take the form

dPiðtÞ
dt
¼ �

X2
j¼1

PjðtÞ �
�ijðR12Þ

M
þ FiðtÞ þ fiðtÞ ð77Þ

for times t much greater than the characteristic relaxation time of the bath. Here

Fi is the force on Brownian particle i and f iðtÞ is the random force. The fixed-

particle friction tensor is defined as the time integral of the force autocorrelation

function,

�ijðR12Þ ¼ b
Z 1
0

dt hf ið0Þf jðtÞi0 ð78Þ

In this expression the time evolution of the random force is given by

f iðtÞ ¼ eiL0tðFi � hFiiÞ � eiL0tf ið0Þ ð79Þ

The Liouvillian iL0� ¼ fH0; �g, where f�; �g is the Poisson bracket, describes the

evolution governed by the bath Hamiltonian H0 in the field of the fixed Brownian

particles. The angular brackets signify an average over a canonical equilibrium

distribution of the bath particles with the two Brownian particles fixed at positions

R1 and R2, h� � �i0 ¼ Z�10

R
drNdP

Ne�bH0 � � �, where Z0 is the partition function.

If the Brownian particles were macroscopic in size, the solvent could be

treated as a viscous continuum, and the particles would couple to the continuum

solvent through appropriate boundary conditions. Then the two-particle friction

may be calculated by solving the Navier–Stokes equations in the presence of the

two fixed particles. The simplest approximation for hydrodynamic interactions

is through the Oseen tensor [54],

TabðR12Þ ¼ ð1� dabÞ
1

8pZR12

ð1þ R̂12R̂12Þ ð80Þ

which is valid when the Brownian particles are separated by distances very large

compared to their diameters. Here R̂12 is a unit vector along the inter-particle (z)

axis and Z is the solvent viscosity. If Oseen interactions are assumed, the friction

tensor takes the form

fðR12Þ ¼ �0ðIþ �0TðR12ÞÞ�1 ð81Þ

where we now use the symbol �0 for the one-particle friction coefficient.

MPC dynamics is able to describe hydrodynamic interactions because it

preserves the conservation laws, in particular, momentum conservation, on

which these interactions rely. Thus we can test the validity of such an
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approximate macroscopic description of the two-particle friction tensor for

particles that are not macroscopically large [59]. The two Brownian particles

interact with the bath molecules through repulsive Lennard-Jones intermole-

cular potentials (Eq. (76)), and their internuclear separation is held fixed by a

holonomic constraint on the equations of motion. Bath particle interactions are

accounted for by multiparticle collisions. Figure 10 shows the hybrid MD–

MPC simulation results for the two-particle friction coefficients for two LJ

particles as a function of the interparticle separation, R12. The components of

the friction normal to the intermolecular axis, �11xx and �12xx , are almost

independent of R12 while the components parallel to this axis, �11zz and �12zz ,
increase as the particle separation decreases. There are deviations at small

separations from the friction computed using Oseen interactions as might be

expected, since this simple hydrodynamic approximation will be inaccurate at

small distances. The simulation results for �12xx vary much more weakly with

internuclear separation than those using the simple hydrodynamic model. The

relative friction,

fð�ÞðR12Þ ¼ 2ðf11ðR12Þ � f12ðR12ÞÞ ð82Þ

Figure 10. Friction coefficients as a function of R12 (units of s): filled circle—�ð�Þzz ; square—

�ð�Þxx ; blacklozenge—�11zz ; cross—�11xx ; asterisk—�12xx and plus—�12zz , respectively. The solid line

indicates twice the single-particle friction, 2�0, and the other lines from the top are the analytic

results for �ð�Þzz , �ð�Þxx , �11zz , �
11
xx , �

12
xx , and �12zz , respectively.
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shows this trend clearly. We see that �
ð�Þ
xx is nearly independent of R12 and equal

to its asymptotic value of twice the single-particle friction coefficient. The

parallel component, �ð�Þzz , increases strongly as R12 decreases.

These results show that hydrodynamic interactions and the spatial

dependence of the friction tensor can be investigated in regimes where

continuum descriptions are questionable. One of the main advantages of MPC

dynamics studies of hydrodynamic interactions is that the spatial dependence of

the friction tensor need not be specified a priori as in Langevin dynamics.

Instead, these interactions automatically enter the dynamics from the

mesoscopic particle-based description of the bath molecules.

C. Colloidal Suspensions

The methodology discussed previously can be applied to the study of colloidal

suspensions where a number of different molecular forces and hydrodynamic

effects come into play to determine the dynamics. As an illustration, we briefly

describe one example of an MPC simulation of a colloidal suspension of clay-

like particles where comparisons between simulation and experiment have been

made [42, 60]. Experiments were carried out on a suspension of Al2O3 particles.

For this system electrostatic repulsive and van der Waals attractive forces are

important, as are lubrication and contact forces. All of these forces were included

in the simulations. A mapping of the MPC simulation parameters onto the space

and time scales of the real system is given in Hecht et al. [42]. The calculations

were carried out with an imposed shear field.

The system can exist in a variety of phases depending on the parameters.

Figure 11a shows the phase diagram in the ionic strength–pH plane. The pH

Figure 11. (a) Diagram showing different phases of the suspension. (b) Shear viscosity versus

shear rate for the states labelled A and B in the phase diagram. The volume fraction is f ¼ 0:35.

From Hecht, et al., Ref. [60].
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controls the surface charge density, which, in turn, influences the electrostatic

interactions in the system. Clustering occurs when van der Waals attractions

dominate. Stable suspensions are favored when electrostatic repulsion prevents

clustering. Repulsion among suspended particles dominates when electrostatic

forces are very strong. Figure 11b compares the measured and simulated shear

viscosity of the suspension as a function of the shear rate _g in two regions of the

phase diagram. (The shear rate _g should not be confused with g, the average

number of particles per cell.) When the colloidal particles are suspended

(state A) or slightly clustered (state B) shear thinning, where the viscosity

decreases with increasing shear rate, is observed. In state B shear thinning is more

pronounced. The simulation results are in rough accord with the experimental

data. Discrepancies have been attributed to uncertainties in the parameters that

enter into the electrostatic effects in the system and how they are modeled, as well

as polydispersity and the manner in which lubrication forces are treated.

There have been other MPC dynamics studies of hydrodynamic effects on

the transport properties of colloidal suspensions [61–64]. In addition, vesicles

that can deform under flow have also been investigated using hybrid MPC–MD

schemes [65–69].

X. POLYMERS

It is known that polymer dynamics is strongly influenced by hydrodynamic

interactions. When viewed on a microscopic level, a polymer is made from

molecular groups with dimensions in the angstrom range. Many of these

monomer units are in close proximity both because of the connectivity of the

chain and the fact that the polymer may adopt complicated conformations in

solution. Polymers are solvated by a large number of solvent molecules whose

molecular dimensions are comparable to those of the monomer units. These

features make the full treatment of hydrodynamic interactions for polymer

solutions very difficult.

For many purposes such a detailed description of the polymer molecule is

not necessary. Instead, coarse-grain models of the polymer chain are employed

[56,70–72]. In such mesoscopic polymer models, groups of individual

neighboring monomers are taken to be units that interact through effective

forces. For example, in a bead–spring model of a linear polymer chain the

interactions among the polymer beads consist of bead–spring potentials

between neighboring beads as well as bead–bead interactions among all beads.

Bead–bead interactions among all beads may be taken to be attractive (A) LJ

interactions,

VLJðrÞ ¼ 4E
s
r

� �12
� s

r

� �6� �
ð83Þ
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or repulsive (R) LJ interactions defined in Eq. (76). The non-Hookian bead–

spring potential [73, 74] is often described by finitely extensible nonlinear elastic

(FENE) interactions,

VFENEðrÞ ¼ �
k
2
R2
0 ln 1� r

R0

� �2
" #

; r < R0 ð84Þ

where k ¼ c1E=s2 and R0 ¼ c2s, with c1 and c2 constants. Bead–spring

interactions may even be described by simpler Gaussian or Hookian springs.

In Langevin treatments of polymer dynamics hydrodynamic interactions are

usually incorporated through Oseen interactions as discussed earlier. While this

approximation suffices to capture gross features of hydrodynamic effects, it

suffers from the limitations discussed earlier in connection with the two-particle

friction tensor.

Hybrid MPC–MD schemes are an appropriate way to describe bead–spring

polymer motions in solution because they combine a mesoscopic treatment of

the polymer chain with a mesoscopic treatment of the solvent in a way that

accounts for all hydrodynamic effects. These methods also allow one to treat

polymer dynamics in fluid flows.

A. Polymer Dynamics

The dynamical properties of polymer molecules in solution have been investigated

using MPC dynamics [75–77]. Polymer transport properties are strongly

influenced by hydrodynamic interactions. These effects manifest themselves in

both the center-of-mass diffusion coefficients and the dynamic structure factors of

polymer molecules in solution. For example, if hydrodynamic interactions are

neglected, the diffusion coefficient scales with the number of monomers as

D 
 D0=Nb, where D0 is the diffusion coefficient of a polymer bead and Nb is the

number of beads in the polymer. If hydrodynamic interactions are included, the

diffusion coefficient adopts a Stokes–Einstein formD 
 kBT=cpZN
1=2
b , where c is

a factor that depends on the polymer chainmodel. This scaling has been confirmed

in MPC simulations of the polymer dynamics [75].

The normal modes (Rouse modes) that characterize the internal dynamics of

the polymer can be computed exactly for a Gaussian chain and are given by

wp ¼ ð2=NbÞ1=2
PNb

i¼1 ri cos ðppði� 1
2
Þ=NbÞ. The characteristic times scales for

the decay of these modes can be estimated from computations of the

autocorrelation function of the mode amplitudes, hwpðtÞwpð0Þi. Even for non-

Gaussian chains these correlation functions provide useful information on the

internal dynamics of the chain. Figure 12a plots the autocorrelation functions of

two mode amplitudes for a polymer with excluded volume interactions. The

figure shows exponential scaling at long times with a characteristic relaxation

times tp that scale as tp 
 pa with a � 1:9. The Zimm theory of polymer
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dynamics, which includes hydrodynamic interactions at the Oseen level of

approximation, predicts that tp 
 p�3n. Since n � 0:62 the simulation results

are in close accord with this value.

The dynamic structure factor is Sðq; tÞ ¼ hnqðtÞn�qð0Þi, where nqðtÞ ¼PNb

i¼1 e
iq�ri is the Fourier transform of the total density of the polymer beads. The

Zimm model predicts that this function should scale as Sðq; tÞ ¼ Sðq; 0ÞFðqatÞ,
where F is a scaling function. The data in Fig. 12b confirm that this scaling

form is satisfied. These results show that hydrodynamic effects for polymeric

systems can be investigated using MPC dynamics.

B. Collapse Dynamics

The nature of the solvent influences both the structure of the polymer in solution

and its dynamics. In good solvents the polymer adopts an expanded configuration

and in poor solvents it takes on a compact form. If the polymer solution is

suddenly changed from good to poor solvent conditions, polymer collapse from

the expanded to compact forms will occur [78]. A number of models have been

suggested for the mechanism of the collapse [79–82]. Hydrodynamic interac-

tions are expected to play an important part in the dynamics of the collapse and

we show how MPC simulations have been used to investigate this problem.

Hybrid MD–MPC simulations of the collapse dynamics have been carried out for

systems where bead–solvent interactions are either explicitly included [83] or

accounted for implicitly in the multiparticle collision events [84, 85].

Suppose the bead–solvent interactions are described by either repulsive (r) or

attractive (a) LJ potentials in the MD–MPC dynamics. The repulsive

interactions are given in Eq. (76) while the attractive LJ interactions take

the form cVLJðrÞ, where c gauges the strength of the bead–solvent potential, and

Figure 12. (a) Plots of the Rouse amplitude correlation functions for several modes versus time

for polymers with excluded volume interactions and two chain lengths, Nb ¼ 20 (lower curves) and

Nb ¼ 40 (upper curves). (b) Dynamic structure factor versus q2t2=3. (From Ref. 75.)

124 raymond kapral



are smoothly truncated to zero at a short distance by a switching function [83].

The bead–bead interactions are either repulsive (R) or attractive (A) LJ

potentials. If the system is initially in an expanded configuration with repulsive

bead–bead and attractive bead–solvent (Ra) interactions then, following a

sudden change to attractive bead–bead and repulsive bead–solvent (Ar)

interactions, collapse will ensue. Several polymer configurations during the

collapse are shown in Fig. 13. First, ‘‘blobs’’ of polymer beads are formed

where portions of the chain are in close proximity. The blobs are separated by

segments of the uncollapsed chain. As the collapse progresses, the blobs

coalesce to form a thick sausage-shaped structure, which continues to thicken

and shrink until the collapsed elongated polymer state is reached.

The time evolution of the radius of gyration Rg(t), where Rg2ðtÞ ¼
N�1b

PNb

i¼1 jðriðtÞ � rCMðtÞÞj2, can be used to monitor the collapse dynamics.

Here ri is the position of bead i and rCM is the center of mass of the polymer

chain. Figure 14a shows how Rg(t), averaged over several realizations of the

Figure 13. Expanded form of a polymer in a good solvent (far left) and collapsed form in a

poor solvent (far right). The end beads in the polymer chain are coded with a different color. Solvent

molecules are not shown.

Figure 14. (a) Radius of gyration Rg versus time for several values of Nb, from bottom,

Nb ¼ 40; 60; 100 and 200; (b) collapse time t versus Nb for T ¼ 1
3
.
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collapse dynamics starting from different configurations of the expanded

polymer, varies with time for several values of Nb. The plot shows the decay to a

constant average value of the radius of gyration, Rg, and the variation of

the collapse time with the number of polymer beads (Fig. 14b). The definition of

the collapse time is somewhat arbitrary. If it is defined as the time t for which

RgðtÞ ¼ Rgþ ðRgð0Þ � RgÞ=20, the data in Fig. 14b show that t increases

linearly with Nb as tðNbÞ ¼ 13:2þ 1:07Nb.

For (Ar) interactions the collapsed state of the polymer is a tight globule

from which solvent is excluded. Figure 15 shows the polymer bead and solvent

radial distribution functions relative to the center of mass of the globule,

gCM�nðrÞ ¼
1

4pr2rn

XNn

i

dðjri � rCMj � rÞ
* +

ð85Þ

where n ¼ b or s labels a polymer or solvent molecule and rn is the number

density of polymer bead or solvent molecules, and the polymer configuration

with surrounding solvent molecules. The fact that solvent molecules do not

penetrate into the interior of the collapsed polymer can be seen in these results.

For other choices of the interaction parameters the solvent may penetrate into the

interior of the collapsed polymer.

The effect of hydrodynamic interactions on polymer collapse has also been

studied using MPC dynamics, where the polymer beads are included in the

multiparticle collision step [28, 84]. Hydrodynamic interactions can be turned

off by replacing multiparticle collisions in the cells by sampling of the particle

velocities from a Boltzmann distribution. Collapse occurs more rapidly in the

Figure 15. (a) Radial distribution functions gCM�bðrÞ (solid line and short dashed line) and

gCM�sðrÞ (dotted line and long dashed line) versus r for Nb ¼ 60 and 200, respectively. (b) Collapsed

polymer with Nb ¼ 60 and surrounding solvent molecules.
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presence of hydrodynamic interactions since these interactions have the effect

of reducing the friction of the polymer (Fig. 16). In this model of polymer–

solvent interactions, solvent molecules freely penetrate into the interior of

the polymer chain. In these studies the collapse time was found to scale as

t 
 N1:40�0:08
b in the presence of hydrodynamic interactions and as

t 
 N1:89�0:09
b in the absence of hydrodynamic interactions.

C. Polymers in Fluid Flows

A fluid flow field can change the conformation or orientation of a polymer in

solution and an understanding of such flow effects is important for a number of

applications that include microfluidics and flows in biological systems. In order

to be able to describe the dynamics of systems of this type, schemes that properly

describe both the fluid flow fields and polymer dynamics are required. Since

MPC dynamics satisfies both of these criteria, it has been used to investigate

linear [86–88] and branched [89] polymers in various flow fields. In addition,

translocation [90] of polymers and polymer packing [91, 92] have also been

investigated using this mesoscopic simulation method.

As an example of such applications, consider the dynamics of a flexible

polymer under a shear flow [88]. A shear flow may be imposed by using

Lees–Edwards boundary conditions to produce a steady shear flow _g ¼ u=Ly,
where Ly is the length of the system along y and u is the magnitude of the

velocities of the boundary planes along the x-direction. An important parameter

in these studies is the Weissenberg number, Wi ¼ t1 _g, the product of the longest

Figure 16. Radius of gyration versus time for MPC dynamics (solid line) that includes hydro-

dynamic interactions and Boltzmann sampling of velocities (dashed line) without hydrodynamic

interactions. System parameters: Nb ¼ 200 and T ¼ 0:8. From Kikuchi, et al., 2002.
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relaxation time of the polymer and the shear rate. Examples of the shapes the

polymer adopts in a strong shear flow are shown in Fig. 17. The changes in the

polymer shape can be characterized quantitatively by computing the average of

the radius of gyration tensor.

XI. REACTIVE HYBRID MPC–MD DYNAMICS

In studies of reactions in nanomaterials, biochemical reactions within the cell,

and other systems with small length scales, it is necessary to deal with reactive

dynamics on a mesoscale level that incorporates the effects of molecular

fluctuations. In such systems mean field kinetic approaches may lose their

validity. In this section we show how hybrid MPC–MD schemes can be

generalized to treat chemical reactions.

We begin by considering a reactive system with M finite-sized catalytic

spherical particles C, and a total of N ¼ NA þ NB A and B point particles in a

volume V [17]. The C particles catalyze the interconversion between A and B

particles according to the reactions

Aþ CÐ
kf

kr
Bþ C ð86Þ

The macroscopic mass action rate law, which holds for a well-mixed system on

sufficiently long time scales, may be written

d

dt
�nAðtÞ ¼ �kf nC�nAðtÞ þ krnC�nBðtÞ ð87Þ

Figure 17. Configurations of an excluded volume polymer chain with Nb ¼ 50 for Wi > 1.

The top configuration is for a polymer fully extended in the flow direction. The bottom

configurations show other configurations that the polymer adopts in the shear flow. (Adapted from

Fig. 2 of Ref. 88.)
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where �nAðtÞ and �nBðtÞ are the mean number densities of A and B particles,

respectively, and nC is the fixed number density of the catalytic C particles. We

pose the question: How do the rate constants depend on the density of the

catalytic spheres? If the C density is very low, the catalysts will act

independently and the rate constants will not depend on nC; however, if the

density is high, correlated reactive events will lead to a dependence on the

concentration of the catalyst.

We first consider the structure of the rate constant for low catalyst densities

and, for simplicity, suppose the A particles are converted irreversibly to B upon

collision with C (see Fig. 18a). The catalytic particles are assumed to be

spherical with radius s. The chemical rate law takes the form

d�nAðtÞ=dt ¼ �kf ðtÞnC�nAðtÞ, where kf ðtÞ is the time-dependent rate coefficient.

For long times, kf ðtÞ reduces to the phenomenological forward rate constant, kf .

If the dynamics of the A density field may be described by a diffusion equation,

we have the well known partially absorbing sink problem considered by

Smoluchowski [32]. To determine the rate constant we must solve the diffusion

equation

q
qt
nAðr; tÞ ¼ DAnAðr; tÞ ð88Þ

subject to the boundary condition [93]

4pD�s2r̂ � ð=nAÞðr̂�s; tÞ ¼ k0f nAðr̂s; tÞ ð89Þ

Figure 18. (a) Schematic diagram showing a reactive event A! B. (b) Plot of the time-

dependent rate constant kf ðtÞ versus t for s ¼ 10 and pR ¼ 0:5. The solid line is the theoretical value

of kf ðtÞ using Eq. (90) and �s ¼ sþ 1.
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This formulation assumes that the continuum diffusion equation is valid up to a

distance �s > s, which accounts for the presence of a boundary layer in the

vicinity of the catalytic particle where the continuum description no longer

applies. The rate constant k0f characterizes the reactive process in the boundary

layer. If it approximated by binary reactive collisions of A with the catalytic

sphere, it is given by k0f ¼ pRs2
Cð8pkBT=mÞ

1=2
, where pR is the probability of

reaction on collision.

The solution of this problem yields the time-dependent rate coefficient [94]

kf ðtÞ ¼
k0f kD

k0f þ kD
þ

k20f

k0f þ kD
exp 1þ k0f

kD

� �2
D

�s2
t

" #

� erfc 1þ k0f

kD

� �
Dt

�s2

� �1=2
" #

ð90Þ

Here kD ¼ 4p�sD is the rate constant for a diffusion-controlled reaction

(Smoluchowski rate constant) for a perfectly absorbing sphere. For long times,

kf ðtÞ approaches its asymptotic constant value kf ¼ k0f kD=ðk0f þ kDÞ as

kf ðtÞ 
 kf 1þ k0f

k0f þ kD

�s

ðpDtÞ1=2

 !
ð91Þ

This power law decay is captured in MPC dynamics simulations of the

reacting system. The rate coefficient kf ðtÞ can be computed from

�ðdnAðtÞ=dtÞ=nAðtÞ, which can be determined directly from the simulation.

Figure 18 plots kf ðtÞ versus t and confirms the power law decay arising from

diffusive dynamics [17]. Comparison with the theoretical estimate shows that

the diffusion equation approach with the radiation boundary condition provides

a good approximation to the simulation results.

If the volume fraction f ¼ 4ps3M=3V of catalytic particles is high,

reactions at one catalytic particle will alter the A and B particle density fields in

the vicinities of other catalytic particles, leading to a many-body contribution

to the reaction rate. This coupling has a long range and is analogous to the

long-range interactions that determine hydrodynamic contributions to the

friction coefficient discussed earlier. Theoretical predictions of the volume

fraction dependence of the rate constant have been made and take the form

[95, 96]

kf ðfÞ ¼ kf 1þ ðk0f Þ3

ðk0f þ kDÞ3
3f

 !1=2

þ � � �

2
4

3
5 ð92Þ
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The first density correction to the rate constant depends on the square root of the

volume fraction and arises from the fact that the diffusion Green’s function acts

like a screened Coulomb potential coupling the diffusion fields around the

catalytic spheres.

MPC dynamics follows the motions of all of the reacting species and their

interactions with the catalytic spheres; therefore collective effects are naturally

incorporated in the dynamics. The results of MPC dynamics simulations of the

volume fraction dependence of the rate constant are shown in Fig. 19 [17].

The MPC simulation results confirm the existence of a f1=2 dependence on the

volume fraction for small volume fractions. For larger volume fractions the

results deviate from the predictions of Eq. (92) and the rate constant depends

strongly on the volume fraction. An expression for rate constant that includes

higher-order corrections has been derived [95]. The dashed line in Fig. 19 is the

value of kf ðfÞ given by this higher-order approximation and this formula

describes the departure from the f1=2 behavior that is seen in Fig. 19. The

deviation from the f1=2 form occurs at smaller f values than indicated by

the simulation results and is not quantitatively accurate. The MPC results are

difficult to obtain by other means.

A. Crowded Environments

The interior of the living cell is occupied by structural elements such as

microtubules and filaments, organelles, and a variety of other macromolecular

species making it an environment with special characteristics [97]. These

systems are crowded since collectively the macromolecular species occupy a

large volume fraction of the cell [98, 99]. Crowding can influence both the

Figure 19. (�) Rate coefficient kf ðfÞ as a function of the square root of the volume fraction

f1=2 for s ¼ 3 and kBT ¼ 1
3
. The solid line is determined using Eq. (92), while the dashed line is

obtained using a higher-order approximation to the volume fraction dependence.
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equilibrium and transport properties of the system [100–102]; for example, it

can decrease the diffusion coefficients of macromolecules [103, 104],

influence diffusion-controlled reaction rates [105], and lead to shifts in chemical

equilibria [106].

We focus on the effects of crowding on small molecule reactive dynamics

and consider again the irreversible catalytic reaction Aþ C ! Bþ C as in the

previous subsection, except now a volume fraction fo of the total volume is

occupied by obstacles (see Fig. 20). The A and B particles diffuse in this

crowded environment before encountering the catalytic sphere where reaction

takes place. Crowding influences both the diffusion and reaction dynamics,

leading to nontrivial volume fraction dependence of the rate coefficient kf ðfÞ
for a single catalytic sphere. This dependence is shown in Fig. 21a. The rate

constant has the form discussed earlier,

kf ðfÞ ¼
k0f ðfÞkDðfÞ

k0f ðfÞ þ kDðfÞ
ð93Þ

but now both the microscopic rate constant k0f ðfÞ and the Smoluchowski rate

constant kDðfÞ acquire f dependence due to the existence of obstacles in the

system.

The volume fraction dependence of k0f ðfÞ is plotted in Fig. 21b and shows

that it increases strongly with f. Recall that this rate coefficient is independent

of f if simple binary collision dynamics is assumed to govern the boundary

layer region. The observed increase arises from the obstacle distribution in the

vicinity of the catalytic sphere surface. When obstacles are present, a reactive

Figure 20. (a) Volume containing spherical obstacles with volume fraction f ¼ 0:15. (b) The

large catalytic sphere (black) with radius s ¼ 10 surrounded by obstacle spheres (light grey) with

radius s ¼ 1 for a volume fraction f ¼ 0:15. Obstacle spheres in half of the volume are shown in

order to see the embedded catalytic sphere. None of the small A or B molecules are shown. They fill

the interstices between the obstacles.
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small particle may collide with the catalyst more than once in unit time. Also,

due to the obstacle structural ordering near the catalyst for high volume

fractions, the local density of A particles is higher near the catalytic sphere than

in the bulk of the system, leading to a larger initial rate. These effects can be

interpreted as a f dependence of the reaction probability pR. By writing k0f ðfÞ
as k0f ðfÞ ¼ �pRðfÞs2

Cð8pkBT=mÞ
1=2

, the effective reaction probability �pRðfÞ can
be determined and is plotted in Fig. 21b (solid line, right ordinate axis).

The f dependence of kDðfÞ arises from the variation of the diffusion

coefficient DðfÞ with the volume fraction. The diffusion coefficient may be

determined as a function of f by carrying out simulations in a system with

obstacles but no catalytic sphere (see Fig. 20). The resulting values of DðfÞ can
be used to compute kDðfÞ. Using the simulation values of k0f ðfÞ and kDðfÞ
determined previously, this estimate for kf ðfÞ is plotted in Fig. 21 (solid line).

The estimate given by the dashed line neglects the f dependence of k0f . This

has only a small effect on kf ðfÞ since the smaller kD contribution dominates. We

see that crowding produces nontrivial effects on the reaction dynamics that can

be explored using MPC dynamics.

XII. SELF-PROPELLED OBJECTS

The description of the motions of swimming bacteria like E. coli or molecular

motors such as kinesin requires a knowledge of their propulsion mechanisms and

the nature of the interactions between these micron and nanoscale objects and the

surrounding fluid in which they move. These are only two examples of a large

class of small self-propelled objects that one finds in biology. Propulsion occurs

by a variety of mechanisms that usually involve the conversion of chemical

Figure 21. (a) Plot of the asymptotic value of kf ðfÞ as a function of the obstacle volume

fraction f. The solid and dashed lines are the theoretical estimates discussed in the text.

(b) Microscopic rate constant k0f ðfÞ versus f. The dotted line is the predicted value of k0f when no

obstacles are present. The figure also shows the effective reaction probability �pRðfÞ (see text).
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energy to effect conformational or other changes that drive the motion. Two

features characterize such motion: these motors operate in the regime of low

Reynolds numbers where inertia is unimportant, and fluctuations may be

important because of their small size. As a result, their dynamics differs

considerably from that of the self-motion of large objects [43].

Synthetic nanoscale self-propelled objects have been constructed and studied

recently [107–109]. The motors are made from bimetallic Pt-Au nanorods

immersed in a H2O2 solution, which supplies the chemical energy to drive the

motion. The catalytic reaction 2H2O2ð‘Þ ! O2ðgÞ þ 2H2Oð‘Þ occurs at the Pt

end of the rod and is the power source for the motion. Suggested mechanisms

for the motion include the surface tension gradient due to O2 adsorption on the

nonreactive Au end or nanobubble formation, although the full mechanism is

still a matter of debate. Dreyfus et al. [110] constructed an artificial swimmer

that is composed of a red blood cell attached to a filament made from

superparamagnetic colloids connected to each other with DNA. Magnetic fields

are used to induce oscillatory motion of the filament that drives the swimmer.

A number of different model motor systems have been proposed and studied

theoretically in order to gain insight into the nature and origin of the motor

motion. There is a large literature on models for biological and Brownian motors

[111, 112]. Other motor models include coupled objects with asymmetric shapes

residing in heat baths with different temperatures [113], swimmers composed of

linked beads that undergo irreversible cyclic conformational changes [114], and

motors that utilize an asymmetric distribution of reaction products in combination

with phoretic forces to effect propulsion [115].

Multiparticle collision dynamics provides an ideal way to simulate the

motion of small self-propelled objects since the interaction between the solvent

and the motor can be specified and hydrodynamic effects are taken into account

automatically. It has been used to investigate the self-propelled motion of

swimmers composed of linked beads that undergo non-time-reversible cyclic

motion [116] and chemically powered nanodimers [117]. The chemically

powered nanodimers can serve as models for the motions of the bimetallic

nanodimers discussed earlier. The nanodimers are made from two spheres

separated by a fixed distance R dissolved in a solvent of A and B molecules. One

dimer sphere (C) catalyzes the irreversible reaction Aþ C ! Bþ C, while

nonreactive interactions occur with the noncatalytic sphere (N). The nanodimer

and reactive events are shown in Fig. 22. The A and B species interact with the

nanodimer spheres through repulsive Lennard-Jones (LJ) potentials in Eq. (76).

The MPC simulations assume that the potentials satisfy VCA ¼ VCB ¼ VNA, with

EA and VNB with EB. The A molecules react to form B molecules when they

approach the catalytic sphere within the interaction distance r < rc. The B

molecules produced in the reaction interact differently with the catalytic and

noncatalytic spheres.
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The velocity of the dimer along its internuclear z-axis can be determined in

the steady state where the force due to the reaction is balanced by the frictional

force: �Vz ¼ hẑ � Fi. Since the diffusion coefficient is related to the friction by

D ¼ kBT=� ¼ 1=b�, we have

Vz ¼ Dhẑ � bFi ð94Þ

where the average z-component of the force is

hẑ � Fi ¼ �
XB
a¼A

Z
drraðrÞðẑ � r̂Þ

dVCaðrÞ
dr

�
XB
a¼A

Z
dr0raðr0 þ RÞðẑ � r̂0Þ dVNaðr0Þ

dr0

ð95Þ

The first and second integrals have their coordinate systems centered on the

catalytic C and noncatalytic N spheres, respectively. The local nonequilibrium

average microscopic density field for species a is raðrÞ ¼
PNa

i¼1 dðr� riaÞ

 �

.

The solution of the diffusion equation can be used to estimate this

nonequilibrium density, and thus the velocity of the nanodimer can be computed.

The simple model yields results in qualitative accord with the MPC dynamics

simulations and shows how the nonequilibrium density field produced by

reaction, in combination with the different interactions of the B particles with the

noncatalytic sphere, leads to directed motion [117].

Since hydrodynamic interactions are included in MPC dynamics, the

collective motion of many self-propelled objects can be studied using this

mesoscopic simulation method.

Figure 22. Catalytic (C) and noncatalytic (N) dimer spheres and the collision events that occur

on interaction of the A and B species with each sphere.
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XIII. GENERALIZATIONS OF MPC DYNAMICS

A. Nonideal Fluids

Multiparticle collision dynamics as formulated earlier has an ideal gas equation

of state. Ihle, Tüzel, and Kroll [118] have generalized the collision rule to

account for excluded volume effects akin to those in hard sphere fluids.

Incorporation of this effect in the dynamics leads to a nonideal equation of state,

which is desirable for many applications.

Recall that in MPC dynamics the system is divided into cells with linear

dimension a. The excluded volume effect is accounted for by introducing

another grid that defines supercells with linear dimension 2a within which the

multiparticle collisions are carried out. The cell structure is sketched in

Fig. 23a for a two-dimensional system. Grid shifting is performed as described

earlier but on the interval ½�a; a	 to account for the doubled size of the

supercells. Two cells are randomly selected from every supercell in the system.

Collisions are carried out on two double cells in each supercell so that all

particles in the system have an opportunity to collide. From the figure we see

that there are three possible choices for collisions in the directions indicated on

the cubic lattice4: horizontal, vertical, and along the diagonals. The directions

in which momentum exchange takes place are defined by the unit vectors

r̂a ða ¼ 1; . . . ; 4Þ. The center of mass velocity in a cell x is again denoted by Vx.

If the selected cells have indices 1 and 2, the projection of the center of mass

velocity difference on the direction r̂i is �V ¼ r̂i � ðV1 � V2Þ. If �V < 0 no

Figure 23. (a) Collision cell structure for MPC collisions that account for excluded volume in

a two-dimensional system. Momentum exchange occurs between the pairs of cells in the directions

indicated by the arrows. (b) Nonideal pressure as a function of kBT=t. (From Ref. 118.)

4The introduction of a cubic lattice grid leads to anisotropy in the equations at the Burnett and higher

levels.
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collision takes place. If �V � 0 collision occurs with a probability that

depends on �V and the numbers of particles in the two cells, N1 and N2. One

choice for this probability is p ¼ yð�VÞ tanh ðA�VN1N2Þ, where A is a

parameter that is used to tune the equation of state.

Given that a collision takes place, the nature of the momentum transfer

between the cells must be specified. This should be done in such a way that the

total momentum and kinetic energy on the double cell are conserved. There are

many ways to do this. A multiparticle collision event may be carried out on all

particles in the pair of cells. Alternatively, a hard sphere collision can be

mimicked by exchanging the component of the mean velocities of the two cells

along r̂a,

r̂a � ðv�i � VÞ ¼ �r̂a � ðvi � VÞ ð96Þ

Here V ¼ ðN1V1 þ N2V2Þ=ðN1 þ N2Þ is the mean velocity of the pair of cells. By

summing over the particles in cell 1 it is easy to verify that r̂a�V�1 ¼ �r̂a � V1,

with a similar expression for r̂a � V�2 obtained by interchanging the indices 1 and
2. The components of the velocities normal to r̂a remain unchanged. This

collision rule treats the particles in the two cells as groups that undergo elastic-

like collisions.

Although this collision rule conserves momentum and energy, in contrast to

the original version of MPC dynamics, phase space volumes are not preserved.

This feature arises from the fact that the collision probability depends on �V so

that different system states are mapped onto the same state. Consequently, it is

important to check the consistency of the results in numerical simulations to

ensure that this does not lead to artifacts.

The pressure can be computed by calculating the average momentum

transfer across a fixed plane per unit area and time. The result is P ¼�nkBT þ Pn,

where Pn is the nonideal contribution to the pressure which, for small A, takes

the form

Pn ¼
1

2
ffiffiffi
2
p � 1

4

� �
Aa3

2

kBT

t
�n2 þOðA3T2Þ ð97Þ

Since the internal energy is that of an ideal gas, the pressure must be linear in the

temperature. We see that this is true provided A is sufficiently small. The nonideal

contribution to the pressure is plotted in Fig. 23 as a function of the temperature.

Linear scaling is observed over a wide range of temperatures, even when the

nonideal contribution to the pressure dominates the ideal contribution. For high

enough pressures an ordering transition is observed and solid phase with cubic

symmetry is obtained [118]. This collision model can be generalized to binary

mixtures and phase segregation can be studied.
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B. Immiscible Fluids

Immiscible fluids can be simulated using MPC dynamics by generalizing the

collision rule to describe attractive and repulsive interactions among the different

species. One method for constructing such a rule has its antecedents in the

Rothman–Keller model [119] for immiscible lattice gases. The immiscible

lattice-gas model accounted for cohesion in real fluids that arises from short-

range attractive intermolecular forces by allowing particles in neighboring sites

to influence the configuration of particles at a chosen site. Suppose the two

species in a binary mixture are denoted red and blue. The Rothman–Keller model

defines a color flux and a color field and constructs collision rules where the

‘‘work’’ performed by the color flux against the color field is a minimum.

In a similar spirit, Inoue et al. [120] and Hashimoto et al. [121] generalized

MPC dynamics so that the collision operator reflects the species compositions in

the neighborhood of a chosen cell. More specifically, consider a binary mixture

of particles with different colors. The color of particle i is denoted by ci. The

color flux of particles with color c in cell x is defined as

qcðxÞ ¼
XNx

i¼1
dcciðvi � VxÞ ð98Þ

that is, just the sum of the velocities, relative to the center of mass velocity in

cell x, of all particles with color c in cell x. The color field is a color gradient

arising from the color differences in neighboring cells. It is defined as

fcðxÞ ¼
X
fjjrj2x0g

kccj
½rj	 � ½ri	
j½rj	 � ½ri	jd

dð1� ð½rj	 � ½ri	ÞÞ ð99Þ

where x0 lies in the neighborhood NðxÞ of the cell x and d is the dimension. The

parameter kcc0 specifies the magnitude and type of interaction: it is positive for

attractive interactions and negative for repulsive interactions. An interaction

energy is associated to these fields and is minimized to obtain the rotation angle

in MPC dynamics.

As an example, consider the red–blue binary mixture, where c ¼ r or b. For

this case frðxÞ ¼ �fbðxÞ and a potential

UðxÞ ¼ �qrðxÞ � frðxÞ � qbðxÞ � fbðxÞ ¼ �qðxÞ � frðxÞ ð100Þ

may be defined where qðxÞ ¼ qrðxÞ � qbðxÞ. The potential U is at a minimum

when qðxÞ is parallel to frðxÞ. The rotation operator ôx for multiparticle

collisions in a cell x is constructed so that the rotated color flux lies along the

color field, f̂r ¼ ôxq̂. Let ĥ ¼ f̂r � q̂ be a unit vector that is normal to both the
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color flux and color field vectors. The angle between q̂ and f̂r is y and

cos y ¼ f̂r � q̂. Then the rotation operator ôx, which effects a rotation of q̂ by y
about ĥ, has the same form as Eq. (3),

v�i ¼ Vx þ ôxðvi � VxÞ ¼ Vx þ ĥĥ � ðvi � VxÞ
þ ðI� ĥĥÞ � ðvi � VxÞ cos y� ĥ� ðvi � VxÞ sin y ð101Þ

Immiscible fluid MPC dynamics has been used to investigate microemul-

sions [122] and droplets in a bifurcating channel [123].

XIV. SUMMARY

Multiparticle collision dynamics describes the interactions in a many-body

system in terms of effective collisions that occur at discrete time intervals.

Although the dynamics is a simplified representation of real dynamics, it

conserves mass, momentum, and energy and preserves phase space volumes.

Consequently, it retains many of the basic characteristics of classical Newtonian

dynamics. The statistical mechanical basis of multiparticle collision dynamics is

well established. Starting with the specification of the dynamics and the collision

model, one may verify its dynamical properties, derive macroscopic laws, and,

perhaps most importantly, obtain expressions for the transport coefficients. These

features distinguish MPC dynamics from a number of other mesoscopic

schemes. In order to describe solute motion in solution, MPC dynamics may

be combined with molecular dynamics to construct hybrid schemes that can be

used to explore a variety of phenomena. The fact that hydrodynamic interactions

are properly accounted for in hybrid MPC–MD dynamics makes it a useful tool

for the investigation of polymer and colloid dynamics. Since it is a particle-based

scheme it incorporates fluctuations so that the reactive and nonreactive dynamics

in small systems where such effects are important can be studied.

The dynamical regimes that may be explored using this method have been

described by considering the range of dimensionless numbers, such as the

Reynolds number, Schmidt number, Peclet number, and the dimensionless mean

free path, which are accessible in simulations. With such knowledge one may

map MPC dynamics onto the dynamics of real systems or explore systems with

similar characteristics. The applications of MPC dynamics to studies of fluid

flow and polymeric, colloidal, and reacting systems have confirmed its utility.

The basic model has already been extended to treat more complex

phenomena such as phase separating and immiscible mixtures. These

developments are still at an early stage, both in terms of the theoretical

underpinnings of the models and the applications that can be considered.

Further research along such lines will provide even more powerful mesoscopic

simulation tools for the study of complex systems.
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APPENDIX A: STRUCTURE OF K(k)

In order to cast the expression for KðkÞ into a form that is convenient for its

evaluation, it is useful to establish several relations first. To this end we let

SðxN ; tÞ denote the value of the phase point at time t whose value at time zero

was xN . We then haveZ
dxNhðxNÞL̂gðxNÞ ¼

Z
dxN hðxNÞ

Z
dx0N LðxN ; x0NÞgðx0NÞZ

dx0N
Z

dxN hðxNÞLðxN ; x0NÞ
� �

gðx0NÞ ¼
Z

dx0N hðSðx0N ; tÞÞgðx0NÞ
ðA:1Þ

for any phase space functions h and g. Furthermore, we consider integrals of the

formZ
dxNhðxNÞQL̂QgðxNÞ ¼

Z
dxN hðxNÞL̂QgðxNÞ � hhðxNÞn�kðr1Þi

�
Z

dx0N nkðSðx01; tÞÞQgðx0NÞ

¼
Z

dxN hðxNÞL̂QgðxNÞ þ OðkÞ

ðA:2Þ

The last equality follows from the fact that nkðSðx01; tÞÞ ¼ eik�ðr
0
iþv0itÞ and nkðx1Þ is

orthogonal to QgðxNÞ. This result implies that the projected evolution may be

replaced by ordinary MPC evolution for small wavevectors in the evaluation of

the kinetic coefficients. Finally, we consider averages of the type

hhkðxNÞQðL̂� 1Þn�kðx1Þi ¼
Z

dxN hðxNÞQðL̂� 1Þn�kðx1ÞP0ðxNÞ

¼
Z

dxN hðxNÞQðL̂� 1Þn�kðx1ÞL̂P0ðxNÞ
ðA:3Þ

where in the last line we made use of the invariance of P0 under the dynamics.

Making repeated use of Eq. (A.2) we findZ
dxN hðxNÞQðL̂� 1Þn�kðx1ÞL̂P0ðxNÞ

¼ hhðSðxN ; 2tÞÞ n�kðSðx1; tÞÞ � n�kðSðx1; 2tÞÞhnkðSðx1; tÞÞn�kðx1Þi½ 	i
� hhðSðxN ; tÞÞ n�kðx1Þ � n�kðSðx1; tÞÞhnkðSðx1; tÞÞn�kðx1Þi½ 	i

ðA:4Þ
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We may now use these results to write the expression for KðkÞ in a useful form.

We define

fkðx1Þ � nkðSðx1; tÞÞ � hnkðSðx1; tÞÞn�kðx1Þinkðx1Þ ðA:5Þ

which is orthogonal to n�kðx1Þ, and

~f�kðx1Þ � n�kðx1Þ � n�kðSðx1; tÞÞhnkðSðx1; tÞÞn�kðx1Þi ðA:6Þ

which is orthogonal to nkðSðx1; tÞÞ. Making use of the identities established

earlier, we have

hnkðr1ÞðL̂� 1ÞðQL̂Þm�1QðL̂� 1Þn�kðr1Þi ¼ h fkðx1ÞLm~f�kðx1Þi ðA:7Þ

Thus we may write KðkÞ as

KðkÞ ¼ hnkðr1ÞðL̂� 1Þn�kðr1Þi þ
X1
m¼1
h fkðx1ÞLm~f�kðx1Þi ðA:8Þ
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I. BACKGROUND AND MOTIVATION: WHY CHANNEL

PHASES?

Coherent control has matured during the past decade from an interesting concept

in fundamental research into a major tool in science and technology. Coherent

approaches are being applied to manipulate processes ranging from quantum

transitions in atoms [1] and the structure and dynamics of electronic wavepackets

in atomic and ionic media [2, 3], through propagation of photonic pulses in

matter [4, 5] and electron spin dynamics in quantum dots [6], to fragmentation

channels in complex molecules [7, 8], reactions in biological systems [9],

selective excitation in chromophores [10, 11], and energy flow in photosynthetic

bacteria [12]. Potential applications range from quantum information processing

[4, 6, 13–16] and measurement technology [17], through enhancement of

nonlinear optical processes [5, 18], multiplexed generation of tailored terahertz

signals [19], and the development of controlled X-ray sources [3, 20, 21], to

photodynamic therapy [10] and new approaches to fast optical switches [22, 23].

For reviews of the theory, experimental realization, and applications of coherent

control, we refer the reader to Refs. 24–28.

Much less thoroughly explored, but of similar fundamental value and

increasing interest, is the related topic of coherence spectroscopies [29–33].

Underlying this concept is the anticipation that a spectroscopy that exploits the

phase properties of light would provide new insights into material properties,

beyond what is available from conventional spectroscopies, which utilize only

the energy resolution of lasers. Particularly inviting is the possibility of

extracting information with regard to the phase properties of matter.

References 29–33 introduce the notion of coherence spectroscopy in the

context of two-pathway excitation coherent control. Within the energy domain,

two-pathway approach to coherent control [25, 34–36], a material system is

simultaneously subjected to two laser fields of equal energy and controllable

relative phase, to produce a degenerate continuum state in which the relative

phase of the laser fields is imprinted. The probability of the continuum state to

evolve into a given product, labeled S, is readily shown (vide infra) to vary

sinusoidally with the relative phase of the two laser fields f,

pS ¼ AS þ BS cosðfþ dSÞ ð1Þ

where the three constants are elaborated on later. A familiar realization of the

two-pathway method is simultaneous excitation through m- and n-photon

processes with frequencies satisfying mon ¼ nom, most commonly one- versus

three-photon experiments [34–36] with 3o1 ¼ o3 (see Ref. 37). In this context,

the phase dS in Eq. (1) was shown to provide an interesting probe of the material

system. In the molecular beam environment [29, 33, 35, 38–46], where
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coherence is fully maintained on relevant time scales, dS probes solely the

(ionization and/or dissociation) continua of the isolated molecule, averaged over

the spatial coherence length of the laser. In dense environments [47, 48], such as

gas cells, interfaces, solutions, and matrices, the phase factor contains much

richer information, pertaining to both the molecular continua and the interaction

of the system with the environment. These qualitative statements are quantified

in the following sections.

From the previous discussion, the reader anticipates that similar information

regarding the phase properties of scattering continua and bath–system

interactions would be contained in the observables of other coherent control

experiments, including pump–dump scenarios, optimal control scenarios, and

strong field scenarios [24–27], in all of which a product state is accessed via

more than a single pathway, introducing a phase-sensitive component into the

observable. Recent research clearly confirms this anticipation. In particular,

several publications have illustrated the possibility of utilizing the outcome of

optimal control experiments to unravel reaction pathways and mechanisms [7,

11, 12, 21, 28]. Optimal control experiments were shown to provide interesting

insights also into the interaction of molecules with a dissipative environment

[49–51]. Similar in concept are time-domain pump–probe experiments that

likewise use the phase relation between the components of a laser pulse to

control multiphoton processes [52, 53] and to gain information about matter

wave interference phenomena [54]. Closely related and clearly intriguing is the

challenge of developing a true inversion scheme based on coherent control

concepts.

The present chapter has no ambition to cover all these topics. We focus

solely on the information content of the two-pathway coherent control

approach, where the energy-domain, single quantum states approach to the

control problem simplifies the phase information and allows analysis at the most

fundamental level. We regret having to limit the scope of this chapter and thus

exclude much of the relevant literature. We hope, however, that this contribution

will entice the reader to explore related literature of relevance.

In the next section we discuss the qualitative physics underlying the channel

phase and explore the origin of its information content. Section III surveys the

experimental method of quantifying the channel phase, and in Section IV

we outline the theoretical framework for its formulation. Here we attempt to

make connection with the discussions of Sections II and III, while providing

some detail of the underlying scattering theory. To that end we stress simple

limits, making use of familiar analogues where possible. Section V provides

several examples, starting with the most elementary processes in atomic systems

and progressing through diatomic and polyatomic molecules to extended

systems and molecules interacting with dissipative environments. The final

section concludes with an outlook to future research in this and related areas.
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II. QUALITATIVE PHYSICS: HOW DOES IT COME ABOUT?

Envision a bound-free (dissociation or ionization) experiment with a conven-

tional, energy-resolved source, where a bound state jgi is projected onto a

dissociation or ionization continuum jE�i. Here g denotes the set of quantum

numbers required to fully define the initial state, E ¼ Eg þ �ho is the total energy,

Eg being the initial and �ho the photon energy, and the superscript � indicates

incoming wave boundary conditions. In the weak field limit, the observed signal

is proportional to the squared modulus of the bound-free matrix element

jhE�jDjgij2, where D ¼~m �~e; ~m is the dipole vector operator, and ~e is the

electromagnetic field. This signal is sensitive to the probability density of the

continuum eigenstate in the region of space where the bound state jgi has
appreciable amplitude. It probes the modulus of the scattering wavefunction but

is insensitive to its phase. The phase information is lost upon formation of the

squared modulus.

Consider, by contrast, a two-color experiment where the continuum is

accessed by two laser fields with a well defined relative phase, ea and eb. A
schematic illustration of the experiment envisioned is provided in Fig. 1a, where

we consider the specific case of excitation with one- and three-photon fields of

Figure 1. Schematic illustration of two-pathway control in the (a) frequency and (b) time

domains. In case (a) the ground state is excited to a coupled continuum by either one photon of

frequency o3 or three photons of frequency o1. Control is achieved by introducing a phase lag

between the two fields. In case (b) a two-pulse sequence has sufficient bandwidth to excite a

superposition of two intermediate states. Control is achieved by introducing a delay, �t, between the

pulses, resulting in a phase difference of o �t.
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equal total photon energy. In the weak field limit, the observable signal is of the

form of Eq. (1),

p ¼ jhE�jDajgi þ hE�jDbjgij2

¼ pa þ pb þ pab ð2Þ

where

pa ¼ jhE�jDajgij2; a ¼ a; b ð3Þ
pab ¼ 2Re fhgjDajE�ihE�jDbjgig
¼ 2Re feifhgj�DajE�ihE�j�Dbjgig
¼ 2

ffiffiffiffiffiffiffiffiffi
papb
p

cos½fþ dðEÞ	 ð4Þ

�Da ¼ jDaj;f is the relative phase of the two laser fields, f ¼ argfD�aDbg, and d
is the relative phase of the two matrix elements,

dðEÞ ¼ argfhgj�DajE�ihE�j�Dbjgig: ð5Þ

The former phase, f, serves as an external control tool that can be tuned to vary

the interference term and hence the reaction outcome. The latter phase, dðEÞ,
serves as an analytical tool that provides a route to the phases of the scattering

wavefunctions.

Often overlooked, the phase of continuum wavefunctions contains valuable

information. It is conveniently illustrated by consideration of the form of the

wavefunction within the quasiclassical (WKB) approximation [55],

hxjE�i ¼ c�E ðxÞ �
1ffiffiffiffiffiffiffiffiffi
kðxÞ

p exp½�i
Z x

kðx0Þdx0	; ð6Þ

where

lðxÞ ¼ 2p
kðxÞ ¼

hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m½E � VðxÞ	

p ð7Þ

is the deBroglie wavelength associated with the system, kðxÞ is the wavenumber,

m is the reduced mass, and VðxÞ is the potential energy. The prefactor in Eq. (6) is
a slowly varying function that is often neglected in zero-order estimates. The

phase carries the information regarding the complete potential energy curve.

Scattering theory formulates the observables of collisions and bound-free

experiments in terms of the partial wave phase shifts, which distinguish the
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asymptotic form of the exact wavefunction from that of a plane wave and

contain all the information about the scattering dynamics. In the case of a

central (spherically symmetric) potential, for instance,

cEðr; yÞ !
X1
J¼0
ð2J þ 1ÞiJeidJ sinðkr � Jp=2þ dJÞ

ð2pÞ3=2kr
PJðcos yÞ ð8Þ

where k ¼
ffiffiffiffiffiffiffiffiffi
2mE
p

=�h and PJ are Legendre polynomials. Equation (8) differs from

a plane wave,

eikr cos y !
X1
J¼0
ð2J þ 1ÞiJ sinðkr � Jp=2Þ

kr
PJðcos yÞ ð9Þ

only by the presence of the phases dJ . The latter take a particularly transparent

form in the semiclassical approximation,

dJ � lim
r!1

Z r

kJðrÞdr � kr þ ðJ þ 1
2
Þ p
2


 �
; ð10Þ

where kJðrÞ, defined by analogy to the one-dimensional (1D) analogue in Eq. (7),

depends on J through the centrifugal part of the potential. For a repulsive

potential dJ is negative: the potential pushes the wave out as compared to the free

wave. For an attractive potential dJ is positive: the potential pulls the wave in as

compared to the free wave analogue [56].

In Section IV we quantify the relation of the information-rich phase of the

scattering wavefunction to the observable dðEÞ of Eq. (5). Here we proceed by

connecting the two-pathway method with several other phase-sensitive

experiments. Consider first excitation from jgi into an electronically excited

bound state with a sufficiently broad pulse to span two levels, Ea and Eb,

eexðoÞ ¼ 2�3=2eextexe�iðoex�oÞtexe�t
2
exðoex�oÞ2=4; 2p=tex 
 Eb � Ea ð11Þ

We imagine allowing the system to evolve for a period �t and then using a

second pulse to project the superposition onto the scattering eigenstate jE�i. The
second pulse, ede, is given by a similar expression to Eq. (11), with tde ¼ tex þ�t

and tde of order 2p=ðEb � EaÞ. A schematic illustration of this experiment is

provided in Fig. 1b. The signal will have a form similar to Eq. (2), where now the

two simultaneous pathways from jgi to jE�i are distinguished by the two distinct
discrete levels that mediate the bound-free process,

p ¼ pa þ pb þ pab ð12Þ
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with

pa ¼ jhE�jm21jEaiedeðoEEaÞhEajm10jgieexðoEaEg
Þj2; a ¼ a; b ð13Þ

and

pab ¼ 2Re fhgjm01jEaie�exðoEaEg
ÞhEajm12jE�ie�deðoEEa

ÞhE�jm21jEbiedeðoEEb
Þ

� hEbjm10jgieexðoEbEg
Þg: ð14Þ

Up to a sign, we find

pab ¼ 2
ffiffiffiffiffiffiffiffiffi
papb
p

cos½oab �t þ dðEÞ	; ð15Þ

where oab ¼ ðEb � EaÞ=�h, and

dðEÞ ¼ arg fhE�jm21jEaihEbjm12jE�ig: ð16Þ

The extension of Eqs. (12)–(16) to a standard pump–probe experiment, where the

final state is a (dissociation or ionization) continuum is straightforward. It

requires only that we replace the pulse that spans two vibrational eigenstates by a

shorter one that spans several eigenstates.

Equations (12)–(16) explain the observations of Ref. 57, described as ‘‘one

of the most intriguing and as yet unexplained observations of our study,’’ where

the time-resolved signal was found to be time delayed from the expected origin

to a degree that depended on the probe energy. The above results also correct an

error in several publications on pump–probe studies, where the phase factor

arising from the complex nature of the final state was disregarded, and the

interference term was taken to be of the form C cosðo�tÞ. More interestingly,

Eqs. (12)–(16) establish the conceptual equivalence of the energy-domain (two

pathway) and time-domain (pump–dump) approaches to both coherent control

and coherence spectroscopies. To clarify this argument, we note the

equivalence of the tunable parameter (or experimental control knob) in Eq.

(15) to that in Eq. (4). The former phase, oab �t, signifies the difference in the

accumulated phase during a certain evolution period between two matter

waves. The latter, f, is the difference in accumulated phase during a certain

evolution period between two light waves (e.g., see Section III for the one-

versus three-photon example). More generally, the (relative) phase of scattering

eigenstates of the Schrödinger equation, like that of bound eigenstates and that

of light waves, can be interpreted directly in terms of a time delay. Bound–

bound pump–probe spectroscopies probe the relative phases of bound

eigenstates, whereas energy-domain coherence spectroscopy, like differential
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cross sections, probe the relative phases of scattering eigenstates. Conceptually

these experiments are similar. The discussion of such coherence spectroscopies

in terms of an evolution period (or a time delay) becomes more appropriate as

the superposition becomes broader in energy space and better defined in time,

approaching the classical limit.

Finally, we note that the transform-limited pulse of Eq. (11) establishes a

very specific phase relation among the components of a wavepacket prior to its

evolution, transferring to the superposition of matter waves the phase

information imprinted in the superposition of light waves and thereby defining

the initial state and determining its free evolution. Specification of the initial

phase is analogous to solving an initial-value trajectory problem, in the sense

that the initial position and momentum are defined, and the duration of the

evolution determines the final state of the trajectory. The case where one defines

the initial and final states (analogous to ‘‘double ended’’ trajectory studies) is

experimentally realizable with current technology, which allows the preparation

of laser pulses with essentially arbitrary phase relations among their frequency

components. In fact, feedback control experiments modify iteratively the

spectral composition of the laser pulse to guide the material system from a given

initial state to a desired final state. Taken in reverse, the time evolution of this

spectral composition contains interesting phase information regarding the

material system [7, 11, 12, 21, 28, 49–51].

III. EXPERIMENTAL METHODS: HOW TO MEASURE IT?

The main components of energy-domain, two-pathway coherent control

experiments are a pair of phase-locked sources of radiation of equal total

photon energy, a material target, and a product detector [58]. The radiation

fields are most commonly produced with lasers of frequencies on and o1, where

on ¼ no1. Phase locking is achieved by using a nonlinear medium to generate

the nth harmonic of the fundamental frequency, o1. Typically, o1 is produced

by a tunable dye laser, but frequency-doubled Nd:YAG lasers and CO2 lasers

have also proved useful. A nonlinear crystal is used to double the frequency,

and an atomic or molecular gas is used to triple it. The nature of the harmonic

generation process guarantees that the two fields have a definite phase

relationship.

The electric field of a focused Gaussian beam in TEM00 at cylindrical

coordinates z and r is given by [59],

Eðr; zÞ ¼ E0

w0

wðzÞ exp �iðf0 þ kz� ZðzÞÞ � r2
1

wðzÞ2
þ ik

2z�ðzÞ

" #( )
; ð17Þ
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where

�ðzÞ ¼ 1þ z2=z2R ð18Þ

Here, w0 ¼ l0f=pNW is the radius of the field at the focal point (z ¼ 0) after

being focused by a lens of focal length f and radius W ; l0 is the wavelength,

k ¼ 2p=l0 is the wavenumber, N is the refractive index of the medium, and f0 is

a constant phase. The radius of the field at axial distance z is given by

wðzÞ ¼ w0�ðzÞ; ð19Þ

where

zR ¼ pw2
0N=l0 ð20Þ

is the Rayleigh range, and

Z ¼ tan�1ðz=zRÞ ð21Þ

is the Gouy phase. The Gouy phase shift arises from the increased phase velocity

along the curve defined by wðzÞ, as compared with the phase along the geometric

path that passes through the focal point [60]. From Eq. (17) we find that the

relative phase for m photons of frequency on and n photons of frequency om is

given by

f ¼ ðmfn � nfmÞ þ ðmkn � nkmÞ zþ r2

2z�ðzÞ

� �
þ ðn� mÞ tan�1 z

zR

� �
ð22Þ

The first term in f is the constant phase of Eðr; zÞ that arises from the refractive

index of the medium through which the beams propagate. The second term

vanishes because of conservation of momentum in the harmonic generating

medium. The third term is the Gouy phase, which changes by ðn� mÞp as the

beams pass through a focal point.

Equations (17) and (22) provide the experimentalist with three knobs (see

Fig. 2). First, by varying the optical density of the transmitting medium, one

may alter the constant term in f (the ‘‘refractive phase’’), as given by [61]

ðmfn � nfmÞ ¼ mnðN0
n � N0

mÞo1ðD=D0Þl=c ð23Þ

where N0
m is the refractive index at frequency om under standard conditions, D is

the density of the refractive medium, D0 is its density under standard conditions,
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l is the path length, and c is the speed of light in a vacuum. Two options for

manipulating this phase are to pass the beams through a phase tuning cell and

vary the temperature and/or pressure of the cell or to pass them through a

transparent plate and vary the path length by tilting the plate.

The second knob is the Gouy phase, which may be manipulated by scanning

the focus of the laser beams across the field of view [62, 63]. The laser is

usually focused onto the sample by a pair of curved mirrors. (A lens is avoided

because its focal length is wavelength dependent.) Because the detector

typically samples products along the axis of the lasers, the effective Gouy

phase is a spatial average over the full field of view. This spatial average

samples regions of varying intensity along the optical axis. It is not uncommon

for some reaction channels to require the absorption of additional photons. For

example, dissociation of vinyl chloride requires the absorption of either one

ultraviolet or three visible photons, whereas ionization of this molecule

requires the absorption of two additional visible photons. (See Fig. 12 in

Section VB.) Because the absorption of five photons requires a greater

intensity than do three photons, the ionization reaction is confined to a sma-

ller volume near the laser focus, thereby reducing the contribution from the

Gouy phase for that channel. A further complication arises from the fact that

the mirrors are positioned in a folded configuration (Fig. 2), which shifts

the optical axis and creates a pair of astigmatic elliptical foci [59, 64]. Despite

these complications, useful insight into the effects of the Gouy phase may be

obtained from a simple analytic model in which the laser beam is assumed to

have a single circular focus, and the field of view is assumed to have a uniform

rectangular profile of width 2d. (The distance d for example, may be, the radius

of the molecular beam.) Assuming that an additional l photons of frequency o1

are required to promote a particular reaction channel following the absorption

Figure 2. Schematic drawing of a control apparatus. A laser of frequency o1 is focused by lens

L into a cell containing a tripling medium such as Hg vapor. Mirrors M1 and M2 are mounted inside

a phase tuning cell (not shown) containing a refractive medium such as H2. The folded mirror

geometry produces a pair of elliptical astigmatic foci, one of which overlaps the molecular beam

(MB) at a distance zm from the beam axis. (Reproduced with permission from Ref. 62, Copyright

2006 American Physical Society.)
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of mon and nom photons, the spatially averaged contribution from the Gouy

phase is given by

tan dGlmnðzmÞ ¼
2JðmþnÞ=2þl

2IðmþnÞ=2þl � IðmþnÞ=2þl�1
ð24Þ

where zm is the distance of focal point from the center of the field of view, and the

definite integrals

In ¼
Z ðdþzmÞ=zR
ð�dþzmÞ=zR

dz

�n
ð25Þ

and

Jn ¼
Z ðdþzmÞ=zR
ð�dþzmÞ=zR

ðz=zRÞdz
�n

ð26Þ

have simple closed form expressions (see Eq. (18)).

The third experimental knob is the relative amplitudes of the two laser fields.

These are typically chosen to maximize the modulation depth without affecting

the phase of the interference term.

The other components of an energy-domain, two-pathway coherent control

experiment are the target and detector. The most common and versatile

configuration is a molecular beam aligned perpendicular to the laser beams and

to the axis of a time-of-flight (ToF) mass spectrometer, although in some cases a

gas cell or solid target was employed together with a means of detecting either

ion density or electron current. If conventional (e.g., Wiley–McLaren [65]) ion

optics are used by the ToF detector, the observed quantity is proportional to the

total reaction cross section for each product channel. In this case, the matrix

element product in Eq. (4) is averaged over all scattering angles, and the mth

and nth harmonics must both be either even or odd in order to obtain a nonzero

channel phase (see Section IV). More detailed information may be obtained by

using a position-sensitive detector to measure the angular distribution of the

products. Using this configuration, the relative phases of the outgoing waves in

different channels may be obtained, in addition to the relative phases of the

transition matrix elements, and the parity restriction is lifted (see Section VA).

In a typical experiment, the laser is focused at some fixed position zm and the

refractive phase is varied by changing the optical density of the tuning medium.

The product signal displays interference of the form of Eq. (4). If two product

channels, A and B, are observed simultaneously, their modulation curves display

a phase lag, which contains contributions from both the channel phase,
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dAðEÞ � dBðEÞ, and the Gouy phase, dGlA;mnðzmÞ � dGlB;mnðzmÞ. The contributions

from individual channel phases may be determined by measuring the phase lag

with respect to a reference molecule that has a known channel phase [32, 66].

The Gouy contribution to the phase lag is sensitive to zm and the number of

additional photons lA and lB required to reach the product continua. Calculations

for the typical case of m ¼ 1; n ¼ 3; lA ¼ 2, and lB ¼ 0 are shown in Fig. 3 for a

circular laser focus and various relative values of the Rayleigh range. The Gouy

phase lag is negligible for zR much greater or much smaller than the molecular

beam (or detector slit) width, but for intermediate values of d=zR its contribution
may be as large as �40�. For a circular focus, the Gouy phase lag vanishes at

zm ¼ 0, but for an astigmatic focus it could in principle be large because of the

contribution of the second elliptical focus [63].

Additional information may by obtained from the modulation depth of the

signal. For the simple case of one-dimensional, angle-resolved scattering into a

single, uncoupled continuum (see Section IVC), the modulation depth is given

by (see Eq. (4))

M ¼
ffiffiffiffiffiffiffiffiffi
papb
p

1
2
ðpa þ pbÞ

ð27Þ

If the amplitudes of the two electric fields are adjusted such that pa ¼ pb, the

limiting value of M ¼ 1 is achieved. A variety of factors, however, may

Figure 3. The phase lag produced by the Gouy phase, calculated using the analytic model

described in the text for o3 þ 3o1 excitation, with two additional o1 photons in one of the channels.

The calculations are performed for various ratios of the molecular beam radius d to the Rayleigh

range zR.
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contribute to reduce M. First, the divergence of the laser beam makes it

impossible for pa and pb to be equal everywhere along the laser axis. If these

probabilities are equated at zm ¼ 0, the modulation depth for a circular focus is

given by [63]

MðzmÞ ¼
Rf½2IðmþnÞ=2þl � IðmþnÞ=2þl�1	2 þ 4J2ðmþnÞ=2þ1g

1=2

1
2
ðImþl�1 þ Inþl�1Þ

ð28Þ

where R is the ratio of matrix elements, pab=ðpapbÞ1=2. For m ¼ 1; n ¼ 3; lA ¼ 2,

and lB ¼ 0, the modulation depth at zm ¼ 0 is shown by the dashed curve in

Fig. 4 to fall off rapidly with d=zR. If, however, the field amplitudes are set to

maximize M, the arithmetic mean in the denominator of Eq. (28) is replaced by

the geometric mean, and the modulation depth is depicted by the solid curve in

Fig. 4. The falloff of M with d=zR can explain why modulation depths greater

than 
 50% have never been reported even for bound-to-bound transitions [58].

Once instrumental effects on M have been accounted for, useful information

about the physical system may be deduced from the modulation depth. For

isolatedmolecules, averaging over scattering angles and summing over continuum

indices will reduce the ratio R. Further loss of modulation depth may be caused by

decoherence in dissipative systems (vide infra), making this quantity a potentially

useful observable for deducing structural and dynamical effects.

Figure 4. Calculation of the modulation depth using the analytic model described in the text,

with the lasers focused on the axis of the molecular beam (zm ¼ 0). The dashed curve was obtained

by setting pa ¼ pb at zm ¼ 0. The solid curve is the maximum possible modulation depth, obtained

by setting pa ¼ pb at an optimum location.
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IV. THEORY: HOW TO FORMULATE IT?

In this section we first (Section IVA) derive a formal expression for the channel

phase, applicable to a general, isolated molecule experiment. Of particular

interest are bound-free experiments where the continuum can be accessed via

both a direct and a resonance-mediated process, since these scenarios give rise to

rich structure of dðEÞ, and since they have been the topic of most experiments on

the phase problem. In Section IVB we focus specifically on the case considered

in Section III, where the two excitation pathways are one- and three-photon fields

of equal total photon energy. We note the form of dðEÞ ¼ d13ðEÞ in this case and
reformulate it in terms of physical parameters. Section IVC considers several

limiting cases of d13 that allow useful insight into the physical processes that

determine its energy dependence. In the concluding subsection of Section V we

note briefly the modifications of the theory that are introduced in the presence of

a dissipative environment.

A. Disentangling Resonance from Long-Range Effects

The problem of unimolecular decomposition into one or several continua via

simultaneous direct and resonance-mediated routes is conveniently formu-

lated within Feshbach’s partitioning framework [56]. Following Refs. 29 and

31, we partition the scattering eigenstate into its bound and continuum

projections as

jESk̂�i ¼ ðQþ PÞjESk̂�i; ð29Þ

where k̂ is a unit vector in the direction of the scattering state momentum,

P ¼ �SPS;PS projects onto the S continuum, Q projects onto the bound

manifold, and Pþ Q ¼ I. The label S has been used in much of the previous

literature to distinguish chemically different arrangement channels but is

somewhat generalized here to imply a single collective index specifying the

continuum state, in order to simplify the notation. We confine attention to the

weak field limit of the formalism of Ref. 29, relevant to the experiments of

Section III, and describe the dipole coupling within the Golden Rule

approximation. Thus

QjESk̂�i ¼ QGQHMPjESk̂�1 i ð30Þ

and

PjESk̂�i ¼ PjESk̂�1 i þ ðE� � PHMPÞ�1PHMQGQHMPjESk̂�1 i ð31Þ
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where

QGQ ¼ ½E� � QHQ	�1; ð32Þ
QHQ ¼ QHMQþ QHMPðE� � PHMPÞ�1PHMQ; ð33Þ

and HM is the matter Hamiltonian. In Eq. (33), PHMP is the scattering proje-

ction of the matter Hamiltonian and PjESk̂�1 i are its solutions [29]. QHQ in

Eqs. (30)–(33) defines an effective Hamiltonian subject to which the resonance

state evolves. In the limit of vanishing coupling of the bound state with the

continuum, the second term in Eq. (33) vanishes, and the excited manifold

reduces to a bound state, evolving subject to HM . In the presence of coupling,

QHQ is non-Hermitian, with its imaginary part leading to decay of the bound

state, giving rise to a finite width to the spectroscopic transition. Here the

propagator corresponding to the second term of Eq. (33) describes (from right to

left) transition from the bound to the continuum manifold, evolution subject to

the continuum Hamiltonian, followed by transition back to the bound state.

Using Eqs. (29)–(31), the transition matrix elements in Eq. (5) are given as

hgj�DajESk̂�i ¼ hgj�DajESk̂�1 i þ hgj�DaFðEÞQGQHM jESk̂�1 i; ð34Þ

where

FðEÞ ¼ I þ ðE� � PHMPÞ�1PHM: ð35Þ

The first term of Eq. (34) describes a direct transition from the bound state to the

scattering projection of the structured continuum. The second term describes a

resonance-mediated transition.

We consider experiments of the type discussed in Section III, where the

signal is averaged over the scattering angles,

dab ¼ arg

Z
dk̂hgj�DajESk̂�ihESk̂�j�Dbjgi ð36Þ

and hence it is convenient to expand the continuum state in partial waves,

jESk̂�1 i ¼
X
JMK

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

4p

r
DJ

KMðk̂ÞjESJMKi ð37Þ

whereby the integration over k̂ is analytical. In Eq. (37) J is the total angular

momentum, M and K are its space-fixed and body-fixed z-projections, DJ
KM are

rotation matrices [67], and the factor
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2J þ 1Þ=4p

p
normalizes the DJ

KM with
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respect to integration over k̂ ¼ ðfk; ykÞ. The notation in Eq. (37) corresponds to a
symmetric top, but the formulation to follow applies equally to linear and

asymmetric tops. In the latter cases the rotational state is specified by J, M, and

the electronic angular momentum projection l, or by J, M, and the asymmetric

top quantum number t, but the partial wave analysis holds. With Eq. (37), the

direct transition amplitudes in Eq. (34) are given as

hgj�DajESk̂�1 i ¼
X
JMK

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

4p

r
DJ

KMðk̂Þhgj�DajESJMKi ð38Þ

and the resonance-mediated components as

hgj�DaFðEÞQGQHM jESk̂�1 i

¼
X
JMK

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

4p

r
DJ

KMðk̂Þhgj�DaFðEÞQGQHMjESJMKi ð39Þ

Introducing a complete set of eigenstates of QHMQ; fjig, we express the

resonance-mediated partial-wave amplitude in Eq. (39) as a sum of products of

three physically distinct matrix elements,

hgj�DaFðEÞQGQHMjESJMKi
¼
X
ii0
hgj�DaFðEÞjiihijGji0ihi0jHM jESJMKi ð40Þ

The first element on the right-hand side of Eq. (40) describes excitation into a

resonance manifold, which, given Eq. (35), is comprised of direct excitation of

the jii and excitation via the continuum with which the jii are coupled. The

second element describes the dynamics in the resonance manifold and allows for

coupling between the resonances. The third element accounts for decay of the

resonance into the continuum.

Substituting Eqs. (34), (38), and (39) into Eq. (36) and using the

orthogonality of the rotation matrices, we have

dSabðEÞ ¼ arg


X
JMK

½hgj�DajESJMKi þ hgj�DaFðEÞQGQHMjESJMKi	

� ½hESJMKj�Dbjgi þ hESJMKjHMQG
zQFðEÞz �Dbjgi	

�
ð41Þ

Integration over the scattering angles in Eq. (41) eliminates the interference

among J-states that is present in the angle-resolved observable, leaving only
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interference within a given J-manifold. These latter interferences can be traced to

structure and coupling mechanisms in the continuum, as discussed later.

B. The One- Versus Three-Photon Case

In order to relate the formal expression (41) to the experiment of Section III, we

now specialize the discussion to the case of one- versus three-photon excitation,

limiting attention for simplicity to fragmentation of diatomic systems, relevant to

the experiments of Refs. 30, 32, 33, 35, and 39. We note later, however, that our

conclusions are general and equally applicable to other excitation schemes and to

ionization processes.

The reduced dipole operators are thus

�Da ¼ �Dð1Þ ¼~m �~�e

�Db ¼ �Dð3Þ ¼
X
r1;r2

~m �~�ejr1ihr1j~m �~�ejr2ihr2j~m �~�e
ðEg þ o1 � E1ÞðEg þ 2o1 � E2Þ

ð42Þ

where~�e is the phase-adjusted field (see Eq. (4)). We introduced in Eq. (42) two

sets of bound intermediates fjrkig with eigenvalues Ek, where k ¼ 1; 2
corresponds to the one- and two-photon levels, respectively. The sum over

discrete indices is supplemented by integration over continuous variables in the

case that scattering intermediates contribute.

Expressing the bound states in Eqs. (40) and (42) in terms of angular

momentum components and expanding the dipole vector in spherical unit

vectors, we obtain expressions for the dipole matrix elements in Eq. (42), in

which the integration over the angular variables is analytical. This results in an

expression for dS13ðEÞ that is somewhat more complex in form but significantly

simpler to numerically evaluate [31]. Averaging over the initial angular

momentum and magnetic levels, one finds after certain algebraic manipulations

dS13ðEÞ ¼ arg
X
Jg

WJg


X
J

tð1Þ
�
ðJgjESJÞtð3ÞðJgjESJÞ

þ
X
nJi

½tð1Þ
�
ðJgjESJiÞXð3ÞE ðJgjnJiÞðE � EnJiÞ

�1
VðnJijESJiÞ

þ X
ð1Þ�
E ðJgjnJiÞðE � E�nJiÞ

�1
V�ðnJijESJiÞtð3ÞðJgjESJiÞ

þ
X
n0

X
ð1Þ�
E ðJgjnJiÞðE � E�nJiÞ

�1
V�ðnJijESJiÞXð3ÞE ðJgjn0JiÞ

� ðE � En0JiÞ
�1
Vðn0JijESJiÞ	

�
ð43Þ

where Jg sums over the thermally populated initial angular momentum

components, WJg are Boltzmann weight factors, and tð1Þ and tð3Þ are one- and
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three-photon matrix elements describing the direct one- and three-photon

transitions. The X
ðjÞ
E ; j ¼ 1; 3 are bound–quasibound amplitudes that signify,

loosely speaking, j-photon matrix elements into a ‘‘modified’’ eigenstate,

j�Ji
ðEÞi 
 FðEÞjJii, that is mixed with the continua [29]. In the limit of an

isolated resonance and a single continuum, this state reduces to an incoming-

wave analogue of the familiar state denoted by� in Fano’s formalism [68]. From

the structure of j�Ji
ðEÞi as a sum of a bound and a scattering component (see Eq.

(35)), it follows that XE consists of a bound–bound transition amplitude, denoted

tb, and a self-energy-like component that imparts the transition with an energetic

width,

X
ðjÞ
E ðJgjJiÞ ¼ tðjÞb ðJgjJiÞ

þ
X
S

�
Pv

Z
dE0

E � E0
tðjÞðJgjE0SJiÞVðE0SJijJiÞ

þiptðjÞðJgjEnSJiÞVðESJijJiÞ
�

ð44Þ

where Pv denotes the principal value of the integral. The VðJijESJÞ in Eq. (43)

are matrix elements of the interaction coupling the Q and P subspaces, and, in

order to emphasize the dominant energy dependence of dS13, we have

diagonalized the effective Hamiltonian of Eq. (33) in the basis of eigenstates

of QHMQ, such that

QGQ ¼
X
vJi

jvJiihvJij
E � EvJi

ð45Þ

where jnJii is the (biorthogonal) set of eigenstates of QHQ (Eq. (33)) and EnJi
are the corresponding eigenvalues. We refer the reader to Ref. 31 for derivation

of Eq. (43) and a detailed discussion of its interpretation.

At large detunings only the first term of Eq. (43) survives. This term arises

from interference among continuum states. Assuming that bound intermediates

dominate the three-photon process (see Section IVC5 for discussion of

quasibound intermediates), the structure of dS13 off-resonance derives only

from the energy dependence of the phase shifts of the scattering partial waves

composing the continuum. In the case of two coupled electronic states, for

instance, an off-resonance dS13 measures the difference between the partial wave

phase shifts of the coupled diabatic states (see Section IVC2 and Fig. 5b). The

second and the third terms of Eq. (43) reflect, respectively, the interference of

the direct one-photon process with the resonance-mediated three-photon process

and the interference of the resonance-mediated one-photon process with the
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direct three-photon process. In the case of an isolated resonance interacting with

an uncoupled continuum, the phase associated with these terms takes a

particularly simple form that parallels the familiar Fano lineshape of the single-

photon absorption probability (Section IVC4). The last term arises from

resonant–resonant interference. Energy dependence of the direct–direct

interference term, if present, is thus a measure of long-range interactions. The

resonant–direct and resonant–resonant interferences are dominated by short-

range, spectroscopic features. Their energy dependence, in particular, that of the

latter, is significantly stronger than that of the direct-direct interference term,

exhibiting extrema at the resonance positions.

The above discussion suggests separation of dS13 into a direct part,

dS13;d ¼ arg
X
Jg

WJg

X
J

tð1Þ
�
ðJgjESJÞtð3ÞðJgjESJÞ ð46Þ

arising from the direct–direct interference term of Eq. (43), and a composite part,

dS13;c ¼ dS13 � dS13;d , arising from the direct–resonant and resonant–resonant

interferences. The former varies with energy on the scale of the deBroglie

Figure 5. Schematic illustration of the energy dependence of the channel phase in different

simple limits of Eq. (43), along with the corresponding potential energy curves. See Section IVC.

(Reproduced with permission from Ref. 43, Copyright 2001 American Chemical Society.)
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wavelength, hence providing a ‘‘smooth background’’ to the rapid variation of

the latter. Using Eq. (46) one finds

dS13;c ¼ dS13 � dS13;d ¼ arg
ps13e

�ifP
Jg
WJg

P
J t
ð1Þ� ðJgjESJÞtð3ÞðJgjESJÞ

( )
ð47Þ

where pS13 is the one- versus three-photon interference term of Eq. (4). An explicit

expression for dS13;c is obtained by substituting Eq. (43) into Eq. (47) and is

conveniently interpreted in terms of generalized asymmetry parameters,

analogues of the Fano asymmetry parameter [68] in Ref. 31. Here we omit

discussion of the general form and proceed to consider several of its simple

limits.

C. Limiting Cases

1. Excitation into a Structureless, Uncoupled Continuum

Consider first the case where the scattering projection of the Hamiltonian, PHMP,

can induce only elastic scattering (referred to as an uncoupled or ‘‘elastic’’

continuum). In this situation the partial wave in Eq. (37) reduces to

hQRjESJMi ¼ YJMðR̂ÞhQRjESJMieid
S
J ð48Þ

where YJM are spherical harmonics, hQRjESJMi are real, and dSJ are coordinate-
independent phase factors (viz., the partial wave phase shifts discussed in

Section II). Provided that the multiphoton process is not mediated by resonances,

we have in this limit that the phases of tð1Þ and tð3Þ are equal. Hence the direct–
direct interference term in Eq. (43) is real, dS13;d ¼ 0, and the observable phase

reduces to dS13;c.
For a structureless continuum (i.e., in the absence of resonances), assuming

that the scattering projection of the potential can only induce elastic scattering,

the channel phase vanishes. The simplest model of this scenario is depicted

schematically in Fig. 5a. Here we consider direct dissociation of a diatomic

molecule, assuming that there are no nonadiabatic couplings, hence no inelastic

scattering. This limit was observed experimentally (e.g., in ionization of H2S).

It is worth noting that the phase of hgj�DajESk̂�i is not equal to that of

hgj�DbjESk̂�i even in the above limit, a point that was the source of confusion in

the previous literature [40]. It is only upon integration over scattering angles

that interference among different partial waves is eliminated (see Section IVA),

and an observed phase implies interference within a partial wave. Hence angle–

resolved measurements may observe a nonzero phase regardless of the nature of

the continuum.
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2. Excitation into a Structureless, Coupled Continuum

Considering again the case of a structureless continuum, we have that dS13 arises
from excitation of a superposition of continuum states, hence from coupling

within PHMP [69]. The simplest model of this class of problems, depicted

schematically in Fig. 5b, is that of dissociation of a diatomic molecule subject to

two coupled electronic dissociative potential energy curves. Here the channel

phase can be expressed as

dS13 ¼ Aþ Beiðdx�dx0 Þ þ Ce�iðdx�dx0 Þ ð49Þ

where dx are the partial wave phase shifts corresponding to the two diabatic

states. In deriving Eq. (49) we assumed that the initial rotation is selected and

that a single rotational branch is dipole-allowed. In this situation the channel

phase arises from the interference between two deBroglie waves of different

wavelengths—it probes the difference between the partial wave phase shifts

comprising the continuum. Referring back to Eq. (10) and the discussion

preceding it, we find that dS13 contains interesting information about the

underlying potential energy curves. This information can be extracted from

the observable by fitting the yield curve to a sum of three cosines, rather than to

one cosine. It is interesting to note that similar information regarding the

difference between two partial wave phase shifts has been determined using a

very different experimental approach in Ref. 70.

3. Excitation of an Isolated Resonance Embedded in an Uncoupled

Continuum

In the case that an isolated vibronic resonance interacts with the uncoupled (or

‘‘elastic’’) continuum of Eq. (48), Eq. (43) simplifies to

dS13;c¼dS13¼ tan�1
2
P

JgJi
ðqð1ÞJg;Ji

� q
ð3Þ
Jg;Ji
ÞðE2Ji þ 1Þ�1sJg;Ji

1þ
P

Jg;Ji
½3� EJiðq

ð1Þ
Jg;Ji
þ q

ð3Þ
Jg;Ji
Þ þ q

ð1Þ
Jg;Ji

q
ð3Þ
Jg;Ji
	ðE2Ji þ 1Þ�1sJg;Ji

0
@

1
A

ð50Þ

This case is shown schematically in Fig. 5c. In Eq. (50), q
ðjÞ
Jg;Ji

are generalized

j-photon asymmetry parameters, defined, by analogy to the single-photon

q parameter of Fano’s formalism [68], in terms of the ratio of the resonance-

mediated and direct transition matrix elements [31], EJi is a reduced energy

variable, and sJg;Ji is proportional to the line strength of the spectroscopic

transition. The structure predicted by Eq. (50) was observed in studies of HI

and DI ionization in the vicinity of the 5dd resonance [30, 33]. In the case of a
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rotationally resolved experiment, where the parent state is prepared in a single

level jngJgi (e.g., by vibrational excitation) and the resonance vibration is

resolved, Eq. (50) reduces to

tan dS13ðE 
 EniJiÞ ¼
2ðqð1Þ � qð3ÞÞ

½E� 1
2
ðqð1Þ þ qð3ÞÞ	2 þ ½4� 1

4
ðqð1Þ � qð3ÞÞ2	

ð51Þ

Equation (51) has a clear physical interpretation. Recalling the lineshape for a

single excitation route, where fragmentation takes place both directly and via an

isolated resonance [68], p / ðEþ qÞ2=ð1þ E2Þ, we have that dS13 is maximized at

the energy where interference of the direct and resonance-mediated routes is

most constructive, E ¼ ðqð1Þ þ qð3ÞÞ=2. In the limit of a symmetric resonance,

where qðjÞ ! 1, Eq. (51) vanishes, in accord with Eq. (53) and indeed with

physical intuition. The numerator of Eq. (51) ensures that dS13 has the correct

antisymmetry with respect to interchange of 1 and 3 and that it vanishes in the

case that both direct and resonance-mediated amplitudes are equal for the one-

and three-photon processes. At large detunings, jEj ! 1, and dS13 of Eq. (51)

approaches zero.

4. Excitation of an Isolated Resonance Embedded in a Coupled Continuum

Consider next the limit of weak dipole coupling of the initial state with the

continuum and/or long-lived resonances, where the direct amplitudes are small

as compared to the resonance-mediated ones in the vicinity of a resonance.

Returning to Eq. (43) and neglecting the direct–direct and direct–resonant

interferences as compared to the resonant–resonant interference at E � ER
nJi , we

have

dS13ðEÞ ! arg
X
JgJivv0

W
Jgt
ð1Þ�
b

ðJgjvJiÞðE � E�vJiÞ
�1
V�ðvJijESJiÞ

� tð3Þb ðJgjv0JiÞðE � Ev0JiÞ
�1
Vðv0JijESJiÞ ð52Þ

where we used the fact that the dipole matrix elements for direct absorption to the

continuum ðtðjÞÞ are small as compared to those for excitation of the resonances

ðtðjÞb Þ. Clearly d
S
13;c 6¼ 0; that is, the interference term is complex, being the result

of coupling among resonances.

In the limit of an isolated vibronic resonance tðjÞb are real, decay of the

resonances arises only from interaction with the continuum, Eq. (52) reduces to

dS13ðE 
 ER
niJi
Þ � arg

X
JgJi

WJg

tð1Þb ðJgjniJiÞjVðvJijESJiÞj
2tð3Þb ðJgjniJiÞ

ðE � ER
niJi
Þ2 þ 	2

niJi
=4

¼ 0 ð53Þ

and on resonance dS13 vanishes.
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The physical significance of Eq. (53) is clear. At an isolated resonance the

excitation and dissociation processes decouple, all memory of the two excitation

pathways is lost by the time the molecule falls apart, and the associated phase

vanishes. The structure described by Eq. (53) was observed in the channel phase

for the dissociation of HI in the vicinity of the (isolated) 5ss resonance. The

simplest model depicting this class of problems is shown schematically in Fig.

5d, corresponding to an isolated predissociation resonance. Figures 5e and 5f

extend the sketches of Figs. 5c and 5d, respectively, to account qualitatively for

overlapping resonances.

5. Excitation of a Continuum Via a Low-Lying Resonance

From Eq. (42) it is evident that an isolated resonance, EnkJk ¼ ER
nkJk
� i	nkJk=2 at

the k ¼ one- or two-photon level, produces structure in the direct–direct

interference term and hence in dS13;d [40]. In the (uncommon) case where a single

branch Jk contributes to the (one- or two-photon) transition, the phase of

tð1Þ
� ðJgjESJÞtð3ÞðJgjESJÞ undergoes a change of p at the resonance energy,

E ¼ EJg þ ko ¼ ER
nkJk

:

argftð1Þ
�
ðJgjESJÞtð3ÞðJgjESJÞg ¼ d1 þ dresðEÞ ð54Þ

where

dresðEÞ ¼ � argðE � EnkJkÞ ð55Þ

is the resonant part of the partial wave phase shift, often referred to as the

Breit–Wigner phase [71]. Near an isolated resonance (assuming that the

resonance width is constant), the phase shift undergoes an abrupt change of p,
reaching p=2 at the resonance energy, where the scattering cross section

exhibits a sharp maximum. A useful, although qualitative, analogy is the

phase of the classical forced harmonic oscillator. A harmonic oscillator that is

driven by a periodic external force exhibits oscillations at the driving

frequency with a phase that undergoes an abrupt change of p as the driving

frequency goes through the natural oscillation frequency. Below resonance the

displacement is in phase with the driving force. At resonance the displacement

lags the applied force by p=2. Above resonance the displacement is p out of

phase with the applied force. Another useful analogy is the Gouy phase of a

focused light wave, which accumulates a p phase shift in the vicinity of a focal

point (see Section III).
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The first term on the right-hand side of Eq. (54) is a smooth ‘‘background’’

that vanishes in the case that PHMP induces only elastic scattering. It follows

that measurement of dS13 in the vicinity of a resonance at an intermediate level

allows direct observation of the Breit–Wigner phase. This stands in contrast to

phase measurements in the vicinity of an isolated resonance at the three-photon

level, where, in the presence of a direct route, dS13;c reflects direct–resonant as
well as resonant–resonant interferences, while in its absence dS13;c vanishes. In
general, several branches contribute to the transition, of which a single one is

resonant at a given photon energy. Hence argftð1Þ�tð3Þg drops by p to the red of

each resonance energy, reaches d1 � p=2 on resonance, and returns to its

asymptotic value to the blue of the resonance location.

The generalization to the case of a thermally averaged parent state describes

an interesting modulation curve that reflects in position and width the rotational

eigenvalue spectrum of the resonant intermediate [31]. This structure has been

observed in studies of HI ionization in Ref. 33. A schematic cartoon depicting

the excitation scheme and the form of the channel phase for the case of a

thermally averaged initial state is shown in Fig. 5g.

V. EXAMPLES: WHAT DOES IT LOOK LIKE?

A. Atomic Systems

Photoionization of atoms provides an excellent arena for phase control studies

because of the high symmetry of the target and the comparative ease of

calculating the phase dependence of the observables. Different product channels

may be detected by measuring the kinetic energies of the photoelectrons. By

using a space-sensitive detector to record the angular distributions of the

electrons, it is possible to measure the interference between transitions of even

and odd parity. Also, as mentioned previously, it is possible to extract from the

angular distributions the relative phases of the outgoing wave functions as well as

those of the transition matrix elements.

This approach was used by Elliott and co-workers to control the ionization of

alkali atoms by one- and two-photon excitation. Wang and Elliott [72] measured

the interference between outgoing electrons in different angular momentum

states. They showed, for example, that the angular flux of the p2P and the d2D

continua of Rb is determined by the phase difference

dpd ¼ f2 � f1 þ dp � dd ð56Þ

The fitted value of dp � dd is in good agreement with the number calculated

from the quantumdefects of the atom and the phases of the Coulombwavefunctions.
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In another study, Yamakazi and Elliott [73] measured the interference within

a single angular momentum state arising from coupling to different continua.

They defined an asymmetry parameter,

aasym ¼ NL=ðNL � NRÞ ð57Þ

where NLðNRÞ is the integrated electron count in the left (right) half of the

angular distribution. This parameter is related to the matrix element describing

the coupling of an autoionizing state to the continuum. The phase lag between

aasym for the 6s2S1=2 and the 5d2D3=2 continua of Ba is plotted in Fig. 6 as a

function of the two-photon wavelength. A broad inelastic continuum between

684.8 and 685.9 nm and another starting at longer wavelengths are evident, with

resonance peaks appearing in the first region.

B. Molecular Systems

Molecules provide a much richer landscape for studying coherence effects

because of continua associated with bond breaking, rearrangements, isomer-

ization, and so on. The simplest example is a diatomic molecule, where

dissociation and ionization may compete with each other. An example that has

been studied in some detail is HI. The potential energy diagram in Fig. 7 shows

a manifold of dissociative continua near 2o1 and a series of autoionizing

Rydberg states near 3o1. Measurements of the phase lag between the ionization

and dissociation channels at various wavelengths provide examples of each of

the cases described in Section IVC. The phase lag data in Fig. 8a were taken in

the vicinity of the 5dðp; dÞ autoionizing resonances [45]. The circles show the

phase lag between ionization and dissociation. Using the ionization of H2S as a

Figure 6. The measured phase lag of the photoelectron asymmetry parameter for the 6s2S1=2
and the 5d2D3=2 continua of Ba. (Reproduced with permission from Ref. 73, Copyright 2007

American Physical Society.)
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reference, we are able to separate out the contributions from ionization

(diamonds) and dissociation channel phases (triangles) of HI. The ionization

phases lie above a baseline of zero, indicative of an uncoupled continuum (case

1 of Section IVC), where the scattering is elastic. The peaks lying near 356.2

and 355.2 nm are examples of resonances embedded in a continuum (case 3).

The one-photon ionization spectrum in Fig. 8b shows that the 356.2-nm peak in

the phase lag spectrum is associated with the 5dðp; dÞ resonance; the other peak
has not been assigned. The featureless phase lag spectrum for dissociation

varies slowly between �90� and �120�, providing an example of dissociation

in a coupled continuum (case 2 of Section IVC). The data in Fig. 9, taken in

the vicinity of the 5ss resonance, show a striking isotope effect in HI versus.

DI [43]. The absence of a phase lag between the ionization of the two isotopes

shows that the isotope effect occurs entirely in the dissociation continuum.

The broad minimum in the phase lag spectrum of HIþ versus H2S
þ indicates,

Figure 7. Potential energy diagram for HI, showing the two lowest ionization states (2
3=2 and
2
1=2) coupled to a neutral dissociative continuum (3A0) at the three-photon (3o1) level, as well as

two low-lying Rydberg states (b3
1 and b
3
2) predissociated by a manifold of repulsive states at the

two-photon level. The inset shows a series of Rydberg states converging to the excited 2
1=2 ionic

state.
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as before, that ionization occurs in an elastic continuum, whereas the very

deep minima in the dissociation spectra show that these resonances are

embedded in a coupled continuum (case 4 of Section IVC). Finally, a clear

example of an intermediate resonance in the three-photon path (case 5) is

shown in Fig. 10a [33]. The peaks in the phase lag spectrum for ionization

occur precisely at the energies of the rotational levels of the b3
1 state,

resonant with 2o1 excitation, as shown in the conventional multiphoton

ionization spectrum of Fig. 10b. (Similar rotational structure, originating from

the b3
2 state, is evident in Fig. 8c; however, the phase lag spectrum was not

measured in that region.) Numerical studies of the phase lag between the

ionization and dissociation of HI and H2 have been reported in Refs. 42 and

44, respectively.

Figure 8. Phase lag spectrum of HI in the vicinity of the 5dðp; dÞ resonance. In panel (a), the

circles show the phase lag between the ionization and dissociation channels. The diamonds and

triangles separate the phase lag into contributions from each channel, using H2S ionization as a

reference. Panels (b) and (c) show the conventional one-photon (o3) and three-photon (3o1)

photoionization spectra. (Reproduced with permission from Ref. 45, Copyright 2002 American

Institute of Physics.)
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Polyatomic molecules provide a still richer environment for studying phase

control, where coupling between different dissociation channels can occur.

Indeed, one of the original motivations for studying coherent control was to

develop a means for bond-selective chemistry [25]. The first example of bond-

selective two-pathway interference is the dissociation of dimethyl-sulfide to

yield either H or CH3 fragments [74]. The peak in Fig. 11 is indicative of a

resonance embedded in an elastic continuum (case 4).

Another polyatomic molecule provided an opportunity to study the effect of

the Gouy phase discussed in Section III [62]. Figure 12 depicts a slice of the

potential energy surfaces of vinyl chloride, where the vertical arrows

correspond to 532 nm photons. The two pathways for dissociation correspond

to o3 versus 3o1, whereas those for ionization correspond to o3 þ 2o1 versus

5o1 (i.e., l ¼ 2, m ¼ 1, n ¼ 3). Figure 13 shows the phase lag for ionization

Figure 9. Phase lag spectrum of HI and DI in the vicinity of the 5ss resonance. The top panel

shows the phase lag between photoionization and photodissociation of HI (filled circles) and DI

(open circles), the phase lag between the photoionization of HI and DI (squares), and the phase lag

between the photoionization of HI and H2S (triangles). The bottom two panels show the one-photon

ionization spectra of HI and H2S. (Reproduced with permission from Ref. 30, Copyright 1999

American Physical Society.)
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versus dissociation as a function of the position of the laser beam waist along a

line normal to the molecular beam axis. The dashed curve is the analytical

model described previouslyin Eqs. (24)–(26), and the solid curve is a numerical

calculation that takes into account the astigmatism of the laser focus and the

Gaussian profile of the molecular beam. The good agreement with the data

shows that the fragments are produced by dissociation of the neutral molecule

at the 3o1 level rather than of the parent ion. The phase lag of 4:4� 0:8� at
zm ¼ 0 is due to a difference between the channel phases associated with the

ionization and dissociation channels. Other polyatomic molecules for which

branching has been controlled using the Gouy phase are acetone [75] and

dimethyl sulfide [76].

Figure 10. Phase lag spectrum of HI in the vicinity of the b3
1 Breit–Wigner resonance. Panel

(a) shows the phase lag between the photoionization of HI and H2S. Panel (b) is the three-photon

photoionization spectrum of HI, showing the rotational structure of the two-photon b3
1 � X1
Pþ

transition. The bottom two panels are the one-photon ionization spectra of HI and H2S. (Reproduced

with permission from Ref. 33, Copyright 2000 American Physical Society.)
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Figure 11. Phase lag between the CH3S and CH3SCH2 photodissocation fragments of

dimethylsulfide. (Reproduced with permission from Ref. 74, Copyright 2006 American Institute of

Physics.)

Figure 12. Slice of the potential energy surfaces of vinyl chloride, showing the excitation paths

for photodissociation and photoionization. (Reproduced with permission from Ref. 62, Copyright

2006 American Physical Society.)
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C. Extended Systems and Dissipative Environments

The previous sections focused on the case of isolated atoms or molecules, where

coherence is fully maintained on relevant time scales, corresponding to

molecular beam experiments. Here we proceed to extend the discussion to

dense environments, where both population decay and pure dephasing [77] arise

from interaction of a subsystem with a dissipative environment. Our interest is in

the information content of the channel phase. It is relevant to note, however, that

whereas the controllability of isolated molecules is both remarkable [24, 25, 27]

and well understood [26], much less is known about the controllability of

systems where dissipation is significant [78]. Although this question is not the

thrust of the present chapter, this section bears implications to the problem of

coherent control in the presence of dissipation, inasmuch as the channel phase

serves as a sensitive measure of the extent of decoherence.

We consider a general dissipative environment, using a three-manifold

model, consisting of an initial ðfigÞ, a resonant ðfrgÞ, and a final ðffgÞ manifold

to describe the system. One specific example of interest is an interface system,

where the initial states are the occupied states of a metal or a semiconductor, the

intermediate (resonance) states are unoccupied surface states, and the final

(product) states are free electron states above the photoemission threshold.

Another example is gas cell atomic or molecular problems, where the initial,

resonant, and final manifolds represent vibronic manifolds of the ground, an

excited, and an ionic electronic state, respectively.

Figure 13. Phase lag between the photoionization and photodissociation of vinyl chloride

resulting from the Gouy phase of the focused laser beam. The dashed curve shows the results of the

analytical model discussed in the text, and the solid curve is a numerical calculation of the phase lag

without adjustable parameters.
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We focus on the simplest case scenario where dS arises solely from an

intermediate state resonance, see Fig. 5g, and comment elsewhere on the

extension to more complex scenario, where dS probes interfering resonances at

either or both intermediate and final levels of excitation as well as coupling

mechanisms in the final continuum manifold. To simplify the connection of the

present with the previous sections, we consider first (Section VC1) the energy-

domain case of continuous wave (CW) fields (or, equivalently, pulsed fields of

duration long with respect to all system time scales). To make connection with

other interferometric experiments, we next (Section VC2) generalize the

discussion to the time domain. Attention is focused on the case of one- versus

two-photon excitation (assuming that the final state is at least partially angle-

resolved). This case allows us to make useful connection with the literature

of two-photon photoemission (2PPE) spectroscopies and simplifies the

interpretation of the results. As discussed later, however, our conclusions

are general.

Our analysis is based on solution of the quantum Liouville equation in

occupation space. We use a combination of time-dependent and time-

independent analytical approaches to gain qualitative insight into the effect of

a dissipative environment on the information content of dðEÞ, complemented by

numerical solution to go beyond the range of validity of the analytical theory.

Most of the results of Section VC1 are based on a perturbative analytical

approach formulated in the energy domain. Section VC2 utilizes a combination

of analytical perturbative and numerical nonperturbative time-domain methods,

based on propagation of the system density matrix. Details of our formalism are

provided in Refs. 47 and 48 and are not reproduced here.

1. Energy Domain

The signal consists, as in Eq. (2), of three components, describing the one-photon

route, the two-photon route, and the interference term between the one- and two-

photon routes from the bound state to the continuum. Analytical expressions for

the one- and two-photon terms, along with Feynman diagrams that assist in the

interpretation of their physical content, are provided elsewhere and are

interesting in other contexts. Here we limit attention to the interference term,

which is the subject of the earlier sections. In order to account for this term

within perturbation theory, one needs to expand the density matrix to at least the

third order in powers of the electric fields, since it involves one interaction with

the one-photon field, Eð1Þ and two interactions with the two-photon field, Eð2Þ. By
doing so in all possible permutations, we obtain six pathways in Liouville space,

consisting of three complex conjugate pairs that provide each one (real

arithmetic) pathway [47]. A schematic illustration of the different Liouville

space couplings and a diagrammatic representation of the associated processes

are displayed in Fig. 14.
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The three distinct physical processes pictured in Fig. 14 translate into three

closed form equations for the interference route from the initial to the final state

[47]. For the purpose of this chapter, these are more conveniently recast into a

single equation as

pS12 ¼
X
i;r

2mirmrfmif E
ð1Þ
0 jE

ð2Þ
0 j

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2
p

r0ii
�h3	ff ð	2

ir þ �2
irÞð	2

if þ �2
if Þð	2

rf þ �2
rf Þ

cosðfþ dSÞ ð58Þ

where

X ¼ ð	ir	rf þ �rf�irÞð	2
if þ �2

if Þ þ ð	ir	if � �if�irÞð	2
rf þ �2

rf Þ
þ ð	if	rf � �if�rf Þð	2

ir þ �2
irÞ ð59Þ

Y ¼ ð	rf�ir � 	ir�rf Þð	2
if þ �2

if Þ þ ð	ir�if þ 	if�irÞð	2
rf þ �2

rf Þ
� ð	if�rf þ 	rf�if Þð	2

ir þ �2
irÞ ð60Þ

and the channel phase dS is

dS ¼ tan�1ðX=YÞ ð61Þ

Figure 14. Liouville space coupling schemes and their respective double-sided Feynman

diagrams for three of the six pathways in Liouville space which contribute to pS12. The complex

conjugates are not shown. All pathways proceed only via coherences, created by the interactions

with the two fields shown as incoming arrows. Solid curves pertain to Eð1Þ and dashed curves to Eð2Þ.
(Reproduced with permission from Ref. 47, Copyright 2005 American Institute of Physics.)
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In Eqs. (58)–(60), mab denote electronic matrix elements of the dipole operator,

mab ¼ hbjrjai, a; b ¼ i; r; f ; r0ii is the initial probability of occupancy of a state

jii; and the 	ab govern the dissipative processes,

	ab ¼ 	pd þ 1
2
ð	aa þ 	bbÞ; a; b ¼ i; r; f ð62Þ

with 	pd denoting the pure dephasing [75] rate and 	aa the lifetime of level a.

Finally, �ir ¼ ððEr � EiÞ=�hÞ � o1 and �rf ¼ ððEf � ErÞ=�hÞ � o1 denote the

detunings of the intermediate state from resonance with the initial and final

states, respectively, and �if ¼ ððEf � EiÞ=�hÞ � 2o1.

The interference term is thus of the form of Eq. (4), where in the present case

dS reflects the molecular as well as the environment properties. Within our

occupation space formalism, it is given as a simple analytical function of system

parameters, and its physical content is explicit. In the isolated molecule limit,

where pure dephasing vanishes, Eq. (58) reduces to

pS12ð	pd ! 0Þ ¼
X
i;r

2mirmrfmif E
ð1Þ
0 jE

ð2Þ
0 j

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
	2
f þ �2

ir

q
r0ii

�h3ð	2
r þ �2

irÞð	2
f þ �2

if Þ
cosðfþ dSÞ ð63Þ

where 2	r ¼ 	rr and the channel phase d
S depends only on the intermediate state

lifetime and its detuning from resonance with the initial state,

dð	pd ! 0Þ ¼ tan�1
	rr

2�ir

� �
ð64Þ

Thus in the zero dephasing case, dS reduces to the Breit–Wigner phase of the

intermediate state resonance, elaborated on in the previous sections. In the

dissipative environment, it is sensitive also to decay and decoherence

mechanisms, as illustrated later.

As seen in Eqs. (59)–(61), dephasing processes introduce two new time scales

into the dynamics, in addition to the intermediate state lifetime that determines the

structure of dS in the isolated molecule case. One is the time scale of pure

dephasing, and the other is the lifetime of the final state. Equation (64) illustrates

that the 	ff dependence of d
S is a condensed phase effect that vanishes in the limit

of no dephasing. The more careful analysis later shows that the qualitative

behavior of the channel phase is dominated by the 	pd=	rr and 	pd=	ff ratios, that

is, by the rate of dephasing as compared to the system time scales.

Figure 15 illustrates the interplay between the time scales of intermediate

state decay, final state decay, and dephasing in determining the photon energy

dependence of dS. The final state in Fig. 15 is chosen to satisfy the resonance

condition when the intermediate state is resonantly excited, Ef � Ei ¼ 2ðEr � EiÞ.
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In the limit where 	�1pd � 	�1ff , dS takes the Breit–Wigner shape, observed in the

isolated molecule limit, whereas in the limit of fast dephasing 	�1ff � 	�1pd , d
S

becomes independent of photon energy. In the latter limit the information

regarding the phase properties of the material is lost, as is also the

controllability of the process with coherent light.

It is interesting to note (see Eqs. (59)–(61)) that pure decoherence introduces

dependence of the channel phase on the final state energies. This dependence

can be utilized to obtain new insights into the resonance properties, as illustrated

in Fig. 16. Here we explore the photon energy dependence of df for final state

Figure 15. Channel phase versus photon energy (�ho1) centered at the resonance energy

(Er � Ei ¼ 1:425 eV) for lifetime 	�1rr ¼ 400 fs: (a) 	�1ff ¼ 1800 fs and the pure dephasing time scale

	�1pd varies as: infinite (solid), 3000 fs (dash-dash-dotted), 300 fs (dashed), 100 fs (dot-dashed), 60 fs

(dot-dot-dashed), and 10 fs (dotted). (b) 	�1pd ¼ 300 fs and 	�1ff varies as: 18 fs (solid), 180 fs (dashed),

1800 fs (dot-dashed), 1:8� 104 fs (dot-dot-dashed), 1:8� 105 fs (dotted), and 1:8� 106 fs (dash-dash-

dotted). (Reproduced with permission from Ref. 47, Copyright 2005 American Institute of Physics.)

Figure 16. Channel phase versus photon energy (�ho1) centered at intermediate state peak for

	�1rr ¼ 40 fs (a) Ef � Ei ¼ 1:6 eV (above resonance) and 	�1ff ¼ 1010 fs. The dephasing time 	�1pd

varies as: 2 fs (dotted), 20 fs (dashed), 200 fs (dot-dashed), and no dephasing (solid). (b)

Ef � Ei ¼ 1:275 eV (below resonance) and 	�1pd ¼ 200 fs. The final state lifetime 	�1ff varies as:

6 fs (solid), 60 fs (dashed), 600 fs (dot-dashed), and 6000 fs (dotted). (Reproduced with permission

from Ref. 47, Copyright 2005 American Institute of Physics.)
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energies detuned from resonance with the initial state Ef � Ei 6¼ 2o1. In Fig. 16a

the final state decay rate is fixed and the pure dephasing rate is varied from well

below to well above the resonance decay rate. In the limit of very slow

dephasing, df takes the Breit–Wigner shape that characterizes the isolated

resonant case. Pure dephasing processes force the sigmoidal structure into a

hairpin bend, where the bending edge is related to the resonance energy. As 	pd

grows, the hairpin structure gradually flattens out, and in the limit of extremely

fast decoherence the phase information is again lost, df becoming a constant

function of the photon energy. Figure 16b complements this picture by displaying

the dependence of the off-resonance channel phase on the final state lifetime. The

sigmoidal shape obtained in the limit of short lifetime, 	�1ff 
 	�1pd , is gradually

distorted as 	�1ff grows, developing the p change of phase at the resonance energy

observed also in Fig. 16a. In the large 	�1ff limit, df stabilizes on the symmetric

hairpin structure—in essence the combination of two sigmoidal curves marking

the intermediate and initial state energies. Mathematically, this feature can be

shown to arise from interference between sequential and coherent pathways in

Liouville space (Fig. 14). From a physical perspective, it can be understood by

analogy to the emergence of spontaneous light emission from the interplay

between Raman and fluorescence processes in optics.

2. Time Domain

We proceed by generalizing the stationary state approach of the previous

subsection to the time domain. To that end we first consider the effects of a finite

laser pulsewidth and next explore the effect of a finite time delay between the

pulses. The latter signal reduces in the case of identical excitation pathways to

the method of two-photon interferometry that has been studied extensively in the

literature of solids and surfaces [79].

Using a perturbative analysis of the time-dependent signal, and focusing on

the interference term between the one- and two-photon processes in Fig. 14, we

consider first the limit of ultrashort pulses (in practice, short with respect to all

time scales of the system). Approximating the laser pulse as a delta function of

time, we have

pS12ðtÞ ! �
X
i;r

6

�h3
mirmrfmif E

ð1Þ
0 jE

ð2Þ
0 j

2roii cosðfþ p=2Þ exp½�	ff ðt � t0Þ	 ð65Þ

Equation (65) illustrates that in the limit of ultrashort pulses the two-pathway

method loses its value as a coherence spectroscopy; dS is fixed at p=2 irrespective
of the system parameters. From the physical perspective, when the excitation is

much shorter than the system time scales, the channel phase carries no imprint of

the system dynamics since the interaction time does not suffice to observe

dynamical processes.
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Figure 17 shows the signal versus the relative phase of the two laser pulses,

f, as obtained through time propagation of the equations of motion of the

density matrix elements. As the pulse duration decreases, the channel phase

converges, as expected, to the delta function limit dS ! p=2. For pulse

durations comparable to the system time scales, as long as the pulsewidth is

short with respect to the pure dephasing time, dephasing plays a minor role and

the signal carries the same information as in the isolated molecule limit

(compare solid and dashed curves in Fig. 17a). As the pulsewidth exceeds the

pure dephasing time, Fig. 17b, pure dephasing becomes noticeable. In the case

of off-resonant excitation, considered in Fig. 17b, pure dephasing enhances the

signal since it broadens the levels involved in the transition and hence lends

intensity to nonresonant processes.

As pointed out earlier, pure dephasing processes introduce dependence of the

channel phase on the final state energies. It is thus interesting to examine the

dependence of dS on the detuning of the two-photon field from resonance with

the jri to jf i transition, �rf ¼ ððEf � ErÞ=�h� o1. This function is plotted in

Fig. 18 for �ho1 on-resonance (panel a) and red detuned from resonance (panel b)

with the jii ! jri transition (Er � Ei ¼ 1:425 eV). In both cases one observes the

temporal shaping of the channel phase, as the increasing pulsewidth allows for

the resonance lifetime and pure dephasing time scales to emerge from the

interference of distinct Liouville space pathways. When the pulse duration

exceeds the system time scales, dS converges to the CW limit (compare the

dot-dashed and solid curves).

Before concluding the discussion of the time-domain two-pathway approach,

it is appropriate to expand on the relation of this experiment to the two-photon

interferometry of Refs. 78–80, where excitation with two phase-locked,

Figure 17. The total signal versus the relative phase of the laser fields for the case of no pure

dephasing (solid curves) and for 	�1pd ¼ 30 fs (dashed curves). The pulsewidth for the two cases is

varied as follows: (a) 4 fs (circles) and 30 fs (diamonds); and (b) 150 fs (squares) and 200 fs

(triangles). (Reproduced with permission from Ref. 48, Copyright 2006 American Institute of

Physics.)
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time-shifted pulses has been used to probe decoherence processes in systems

such as surface states [80], holes [81], and chemisorbed states [82]. The

similarity is evident: the variable time delay between the two pulses translates

into a controllable phase difference between the two coherent excitation routes

that plays an analogous role to f, although it is not independent of the system

properties.

As applied so far, the interferometric method uses pulses of identical

photon energies, but we envision a modification where the two equal energy

excitation routes correspond to different frequencies, for example, o2 ¼ 2o1.

Modifying the scheme of the previous sections by introducing a variable time

delay between the two pulses, we find that pathway B of Fig. 14 and its

complex conjugate disappear, since simultaneous interactions with both

electric fields are needed at any given time to complete these pathways. Also,

depending on which pulse field arrives first, only one of the pathways A or C

of Fig. 14 and its complex conjugate will be available and contribute to the

interference process. The first pulse creates a coherence jiihf j, and the second,

time-delayed pulse probes how much of this coherence has survived the pure

dephasing process. Pathway C of Fig. 14 corresponds to a process where the

one-photon pulse arrives first, at a time T1, and is followed by the two-photon

pulse at a time T2. In the delta pulse limit, the associated interference term

takes the form

pS12ðtÞ ¼ �
X
i;r

2

�h3
mirmkfmif E

ð1ÞjEð2Þj2roii exp½�	ff ðt � T2Þ	

� exp½�	if ðT2 � T1Þ	 sinðfþ �if ½T2 � T1	Þ ð66Þ

Figure 18. The channel phase versus the final state energy for 	�1rr ¼ 40 fs and 	�1pd ¼ 40 fs.

The pulse durations are as in Fig. 17. Panel (a) corresponds to resonant excitation of the intermediate

state, �ho1 ¼ 1:425 eV, and panel (b) to red-detuned excitation, �ho1 ¼ 1:275 eV. (Reproduced with

permission from Ref. 48, Copyright 2006 American Institute of Physics.)
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where t > T2 > T1 and �if ¼ ððEf � EiÞ=�h� 2o1. Thus the interference term

decays as a function of the time delay, and its rate of decay is determined by

the decoherence rate between the initial and final states. (The same result,

differing only in the sign of �if , holds if the order of the pulses is reversed, as

depicted by path A in Fig. 14.) The analytical result of Eq. (66) is derived in the

d-pulse approximation, but its conclusions hold equally in the finite-pulse case.

Numerical illustrations are provided elsewhere. We mention here only that, while

the approach is similar to the familiar method of two-photon interferometry [79],

already successfully utilized to probe a variety of dephasing mechanisms, the

distinguishability of the two optical pathways provides potentially new

information. In particular, we find [48] that the combination of the two-pathway

excitation method with the time-domain interferometry method could be used to

disentangle relaxation from pure dephasing and determine the rates of both

processes.

VI. OUTLOOK: WHERE FROM HERE?

In the previous sections we reviewed the problem of the channel phase, an

outgrowth of the energy-domain, two-pathway approach to phase control, which

we regard as a ‘‘coherence spectroscopy.’’ Having placed this topic in context

with other coherent means of inquiring into molecular properties in Section I, we

provided a qualitative introduction to the structure and information content of the

channel phase in Section II, and proceeded in Sections III and IV with a detailed

description of an experimental method of measuring it and an account of the

underlying theory. Finally, we provided examples in Section V ranging from

isolated atoms and diatomic molecules to polyatomic chemistry and extended

dissipative systems, including both theoretical and experimental research.

Although coherent control is now a mature field, much remains to be

accomplished in the study of the channel phase. There is no doubt that

coherence plays an important role in large polyatomic molecules as well as in

dissipative systems. To date, however, most of the published research on the

channel phase has focused on isolated atoms and diatomic molecules, with very

few studies addressing the problems of polyatomic and solvated molecules. The

work to date on polyatomic molecules has been entirely experimental, whereas

the research on solvated molecules has been entirely theoretical. It is important

to extend the experimental methods from the gas to the condensed phase and

hence explore the theoretical predictions of Section VC. Likewise interesting

would be theoretical and numerical investigations of isolated large polyatomics.

A challenge to future research would be to make quantitative comparison of

experimental and numerical results for the channel phase. This would require

that we address a sufficiently simple system, where both the experiment and the

numerical calculation could be carried out accurately.
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We began our analysis in Section II and ended it in Section VC2 by making the

connection of the time- and energy-domain approaches to both coherence

spectroscopy and coherent control. It is appropriate to remark in closing that new

experimental approaches that combine time- and energy-domain techniques are

currently being developed to provide new insights into the channel phase problem.

We expect that these will open further avenues for future research.
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I. INTRODUCTION

Reaction rate theory, broadly defined, characterizes the long-time dynamics of

systems with several metastable states. It is therefore relevant to the understanding

of a wide range of systems in physics, chemistry, and biology. The centerpiece of

classical rate theory is transition state theory (TST), which has provided a guiding

framework to the theory of chemical reactions for decades (see Refs. 1–4 for early

work in the field and Refs. 5–9 for reviews). TST serves a dual purpose in reaction

rate theory: it provides an intuitive picture of the reaction dynamics and, through

this picture, it guides the development of efficient computational schemes for the

numerical calculation of reaction rates. The fundamental concept of TST is the

transition state (TS) or activated complex that marks the transition from

‘‘reactants’’ and ‘‘products.’’ It has been realized only recently that this

fundamental idea is widely applicable not only in theoretical chemistry, where it

was developed, but also to problems as diverse as the ionization of atoms [10, 11],

the rearrangement of clusters [12], conductance through microjunctions [13],

asteroid capture [14], and even phase transitions in cosmology [15]. Accordingly,

the term ‘‘reaction’’ should in the following be understood in this broad sense.

TST is traditionally based on the assumption that the reaction rate is

determined by the dynamics in a small area of phase space and that in this

‘‘bottleneck’’ area a dividing surface can be identified that all reactive trajectories

must cross and that no trajectory can cross more than once. If such a surface can

be found, TST will yield the exact reaction rate (apart from quantum effects)

[16, 17]. Approximate dividing surfaces that are located near the bottleneck, but

are not strictly free of recrossings, still provide a portrait of the activated complex

and an upper bound for the reaction rate. For this reason, they have been used

routinely in the chemistry community (e.g., see Refs. 7,18, and 19). Nevertheless,

a no-recrossing dividing surface remains the gold standard, and a prescription for

its construction has been sought for a long time. It was found in the 1970s for the

special case of systems with two degrees of freedom [20–22]. A general method

that yields a no-recrossing TS dividing surface for reactions in arbitrarily many

degrees of freedom has been described only recently [10–12, 14, 23–35]. It is

based on a phase-space rather than a configuration-space picture of the dynamics

and employs a detailed description of invariant geometric objects in phase space.

Apart from allowing one to construct a no-recrossing dividing surface and thereby
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solving the fundamental problem of TST, this geometric approach provides

impenetrable barriers that separate reactive trajectories from those that are

nonreactive. Knowing these separatrices, one can therefore predict whether or not

a given initial condition will lead to a reaction, without having to carry out any

detailed propagation of trajectories.

The powerful techniques of geometric TST are well adapted to the

description of autonomous gas-phase reactions, which form also the

prototypical setting for traditional TST. Most reactions of practical relevance,

however, do not fall into this class. Instead, the reactive species are typically

subject to the influence of a time-dependent environment. If the physical insight

and the computational efficiency offered by TST are to be retained for those

systems, its conceptual framework must be extended to incorporate external

driving forces. Many reactions take place in simple liquids in which the external

driving forces can be treated using continuum methods, and hence approximate

transition state structures have been known for some time [7, 18, 19, 36]. A

detailed dynamical picture of exact time-dependent transition states in phase

space has recently begun to emerge [37–40]. Here we survey these

developments to emphasize the generality of the underlying ideas, which might

not be readily apparent in the original papers that focus on special cases.

The paradigmatic example of an externally driven reactive system is that of a

chemical reaction in a liquid. This case is particularly challenging because the

driving force arises from the interaction with a macroscopic number of solvent

modes. The force exerted by the solvent onto the solute fluctuates seemingly

randomly around an average value that depends on the instantaneous configura-

tion of the solute. The quasideterministic average part gives rise to an effective

renormalization of the free energies. The computation of these shifts poses a

complicated many-body problem that has been approached using, for example,

linear-response theory and/or projection operator methods [41–48]. Once they are

known, however, their impact on the reaction dynamics can be discussed within

the established framework of TST. The time-dependent fluctuations around the

mean force, by contrast, require an extension of that framework. Many advances

in multidimensional and variational transition state theory were motivated by the

search for such an extension [7, 18, 19, 36], and indeed, such problems were also

the original motivation for the recent development of time-dependent TST. Its

fundamental concepts apply nevertheless to deterministic as well as stochastic

driving, although the details of the dynamics are quite different. The main

difference is due to the quasideterministic damping that results from a stochastic

force according to the fluctuation-dissipation theorem, but is absent under

deterministic driving. Deterministic time-dependent TST can thus be firmly

rooted in the familiar Hamiltonian setting.

The study of deterministically driven reactive systems has become prominent

as the development of laser technology over the past decades has led to laser pulses

whose duration is comparable to the time scale of molecular motion (i.e., pico- or
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femtosecond) [49–52] and is now heading toward the attosecond time scale of

electronic dynamics [53, 54]. It is now becoming feasible to control chemical

reactions on a microscopic level through the application of judiciously shaped

laser pulses [55]. To understand the influence of a laser pulse onto the reaction

dynamics, and to determine a pulse shape that would steer the reaction toward a

desired outcome, one needs a conceptual framework capable of describing the

dynamics in microscopic detail. The time-dependent TST offers the prospect of

providing such a framework, and this scenario has motivated its development for

deterministic driving so far, without being the only possible area of application.

Reaction rates in the presence of a random force were derived by Kramers [56]

for the limits of weak and strong damping by the environment. His derivations did

not use TST ideas. Indeed, it might initially appear that TST is ill equipped to

handle the influence of the environment because the fluctuating force will cause

the reactive system to move randomly back and forth, so that any dividing surface

in phase space will be crossed many times by a typical reactive trajectory [57]. It

therefore seems that any calculation of a reaction rate that is based on a TST

approach is bound to overestimate the rate, and indeed powerful computational

schemes such as transition path sampling [58, 59] are available that dispense with

the notion of the transition state altogether. In fact, however, the Kramers rate

formula can be obtained from TST approaches if an explicit infinite-dimensional

model of the heat bath is introduced and the dividing surface is located in the

infinite-dimensional phase space of the extended system [44, 60, 61]. This

observation led to a solution of the Kramers turnover problem, that is, a rate

formula that interpolates between the limits of low and high friction [61–65].

Remarkably, this result can be derived without recourse to a microscopic model of

the heat bath. To this end, Graham [64] introduced a macroscopic reaction

coordinate for the dynamics in the vicinity of the barrier top that reappears here as

part of a complete dynamically adapted coordinate system. That coordinate

system was subsequently used by Martens [66] to describe the noise-averaged

macroscopic dynamics in the geometric language of dynamical-systems theory.

The time-dependent framework presented here allows one to bridge the gap

between macroscopic and microscopic descriptions of the dynamics in that it

gives easy access to microscopic information that characterizes the dynamics for a

specific realization of the fluctuating force, but at the same time does not require

one to introduce an explicit model of the heat bath.

Followingmost earlier work on either traditional or geometric TST, we assume

that reactants and products are separated in phase space by a bottleneck (or barrier)

on the potential energy landscape. The location of this barrier in configuration

space is generally marked by a col or saddle point of the potential energy. In an

autonomous system, the saddle corresponds to a fixed point of the dynamics in

phase space that is of crucial importance to geometric TST. In the presence of

external driving, that fixed point ceases to exist, and one of the central challenges
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in the development of time-dependent TST is to find a geometric object in phase

space that can replace it. We define a transition state (TS) trajectory that satisfies

this requirement under a wide variety of conditions. Several authors have

previously discussed how fixed points in autonomous Hamiltonian systems can be

generalized to driven systems (e.g., see Refs. 67–69). However, these studies were

largely focused on stable fixed points and restricted to periodic or quasiperiodic

driving. In these cases, the fixed point is replaced by a periodic orbit or an invariant

torus. TST requires the treatment of unstable fixed points that correspond to rank-1

saddle points of the potential energy. In addition, we aim to present a framework

that is applicable to as broad a class of external driving forces as possible.

Throughout the following development, we assume that, although the fixed point

on the barrier top is lost, the bottleneck itself remains intact; that is, the external

driving is not strong enough to obliterate thewells and barriers in the deterministic

potential altogether.

This chapter is organized as follows. In Section II, we briefly summarize the

findings of the geometric TST for autonomous Hamiltonian systems to the extent

that it is needed for the present discussion. Readers interested in a more detailed

exposition are referred to Ref. 35, where the field has recently been reviewed in

depth. We restrict our discussion to classical mechanics. Semiclassical extensions

of geometric TST have been developed in Refs. 70–75. Section III discusses the

notion of the TS trajectory in general and its incarnation in different specific

settings. Section IV demonstrates how the TS trajectory allows one to carry over

the central concepts of geometric TST into the time-dependent realm.

II. GEOMETRIC TST

The geometric approach to multidimensional TST has been developed

independently along two different lines that were labeled the ‘‘top–down’’ and

‘‘bottom–up’’ approaches in Ref. 35. Both approaches are equivalent. They lead

to similar computational procedures using Lie–Deprit normal form transforma-

tions [76–78]. The bottom–up approach [12, 24–30] starts by considering

individual trajectories. It constructs a coordinate system in which the complexity

of the trajectories is reduced through a constant of motion and, in particular, a

recrossing-free dividing surface can be specified. The top–down approach

[10, 11, 14, 23, 33–35], which we mainly follow here, proceeds in several steps.

First, the dynamics is linearized around the saddle point that marks the barrier

between reactants and products. The linearized equations of motion can be

solved explicitly, and the dynamics can be described in detail. Second, invariant-

manifold theory is invoked to conclude that certain qualitative features that are

represented by invariant manifolds remain intact in the full nonlinear system.

These manifolds are calculated explicitly using normal form theory. In this

manner, one can construct a normally hyperbolic invariantmanifold (NHIM) of the
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reactive dynamical system that can be identified as the geometric representation

of the classical TS. This notion provides a precise statement of the earlier idea to

identify the TS with a classical bound state above the barrier [20]. It strictly

satisfies the fundamental requirement of TST, that, at least locally, no trajectory

can recross the TS after crossing it once. In two degrees of freedom, the NHIM

coincides with the well-known periodic-orbit dividing surface (PODS) that has

been widely applied in reaction-rate studies [20–22]. Unlike earlier ap-

proaches, however, the NHIM formulation of TST can be applied in phase

spaces of arbitrary dimensionality. The stable and unstable manifolds of the

NHIM serve as separatrices between reactive and nonreactive trajectories.

They generalize the cylindrical manifolds that play the same role in two-

dimensional systems [79–81]. They are typically calculated in the vicinity of

the barrier through a normal form expansion and can then be continued into the

well regions numerically. They thus allow one to distinguish reactive from

nonreactive regions of the reactant phase space even far away from the barrier

and to discuss the nonlocal dynamics that ultimately leads to recrossings

[31, 82–87].

We assume that the dynamics of the reactive system is described by a

Hamiltonian of the form

Hðp; qÞ ¼ 1
2
p2 þ UðqÞ ð1Þ

where q ¼ ðq1; . . . ; qNÞ is a set of N mass-weighted coordinates and

p ¼ ðp1; . . . ; pNÞ is the set of conjugate momenta. Equation (1) covers most

applications in chemistry, but it is not completely general. The phase-space

approach to TST allows one to handle more general Hamiltonians easily

[11, 35]. It will become clear later that the same holds for its time-dependent

generalization. We nevertheless restrict the discussion to Eq. (1) for simplicity.

One of the fundamental assumptions of TST states that the reaction rate is

determined by the dynamics in a small neighborhood of the saddle point, which

we place at q ¼ 0. It is then a reasonable approximation to expand the potential

UðqÞ in a Taylor series around the saddle and retain only the lowest-order terms.

Because rqUðq ¼ 0Þ ¼ 0 at the saddle point itself, these are of second order

and lead to the Hamiltonian

Hðp; qÞ ¼ 1
2
p2 � 1

2

P
i;j
qi�ijqj ð2Þ

where the potential energy Uðq ¼ 0Þ at the saddle point has been set to zero and

the matrix X of force constants is given by

�ij ¼ �
q2U
qqi qqj

����
q¼0

ð3Þ
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Although any coordinate system can in principle be chosen, it is convenient to

choose one for which

X ¼

o2
b

�o2
2

. .
.

�o2
N

0
BBB@

1
CCCA ð4Þ

is diagonal. In Eq. (2), q1 is the reaction coordinate that corresponds to the single

unstable degree of freedom of the dynamics around the saddle point. The

instability is characterized by the barrier frequency ob. The frequencies

o2; . . . ;oN describe the frequencies of oscillations in the stable transverse

normal modes q2; . . . ; qN .
In the normal-mode coordinates, the Hamiltonian in Eq. (2) reads

Hðp; qÞ ¼ 1
2
ðp21 � o2

bq
2
1Þ þ 1

2
ðp22 þ o2

2q
2
2Þ þ � � � þ 1

2
ðp2N þ o2

2q
2
NÞ ð5Þ

Therefore, the normal modes ðp1; q1Þ; . . . ; ðpN ; qNÞ decouple, which makes the

dynamics in the barrier region extremely simple [70]. It can be put into an even

simpler form by introducing the coordinates

Q1 ¼
1ffiffiffi
2
p ffiffiffiffiffiffi

ob

p
q1 þ

p1ffiffiffiffiffiffi
ob
p

� �
; P1 ¼

1ffiffiffi
2
p p1ffiffiffiffiffiffi

ob
p � ffiffiffiffiffiffi

ob

p
q1

� �
ð6aÞ

and

Qj ¼
1ffiffiffi
2
p ffiffiffiffiffi

oj
p

qj þ i
pjffiffiffiffiffi
oj
p

 !
; Pj ¼

1ffiffiffi
2
p pjffiffiffiffiffi

oj
p � i

ffiffiffiffiffi
oj
p

qj

 !
ð6bÞ

for j ¼ 2; . . . ;N. In these coordinates, the Hamiltonian reads

HðP;QÞ ¼ obP1Q1 þ
XN
j¼2

iojPjQj ð7Þ

and yields the equations of motion

_P1 ¼ �obP1; _Q1 ¼ obQ1 ð8aÞ
_Pj ¼ �iojPj; _Qj ¼ iojQj for j ¼ 2; . . . ;N ð8bÞ

The phase space is formally decomposed into one-dimensional invariant

subspaces. This is only a formal decomposition because the coordinates Qj
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and momenta Pj of the bath modes are complex. It is nevertheless useful to

describe the linear and nonlinear dynamics in the autonomous case and is

indispensable for the discussion of driven systems.

Because the degrees of freedom decouple in the linear approximation, it is

easy to describe the dynamics in detail. There is the motion across a harmonic

barrier in one degree of freedom and N � 1 harmonic oscillators. Phase-space

plots of the dynamics are shown in Fig. 1. The transition from the ‘‘reactant’’

region at q1 < 0 to the ‘‘product’’ region at q1 > 0 is determined solely by the

dynamics in ðp1; q1Þ, which in the traditional language of reaction dynamics is

called the reactive mode.

The point q1 ¼ p1 ¼ 0 (or P1 ¼ Q1 ¼ 0) is a fixed point of the dynamics

in the reactive mode. In the full-dimensional dynamics, it corresponds to

all trajectories in which only the motion in the bath modes is excited. These

trajectories are characterized by the property that they remain confined to the

neighborhood of the saddle point for all time. They correspond to a bound

state in the continuum, and thus to the transition state in the sense of Ref. 20.

Because it is described by the two independent conditions q1 ¼ 0 and p1 ¼ 0,

the set of all initial conditions that give rise to trajectories in the transition state

forms a manifold of dimension 2N � 2 in the full 2N-dimensional phase space.

It is called the central manifold of the saddle point. The central manifold is

subdivided into level sets of the Hamiltonian in Eq. (5), each of which has

dimension 2N � 1. These energy shells are normally hyperbolic invariant

manifolds (NHIM) of the dynamical system [88]. Following Ref. 34, we use the

term NHIM to refer to these objects. In the special case of the two-dimensional

system, every NHIM has dimension one. It reduces to a periodic orbit and

reproduces the well-known PODS [20–22].

The trajectories of the NHIM are characterized by zero values of both P1 and

Q1. A nontrivial dynamics in the reactive mode is obtained if either of these

coordinates takes a nonzero value. According to the equation of motion (8),

q1

p1 Q1P1

I1>0

I1>0

I1<0
I1<0

(a)

qi

pi

(b)

Figure 1. Phase-space portrait of the dynamics described by the linearized Hamiltonian in

Eq. (5), projected onto (a) the reactive mode and (b) a bath mode.
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P1 exponentially decreases to zero as t!1, whereas Q1 increases. Trajectories

with Q1 ¼ 0 therefore asymptotically approach the central manifold

P1 ¼ Q1 ¼ 0 as t!1, or, more precisely, they approach the NHIM of the

appropriate energy within the central manifold. Due to this behavior, the set of

all initial conditions with Q1 ¼ 0 is called the stable manifold of the NHIM.

Similarly, trajectories with P1 ¼ 0 asymptotically approach the NHIM as

t! �1. They are said to form the unstable manifold of the NHIM.

A typical trajectory has nonzero values of both P1 and Q1. It is part of neither

the NHIM itself nor the NHIM’s stable or unstable manifolds. As illustrated in

Fig. 1a, these typical trajectories fall into four distinct classes. Some trajectories

cross the barrier from the reactant side q1 < 0 to the product side q1 > 0

(reactive) or from the product side to the reactant side (backward reactive).

Other trajectories approach the barrier from either the reactant or the product

side but do not cross it. They return on the side from which they approached

(nonreactive trajectories). The boundaries or separatrices between regions of

reactive and nonreactive trajectories in phase space are formed by the stable and

unstable manifolds of the NHIM. Thus once these manifolds are known, one can

predict the fate of a trajectory that approaches the barrier with certainty, without

having to follow the trajectory until it leaves the barrier region again. This

predictive value of the invariant manifolds constitutes the power of the

geometric approach to TST, and when we are discussing driven systems, we

mainly strive to construct time-dependent analogues of these manifolds.

A convenient quantitative characterization of the stable and unstable

manifolds themselves as well as of reactive and nonreactive trajectories can

be obtained by noting that the special form of the Hamiltonian in Eq. (5) allows

one to separate the total energy into a sum of the energy of the reactive mode

and the energies of the bath modes. All these partial energies are conserved. The

value of the energy

E1 ¼ 1
2
ðp21 � o2

bq
2
1Þ ¼ obP1Q1 ð9Þ

in the reactive mode distinguishes reactive from nonreactive trajectories: a

trajectory forwhichE1 is positive (i.e., larger than the potential energy at the saddle

point) will cross the barrier, a trajectory with negative E1 will be reflected by it.

Instead of the reactive-mode energy E1, it is convenient to study the

associated action variable

I1 ¼ E1=ob ¼ P1Q1 ð10Þ

The stable and unstable manifolds are then described by I1 ¼ 0, reactive

trajectories by I1 > 0, and nonreactive trajectories by I1 < 0.

In addition to describing the TS and the separatrices between reactive and

nonreactive trajectories that are the central discovery of geometric TST, one can
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also easily specify a recrossing-free dividing surface, the centerpiece of

traditional TST. As Fig. 1 shows, the surface defined by q1 ¼ 0 is crossed only

by reactive trajectories, and no trajectory crosses it more than once. If one

restricts the surface to one of the half-planes q1 ¼ 0; p1 > 0 or q1 ¼ 0; p1 < 0,

one can study forward or backward reactive trajectories, respectively. In contrast

to the NHIM and its stable and unstable manifolds, the dividing surface is not

uniquely defined by the dynamics. Any sufficiently small deformation of the

surface just specified would also be free of recrossings. This nonuniqueness is

due to the fact that the dividing surface can obviously not be invariant under the

dynamics because trajectories have to cross it. For a rate calculation, however, it

suffices to know any recrossing-free dividing surface, and one is free to choose

it conveniently.

So far, the discussion of the dynamics and the associated phase-space

geometry has been restricted to the linearized Hamiltonian in eq. (5). However,

in practice the linearization will rarely be sufficiently accurate to describe the

reaction dynamics. We must then generalize the discussion to arbitrary

nonlinear Hamiltonians in the vicinity of the saddle point. Fortunately, general

theorems of invariant manifold theory [88] ensure that the qualitative features

of the dynamics are the same as in the linear approximation: for every energy

not too high above the energy of the saddle point, there will be a NHIM with its

associated stable and unstable manifolds that act as separatrices between

reactive and nonreactive trajectories in precisely the manner that was described

for the harmonic approximation.

Although general results guarantee the existence of the invariant objects that

are used in geometric TST, calculating them for a specific nonlinear

Hamiltonian system can be a difficult task. It was shown in Ref. 34 that

normal form theory, a particular form of classical perturbation theory, provides

an effective means to carry out these calculations. Normal form theory allows

one to construct a coordinate system ð�P1; �Q1; . . . ; �PN ; �QNÞ in which, to an

arbitrary degree of approximation, the reactive mode ð�P1; �Q1Þ decouples from
the bath modes. The action variable �I1 ¼ �P1

�Q1 is conserved and distinguishes

reactive from nonreactive trajectories. The separatrices are then given by �I1 ¼ 0,

as in the linear approximation. In these coordinates, the central manifold

(i.e., the collection of NHIMs) can be characterized by

M¼ fð�P; �QÞ : �P1 ¼ �Q1 ¼ 0g ð11aÞ

and the associated stable and unstable manifolds by

Ws ¼ fð�P; �QÞ : �Q1 ¼ 0g ð11bÞ
Wu ¼ fð�P; �QÞ : �P1 ¼ 0g ð11cÞ
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The normal form coordinate systems also allow one to define a TS dividing

surface

T ¼ fð�P; �QÞ : �P1 ¼ �Q1g ð11dÞ

as the surface on which

�q1 ¼
1ffiffiffiffiffiffiffiffi
2ob

p ð�Q1 � �P1Þ ¼ 0 ð12Þ

This surface is locally free of recrossings. It remains possible, however, that a

trajectory leaves the vicinity of the barrier, descends into the product well, and

later approaches the barrier again and recrosses the dividing surface. This

sequence of events would phenomenologically be described as a reaction that is

followed by a back-reaction. If enough time elapses between subsequent

crossings, this possibility does not violate the no-recrossing assumption of TST

because the initial reaction that is indicated by the crossing of the dividing

surface has actually taken place. The dynamics that leads to nonlocal recrossings

can be investigated by calculating the separatrices far away from the barrier

[31, 82–87]. As its counterpart in the linearized dynamics, the dividing surface in

Eq. (12) is not uniquely defined by the dynamics. Nevertheless, geometric TST

allows one to construct a dividing surface free of recrossings, which has formerly

been impossible in general.

The algorithm used in the normal form transformation is not discussed here

in detail. It is described in Refs. 34 and 35. A time-dependent generalization of

this normal form procedure is presented in Section IVB.

III. THE TRANSITION STATE TRAJECTORY

The geometric version of TST laid out in Section II is centered around the NHIM

that defines the dividing surface and its stable and unstable manifolds that act as

separatrices. The NHIMs at different energies are in turn organized by the saddle

point. It forms a fixed point of the dynamics—that is it is itself an invariant

object—and it provides the Archimedean point in which the geometric phase-

space structure is anchored.

In the presence of external driving that is not strong enough to wipe out the

troughs and barriers of the autonomous potential altogether, the location of the

reaction bottleneck is still roughly characterized by the saddle point. However,

the saddle point is no longer a dynamical fixed point. It does not provide an

invariant object in phase space that could serve as the carrier of a TS dividing

surface or of the separatrices. In order to generalize the geometric picture of
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autonomous TST to time-dependent settings, it is essential to find an invariant

object in the phase space of the time-dependent dynamics that can play the role

of the saddle point and serve as the anchor of more complicated structures. This

need is satisfied by the transition state trajectory that we first introduced for

stochastically driven systems [38].

In an autonomous system, because the saddle point is unstable in the reactive

degree of freedom, most trajectories will either descend into one of the wells in

the future or have ascended from a well in the past. Typically, they do both. The

fixed point (at the threshold energy) and the trajectories within the NHIM

(at higher energies) are distinguished from all other trajectories by the property

that they are trapped in the barrier region. It is for this reason that they are of

special importance for the dynamics in the barrier region, and it is this

characteristic property that has to be preserved in the transition to driven

systems. We are thus led to the following general definition:

A trajectory that remains in the vicinity of the barrier for all times in the future and

in the past, without ever descending on either side, is called a transition state

trajectory.

The exact meaning of this condition depends on the details of the external driving

and has to be specified on a case-by-case basis. The notion of the TS trajectory is

thereby given enough flexibility to offer a guiding concept for the study of

different types of driven systems.

In an autonomous system, any trajectory within the NHIM satisfies the

definition of the TS trajectory. Thus the TS trajectory cannot in general be

unique. In the particular case of two-dimensional systems, the periodic orbits

giving rise to the PODS [20–22] at any energy above the saddle point are TS

trajectories. At high energies, the large-amplitude oscillation of the PODS

will explore positions far from the saddle point along the stable direction,

although never entering the reactant or product exit channels. Moreover, if

the nonlinearities are strong, the PODS can be markedly displaced from the

saddle point [89], so that it might appear to be placed on the slope of the

potential, although in fact it represents the classical bound state that TST

requires [20]. This familiar example illustrates that the above definition

should not be understood to require the TS trajectory to remain in the

immediate neighborhood of the saddle point for all time. Instead, what is

postulated is that the TS trajectory dances around the unstable ridge of the

potential energy surface and never descends into one of the wells so as to

settle there.

Because energy is not conserved in a time-dependent system, it is not

meaningful to ascribe a certain energy to a TS trajectory in the way that the

fixed point and the NHIM in an autonomous system exist at different energies.

Instead, there is typically a single TS trajectory that is uniquely defined by the
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driving force. It can be regarded as the generalization of the saddle point,

whereas an analogue of the NHIM is absent in the time-dependent setting. In

special circumstances, if there exist undamped oscillatory modes, there are

several TS trajectories that span a NHIM, as described later.

A. The TS Trajectory in White Noise

The concept of the TS trajectory was first introduced [37] in the context of

stochastically driven dynamics described by the Langevin equation of motion

€qaðtÞ ¼ �rqUðqaðtÞÞ � G _qaðtÞ þ naðtÞ ð13Þ

In Eq. (13), the vector q denotes a set of mass-weighted coordinates in a

configuration space of arbitrary dimension N, UðqÞ is the potential of mean force

governing the reaction, G is a symmetric positive-definite friction matrix, and

naðtÞ is a stochastic force that is assumed to represent white noise that is

Gaussian distributed with zero mean. The subscript a in Eq. (13) is used to label a

particular noise sequence naðtÞ. For any given a, there are infinitely many

different trajectories qaðtÞ that are distinguished by their initial conditions at

some time t0. If the stochastic force is assumed to arise from a heat bath at a given

temperature T , its statistical properties determine the friction matrix G through

the fluctuation-dissipation theorem [41, 42, 48, 90, 91]

hnaðtÞnTaðt0Þia ¼ 2kBTGdðt � t0Þ ð14Þ

where the angular brackets denote the average over the instances a of the

fluctuating force, and the Dirac d function appears because white noise is local in
time—that is, the strengths of the stochastic force at different times are

statistically uncorrelated. The fluctuation-dissipation theorem implies the

presence of damping in any system that is driven by an equilibrium heat bath.

Stochastically driven systems are therefore fundamentally different from

deterministically driven Hamiltonian systems, where no dissipation occurs.

The deterministic force in Eq. (13) is formally assumed to be derived from a

potential UðqÞ. However, it will become clear in the following that this

assumption is not necessary: it would be straightforward to include velocity-

dependent forces that arise from, for example, a magnetic field.

As a first step toward a TST treatment of the stochastically driven dynamics,

it is crucial to assume, just as in the autonomous case, that the deterministic

dynamics has a fixed point that marks the location of an energetic barrier

between reactants and products. In the case of Eq. (13), the fixed point is given

by a saddle point q0 of the potential UðqÞ. The reaction rate is determined by the
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dynamics in a small neighborhood of the saddle point, so that the deterministic

force can be linearized around the saddle point to yield

€qaðtÞ ¼ XqaðtÞ � G _qaðtÞ þ naðtÞ ð15Þ

where the first term on the right-hand side involves the symmetric force constant

matrix in Eq. (3).

The linearization of the deterministic dynamics allows one to solve the

equations of motion explicitly. Equation (15) can be rewritten as a first-order

equation of motion in the 2N-dimensional phase space with the coordinates

z ¼ q
v

� �
ð16Þ

where v ¼ _q, as

_zaðtÞ ¼ AzaðtÞ þ
0

naðtÞ

� �
ð17Þ

with the 2N-dimensional constant matrix

A ¼ 0 I
X �G

� �
ð18Þ

where I is the N � N identity matrix. If the matrix A is diagonalized, the

Langevin equation (17) decomposes into a set of 2N independent scalar

equations of motion

_zajðtÞ ¼ ljzajðtÞ þ xajðtÞ ð19Þ

where lj are the eigenvalues ofA, the coordinates zaj are the components of z in the
basis Vj of eigenvectors, and xaj are the corresponding components of ð0; naðtÞÞT.

In the absence of damping (G ¼ 0), there will be the real eigenvalues �ob

corresponding to the reactive mode and the purely imaginary eigenvalues �ioi

describing the oscillations in the bath modes, as discussed in Section II. Nonzero

damping will shift the real eigenvalues toward smaller values. The bath mode

oscillations will be damped, and the corresponding eigenvalues will acquire

negative real parts if the damping is weak. They will become negative real if the

damping is so strong that some modes are overdamped. In summary, there will

always be one positive real eigenvalue, and all other eigenvalues will have negative

real parts. No purely imaginary eigenvalues can exist in the presence of damping.

The set (19) of equations of motion can be solved explicitly [37] by

zajðtÞ ¼ caje
lj t þ z

z
ajðtÞ ð20Þ
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where caj are arbitrary constants and z
z
ajðtÞ is a particular solution given by

z
z
ajðtÞ ¼

R t
�1 eljðt�tÞxajðtÞ dt; if Re lj < 0

�
R1
t

eljðt�tÞxajðtÞ dt; if Re lj > 0

(
ð21Þ

Note that because of the decaying exponential factors the integrals in Eq. (21)

exist unless the stochastic force xajðtÞ increases exponentially in strength for

large positive or negative times, which occurs only with probability zero. To

ensure convergence, one must choose the particular solution of Eq. (21) as an

integral over the past driving force if Re lj < 0 and as an integral over future

driving if Re lj > 0.

We identify the trajectory zzaðtÞ, which is obtained by setting caj ¼ 0 in

Eq. (20) for all components, as the TS trajectory. To justify this identification,

we must demonstrate that this trajectory remains in the vicinity of the barrier for

all times, without ever descending on either side, and we must make precise in

what sense this statement is true. In the case of stochastic driving, we adopt a

statistical interpretation of this condition.

The definition (21) of the TS trajectory in white noise can be rewritten as

follows [40]. For a function f ðtÞ with the Fourier transform

f̂ ðoÞ ¼ 1ffiffiffiffiffiffi
2p
p

Z 1
�1

f ðtÞ expð�iotÞ dt ð22Þ

and for a complex number m, let

S½m; f 	ðtÞ ¼ 1ffiffiffiffiffiffi
2p
p

Z 1
�1

f̂ ðoÞ
�mþ io

expðiotÞ do ð23Þ

In terms of this functional, the definition (21) of the TS trajectory can be written

z
z
ajðtÞ ¼ S½lj; xaj	ðtÞ ð24Þ

This form, while less explicit than Eq. (21), allows one to treat stable and

unstable modes on an equal footing and provides an efficient way to evaluate the

TS trajectory numerically for a given instance of the noise. It also proves

convenient to use this notation in the calculation of a TS trajectory for systems

under the influence of nonwhite noise or deterministic driving.

The TS trajectory zzaðtÞ given by Eq. (21) depends on time t and on the

instance of the noise that is represented by the subscript a. Properly speaking,

therefore, it defines a statistical ensemble of trajectories. For a fixed time t0,

it specifies a random variable zzaðt0Þ with certain statistical properties. Its
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distribution can be shown [38] to be a multidimensional Gaussian with zero

mean and a covariance matrix that depends on the noise strength and on the

eigenvalues lj. The characteristic property that singles out the ensemble (21)

is that its distribution is independent of the time t0 at which it is evaluated.

This is remarkable because the ensemble is localized in the barrier region,

which is dynamically unstable. If an ensemble of trajectories is chosen

arbitrarily, the trajectories will typically leave the barrier region after a while,

and the ensemble will evolve into a bimodal distribution that is peaked in the

reactant and product wells. Only the ensemble (21) avoids this decay and

remains stationary with its peak at the position of the barrier. It is therefore a

suitable analogue of the fixed point in an autonomous deterministic setting. It

represents what is known in the mathematical literature (e.g., see Ref. 92) as an

invariant measure of the random dynamical system given by the linearized

Langevin equation (15).

Instead of studying an ensemble of trajectories at a given time, we can

consider the time dependence of the TS trajectory zza0ðtÞ for a given instance a0
of the noise. Because the white noise that drives the dynamics is ergodic, the

distribution of this trajectory, if it is sampled over a sufficiently long time, will

be the same Gaussian distribution that was found for the ensemble at any given

time. In this sense, even a single trajectory in the ensemble can be said to remain

in the barrier region for all time. Although the Gaussian distribution implies that

the TS trajectory will eventually move arbitrarily far from the saddle point, it

will return quickly and spend most of the time in the barrier region. To achieve

this, the TS trajectory may only leave the barrier region when it is about to

experience a restoring force from the external noise that will drive it back.

Indeed, the explicit expression (21) for the TS trajectory shows that its stable

components depend on the past driving force, but the unstable component

depends on the future. This ability to ‘‘look ahead’’ enables the TS trajectory to

adjust its motion to the noise in such a delicate way that it will never leave the

barrier region permanently. Other trajectories, by contrast, will typically slide

down the potential slope and, because the linearized model does not have wells,

are very unlikely ever to return.

This dependence of the TS trajectory on the past and future driving is

illustrated in Fig. 2, which shows the time dependence of the S-functional

S½m; E	ðtÞ for a fixed driving field EðtÞ and different values of the eigenvalue m.
To demonstrate the properties of the S-functional clearly, we have chosen a

smooth driving field EðtÞ that is given by Eq. (81) (with A0 ¼ 1, o ¼ 1, and

N ¼ 2). It is zero for jtj > 2p.
Note that the S-functionals are nonzero even in the time range when the

field vanishes. For Rem < 0, as in the example of Fig. 2b, the S-functional

depends on the past of the driving fields. Consequently, it is zero before the

onset of the pulse. After the end of the pulse, S½�1; E	 tends to zero
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exponentially, but it remains nonzero for arbitrarily large times. It is also clear

from Fig. 2b that the S-functional lags the driving field: it takes its maximum

only after the maximum of the field has been attained. By contrast, if

Rem > 0, as shown in Fig. 2c, S½m; E	 depends on the future of the noise. It is

zero after the end of the pulse, but nonzero before the pulse sets in. The

S-functional S½1; E	 leads the driving field: it takes its maximum earlier than

the field. Figure 2d shows an example for an S-functional with purely

imaginary eigenvalue m. The behavior of the functional in this case will be

discussed in detail in Section IIIC.

The time-dependent view of the TS trajectory also allows one to show that in

this case it is unique: all other trajectories can be obtained by choosing nonzero

values of the constants caj in Eq. (20). The exponential contributions then cause

zajðtÞ to diverge without return either for large positive or for large negative

times because all eigenvalues lj have nonzero real parts. Of course, the

uniqueness of the TS trajectory has to be understood in the sense of statistical

ensembles, as described earlier: for every instance a of the noise, there is a

unique trajectory that remains close to the barrier for all time, again in a

statistical sense. This uniqueness is a consequence of the presence of damping

in the Langevin equation (13), which ensures that there are no purely imaginary

eigenvalues. The damping is due to the fluctuation-dissipation theorem,

Eq. (14), and is a specific property of stochastic driving.

Figure 2. Illustration of the S-functional (23) for (a) the external driving field and the eigenvalues

(b) m ¼ �1, (c) m ¼ 1, and (d) m ¼ i. (The latter case is discussed in detail in Section IIIC.)
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B. The TS Trajectory in Colored Noise

So far, we have assumed that the noise source naðtÞ represents white noise; that
is, its values at different instances in time are statistically independent. At first

sight, it might seem that this assumption has never actually been used and that the

results of the previous section remain valid if the noise is not white. This is

wrong, however, because the fluctuation-dissipation theorem demands that for

colored noise the damping term in the Langevin equation must be modified to

incorporate memory friction effects. The Langevin equation (13) must then be

replaced by the generalized Langevin equation [6, 42, 43, 48, 91, 93–95]

€qaðtÞ ¼ �rqUðqaðtÞÞ �
Z t

�1
dtGðt � tÞ _qaðtÞ þ naðtÞ ð25Þ

where the symmetric-matrix valued function GðtÞ is related to the fluctuating

force by the generalized fluctuation-dissipation theorem

naðtÞnTaðsÞ

 �

a¼ kBT Gðjt � sjÞ ð26Þ

Because the friction force in Eq. (25) depends on the entire prehistory of the

trajectory rather than only the present velocity, Eq. (25) cannot be solved as an

initial value problem. In particular, the phase space of the generalized Langevin

equation cannot easily be specified, as it was done in Eq. (16) for the white

noise case. Looking at the equation of motion (25), one might expect that

dimension to be infinite because the entire trajectory up to the present time must

be specified before its further evolution can be calculated. However, only those

initial trajectories can be prescribed that themselves satisfy Eq. (25), and this

restriction makes the phase-space dimension finite or at least countably infinite

in many cases, to which we restrict our discussion. For a certain class of friction

kernels GðtÞ, an explicit construction of the phase space was given by Martens

[66]. A convenient implicit description can be obtained through a solution of the

linearized generalized Langevin equation

€qaðtÞ ¼ XqaðtÞ �
Z t

�1
dtGðt � tÞ _qaðtÞ þ naðtÞ ð27Þ

with X as in Eq. (3).

The explicit solution of Eq. (27), which uses a Fourier transform or a

bilateral Laplace transform, is described in detail in Ref. 38. Its eigenvalues and

eigenvectors are determined by the nonlinear eigenvalue equation

ðl2j þ ljĜðljÞ �XÞvj ¼ 0 ð28Þ
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where

ĜðmÞ ¼
Z 1
0

dt e�mtGðtÞ ð29Þ

is the Laplace transform of the friction kernel GðtÞ. The dimension of the phase

space is given by the number of solutions of Eq. (28). (Note that the dimension of

the eigenvectors vj in Eq. (28) is the dimension N of configuration space, not the

dimension of phase space.) In general, we expect to find one positive real

eigenvalue (which coincides with the Grote–Hynes reaction frequency [61, 95])

and several eigenvalues with negative real parts.

In terms of a complete set of solutions ðlj; vjÞ of the eigenvalue equation (28),

the general solution to the linearized equation of motion (27) can be written

qaðtÞ ¼
X
j

cajvj e
ljt þ qzaðtÞ ð30Þ

where

qzaðtÞ ¼
X
j

S½lj; ljna	ðtÞ ð31Þ

The constant matrices lj act as projection operators onto the different

eigenspaces. They are given in Ref. 38. The solution Eq. (30) is entirely

analogous to Eq. (20) in the white noise case. To obtain a trajectory that remains

in the vicinity of the barrier for all times, we again have to set caj ¼ 0 and

identify Eq. (31) as the TS trajectory. It satisfies the condition of the general

definition in that it provides, at fixed time, a random ensemble of trajectories that

is stationary in time, and at fixed noise sequence a a trajectory that spends most

of its time close to the barrier.

C. The TS Trajectory Under Deterministic Driving

We have so far focused on reactive systems that are subject to stochastic

driving by a heat bath. For these systems, the fluctuation-dissipation theorem

requires that the dynamics must be dissipative. Conversely, the presence of

damping implies the influence of a stochastic force, so that systems that suffer

only deterministic driving will in general be conservative. Of course, in view

of the wide applicability of TST, it is conceivable that the system of interest

is macroscopic and that damping is important while noise is negligible. In

such a setting, the theory developed in Section III A can be applied if the

stochastic driving is replaced by a deterministic external force. We can

therefore discount this possibility here and assume, following Ref. 40, that the
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dynamics of a deterministically driven system is described by the time-

dependent Hamiltonian

Hðp; q; tÞ ¼ Hsysðp; qÞ þ Hextðp; q; tÞ ð32Þ

where Hsys is the autonomous Hamiltonian of the isolated system and Hext

describes the interaction with the time-dependent external field. Again, for

the sake of simplicity, we assume that the system Hamiltonian has the form in

Eq. (1), although the results remain valid for more general Hamiltonians.

As before, we make the fundamental assumption of TST that the reaction is

determined by the dynamics in a small neighborhood of the saddle, and we

accordingly expand the Hamiltonian around the saddle point to lowest order. For

the system Hamiltonian, we obtain the second-order Hamiltonian of Eq. (2),

which takes the form of Eq. (7) in the complexified normal-mode coordinates,

Eq. (6). In the external Hamiltonian, we can disregard terms that are indepen-

dent of p and q because they have no influence on the dynamics. The leading

time-dependent terms will then be of the first order. Using complexified

coordinates, we obtain the approximate Hamiltonian

H0ðP;Q; tÞ ¼ obP1Q1 þ
XN
j¼2

iojPjQj �
XN
j¼1

xjðtÞQj �
Xn
j¼1

ZjðtÞPj ð33Þ

with certain functions xjðtÞ and ZjðtÞ that depend on time, but not on coordinates

or momenta. These functions can be determined explicitly once a driving

Hamiltonian Hext has been chosen to describe a specific system. The

Hamiltonian in Eq. (33) yields the equations of motion

_P1 ¼ �obP1 þ x1ðtÞ; _Q1 ¼ obQ1 � Z1ðtÞ ð34aÞ
_Pj ¼ �iojPj þ xjðtÞ; _Qj ¼ iojQj � ZjðtÞ for j ¼ 2; . . . ;N ð34bÞ

These equations are formally identical to the equations (19) for the diagonal

coordinates of the Langevin equation. The diagonal coordinates are in both cases

determined only by the deterministic part of the dynamics. In the Hamiltonian

setting they can naturally be identified as coordinates or momenta, which is

impossible for the dissipative dynamics.

The equations of motion (34) can be solved explicitly to yield

P1ðtÞ ¼ c1e
�obt þ P

z
1ðtÞ; Q1ðtÞ ¼ ~c1e

obt þ Q
z
1ðtÞ ð35aÞ

PjðtÞ ¼ cje
�ioj t þ P

z
j ðtÞ; QjðtÞ ¼ ~cje

ioj t þ Q
z
j ðtÞ for j ¼ 2; . . . ;N ð35bÞ
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with arbitrary constants cj and ~cj and

P
z
1ðtÞ ¼ S½�ob; x1	ðtÞ; Q

z
1ðtÞ ¼ �S½ob;Z1	ðtÞ ð36aÞ

P
z
j ðtÞ ¼ S½�ioj; xj	ðtÞ; Q

z
j ðtÞ ¼ �S½ioj;Zj	ðtÞ for j ¼ 2; . . . ;N ð36bÞ

Assuming that the P
z
j ðtÞ and Q

z
j ðtÞ can be interpreted as a TS trajectory, which is

discussed later, we can conclude as before that c1 ¼ ~c1 ¼ 0 if the exponential

instability of the reactive mode is to be suppressed. Coordinate and momentum

of the TS trajectory in the reactive mode, if they exist, are therefore unique. For

the bath modes, however, difficulties arise. The exponentials in Eq. (35b) remain

bounded for all times, so that their coefficients cj and ~cj cannot be determined

from the condition that we impose on the TS trajectory. Consequently, the TS

trajectory cannot be unique. The physical cause of the nonuniqueness is the

presence of undamped oscillations, which cannot be avoided in a Hamiltonian

setting. In a dissipative system, by contrast, all oscillations are typically damped,

and the TS trajectory will be unique.

Even worse than the nonuniqueness is the observation that Eq. (36b) is only a

formal solution of the equation of motion, but does not actually define a TS

trajectory: for a purely imaginary eigenvalue io, the integrand in the definition

of the S½io; f 	 in Eq. (23) has a pole on the integration path, so that the integral

diverges unless the Fourier transform f̂ ðoÞ ¼ 0. A true solution of the equations

of motion can only be obtained if this singularity is suitably regularized. This

can be done in several ways. An obvious choice is to add an infinitesimal

positive or negative real part to the eigenvalues of the bath modes, that is, to

replace the S½io; f 	 by one of

S�½io; f 	 ¼ S½io� e; f 	; e > 0 ð37Þ

or by an arbitrary linear combination lSþ½io; f 	 þ ð1� lÞS�½io; f 	. These

regularizations differ by

S�½io; f 	ðtÞ � Sþ½io; f 	ðtÞ ¼
ffiffiffiffiffiffi
2p
p

f̂ ðoÞeiot ð38Þ

which is a multiple of the exponential in the general solution (36b). It thus turns

out that the nonuniqueness of the TS trajectory and the singularity in its

definition are related: different ways to regularize the singularity correspond to

different choices of the arbitrary constants in Eq. (36b). All solutions of the

equations of motion in the bath modes will serve equally well as components of

the TS trajectory, and any regularization of the S-functionals in Eq. (36b) can be

used to compute such a solution.
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At this point in the argument, it remains to be checked if the solutions (36)

actually define a TS trajectory, that is, whether this trajectory remains in the

vicinity of the saddle point for all times. Whether or not this is the case, and in

what sense, will depend on the properties of the driving forces xjðtÞ and ZjðtÞ
that have so far been left unspecified.

In Ref. 40 it was assumed that the driving forces vanish asymptotically for

t! �1. Under this condition it can easily be derived from the explicit

representation (21) of the S-functional that in the reactive mode P1ðtÞ and Q1ðtÞ
tend to zero for t! �1 and that the bath modes approach the autonomous

dynamics

PjðtÞ ! c�j e
�ioj t; QjðtÞ ! ~c�j e

ioj t as t! �1 ð39Þ

In particular, the TS trajectory remains bounded for all times, which satisfies the

general definition. The constants c�j and ~c�j in Eq. (39) depend on the specific

choice of the TS trajectory. Because the saddle point of the autonomous system

becomes a fixed point for large positive and negative times, one might envision

an ideal choice to be one that allows the TS trajectory to come to rest at the

saddle point both in the distant future and in the remote past. However, this is

impossible in general because the driving force will transfer energy into or out of

the bath modes in such a way that

cþj � c�j ¼
ffiffiffiffiffiffi
2p
p

x̂jð�ojÞ and ~cþj � ~c�j ¼ �
ffiffiffiffiffiffi
2p
p

ẐjðojÞ ð40Þ

depend only on the driving, and not on the trajectory. A ‘‘symmetric’’ TS

trajectory was chosen in Ref. 40 such that the amplitudes of the bath-mode

oscillations are the same for large positive and negative times, as illustrated in

Fig. 2d. Strictly speaking, this is an arbitrary convention because all possible TS

trajectories remain bounded. In practice, however, it is useful to require that the

excursions of the TS trajectory from the saddle point remain as small as possible.

This additional consideration favors the symmetric choice.

Similarly, if the external driving force is periodic or quasiperiodic, the

trajectory defined by Eq. (36) will have the same property and obviously satisfy

the requirements for a TS trajectory. It is therefore possible in many important

cases to define a TS trajectory. Nevertheless, it cannot be done for all driving

fields. If, for example, the strength of the driving grows without bounds as t!1,

the trajectory of Eq. (36) will do the same and will not qualify as a TS trajectory.

Although this counterexample might on physical grounds appear contrived, it

illustrates that a suitable regularity condition on the driving at temporal infinity is

required to ensure the existence of a TS trajectory. The same can be said for the

case of stochastic driving that was discussed earlier. Although individual instances

of the fluctuating forces in the ordinary and generalized Langevin equations are
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extremely irregular, the noise sources are uniform in time in the sense that their

statistical distributions are time independent. This statistical regularity allows us

to define a TS trajectory that remains confined to the barrier region in the two

different statistical interpretations described earlier.

IV. TIME-DEPENDENT INVARIANT MANIFOLDS

With the identification of the TS trajectory, we have taken the crucial step that

enables us to carry over the constructions of the geometric TST into time-

dependent settings. We now have at our disposal an invariant object that is

analogous to the fixed point in an autonomous system in that it never leaves the

barrier region. However, although this dynamical boundedness is characteristic

of the saddle point and the NHIMs, what makes them important for TST are the

invariant manifolds that are attached to them. It remains to be shown that the TS

trajectory can take over their role in this respect. In doing so, we follow the two

main steps of time-independent TST: first describe the dynamics in the linear

approximation, then verify that important features remain qualitatively intact in

the full nonlinear system.

From a geometric point of view, the autonomous fixed point is the organizing

center for the hierarchy of invariant manifolds. From a technical point of view, it

is also the expansion center around which all Taylor series expansions are

carried out. If the TS trajectory is to take over the role of the fixed point, this

observation suggests that it be used as a time-dependent coordinate origin. We

therefore introduce the relative coordinates

�qðtÞ ¼ qaðtÞ � qzaðtÞ ð41Þ

in the dissipative stochastic case and

�PjðtÞ ¼ PjðtÞ � P
z
j ðtÞ

�QjðtÞ ¼ QjðtÞ � Q
z
j ðtÞ for j ¼ 1; . . . ;N ð42Þ

for the Hamiltonian case of deterministic driving. We henceforth study the

dynamics in the moving relative coordinate system instead of the original space-

fixed system. At least in the linear approximation, the relative dynamics will turn

out to be very simple and allow us to specify the invariant manifolds and the

dividing surface that are known from autonomous TST. Once these objects are

known in relative coordinates, they can be referred back to the space-fixed

coordinate system by Eq. (41) or (42). From a geometric point of view, the

objects in the relative phase space are attached to the TS trajectory, and the latter

carries these TS structures around through phase space. The location of the
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invariant manifolds is determined by the instantaneous position of the TS

trajectory. The construction therefore yields time-dependent moving invariant

manifolds and, in the same way, a moving dividing surface. As illustrated later,

these moving geometric objects can serve the same purposes as their autonomous

counterparts.

A. Stochastically Moving Manifolds

Following the general procedure of geometric TST, we start by discussing the

linearized dynamics in relative coordinates. If the definition (41) is substituted

into the linearized Langevin equation (13), it yields an equation of motion for the

relative coordinate:

�€qðtÞ ¼ X �qðtÞ � G�_qðtÞ ð43Þ

This is the same equation of motion that is satisfied by the original coordinate

qaðtÞ, except that the stochastic driving term is absent. The relative dynamics is

therefore deterministic. We have chosen the notation accordingly and left out the

index a in the definition (41) of �q (although, of course, we cannot expect the

relative dynamics to remain noiseless in the full nonlinear system). Although

noiseless, the relative dynamics is still dissipative because Eq. (43) retains the

damping term.

As before, the dynamics can most easily be described in phase space. The

relative phase space is spanned by the 2N coordinates

�zðtÞ ¼ zaðtÞ � zzaðtÞ ¼
�qðtÞ
�vðtÞ

� �
ð44Þ

that satisfy the equation of motion

�_zðtÞ ¼ A�zðtÞ ð45Þ

with the matrix A as in Eq. (18). In diagonal coordinates, Eq. (45) decomposes

into the set of scalar equations

�_zjðtÞ ¼ lj �zjðtÞ ð46Þ

with the solution

�zjðtÞ ¼ cje
lj t ðcj arbitrary constantsÞ ð47Þ

The eigenvalues lj are the same as those used in the construction of the TS

trajectory (24).
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The simplest case occurs in one degree of freedom, where there is one positive

real eigenvalue lu and one negative eigenvalue ls. The phase portrait of the

dynamics is shown in Fig. 3a. The eigenvectors corresponding to the positive and

negative eigenvalues, respectively, span one-dimensional unstable and stable

manifolds of the saddle point. They act as separatrices between reactive and

nonreactive trajectories. The knowledge of the invariant manifolds allows one to

determine the ultimate fate of a specific trajectory from its initial conditions. In

addition, the line�qu ¼ 0 in the quadrant of reactive trajectories acts as a surface

of no recrossing.

In the absence of damping (and in units where ob ¼ 1), the invariant

manifolds bisect the angles between the coordinate axes. The presence of

damping destroys this symmetry. As the damping constant increases, the

unstable manifold rotates toward the �qu-axis, the stable manifold toward the

�_qu-axis. In the limit of infinite damping the invariant manifolds coincide with

Δqu

Δ qu

reactive

non−
reactive

Δqs

Δ s

(a) (b)

.

Δqo

Δ o

(c)

q
.

q
.

Figure 3. Phase portrait of the noiseless dynamics (43) corresponding to the linear Langevin

equation (15) (a) in the unstable reactive degree of freedom, (b) in a stable oscillating bath mode,

and (c) in an overdamped bath mode. (From Ref. 37.)
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the axes. Thus the fraction of phase space on the reactant side that corresponds

to reactive trajectories decreases with increasing friction. This is intuitively

clear because if the dissipation is strong, a trajectory must start at a given initial

position with a high velocity to overcome the friction and cross the barrier.

In multiple dimensions, the dynamics of the single unstable degree of

freedom is the same as in the one-dimensional case shown in Fig. 3a. Transverse

damped oscillations, as shown in Fig. 3b, must be added to this picture. For

small damping their presence manifests itself through N � 1 complex conjugate

pairs of eigenvalues lj. For stronger damping, some of the transverse modes can

become overdamped, as illustrated in Fig. 3c, so that further eigenvalues

become negative real. In any case, there is exactly one unstable eigenvalue with

positive real part. This eigenvalue is actually real and corresponds to the system

sliding down the barrier. In all other directions, the dynamics is stable, and at

least one eigenvalue is negative real. The dynamics in the distant past is

determined by the eigenvalue or pair of eigenvalues with the largest negative

real part.

The eigenvector corresponding to the most stable eigenvalue together with

the unstable eigenvector span a plane in phase space in which the dynamics is

given by the phase portrait of Fig. 3a. Because the dynamics in all other,

‘‘transverse’’ directions is stable, the separatrices between reactive and

nonreactive trajectories that we identified for the one-dimensional dynamics

together with the transverse subspace form separatrices in the high-dimensional

phase space. In a similar manner, a no-recrossing curve in the plane together

with the transverse directions form a no-recrossing surface in the full phase

space.

The invariant manifolds have thus been specified in the relative phase space.

According to the general prescription, moving invariant manifolds in the

original, space-fixed phase space are obtained by attaching the manifolds in

relative phase space to the TS trajectory. Just as a trajectory can be classified as

reactive or nonreactive through the location of its initial conditions with respect

to the invariant manifolds in the relative dynamics, it can be classified in the

original coordinates by comparing its initial conditions to the instantaneous

location of the moving manifolds. The ultimate fate of a trajectory depends

on the future behavior of the noise, and the TS trajectory, which also depends

on the future noise, positions the manifolds in such a way that they predict

the reaction correctly. In this sense the TS trajectory, or more specifically the

component that corresponds to the single positive eigenvalue, encodes the

information on the noise that determines reactivity or nonreactivity in the most

economical way.

An example for the predictive power of the TS trajectory is shown in Fig. 4.

This figure shows a random instance of the TS trajectory (black) and a reactive

trajectory (red) for the linearized Langevin equation (15) with N ¼ 2 degrees of
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freedom. Units were chosen so that ob ¼ 1 and kBT ¼ 1. The transverse

frequency is o2 ¼ 1:5, and the friction is isotropic, G ¼ gI, with g ¼ 0:2. Only
the projection onto the unstable degree of freedom is displayed as it alone

determines reactivity. The bottom of the figure shows the two trajectories in

phase space. Above this, their time evolution is illustrated using the same axes.

The TS trajectory moves back and forth around the saddle point without ever

leaving its vicinity as it must by construction. The transition path (red)

approaches the TS trajectory from the reactant side, remains in its neighborhood
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Figure 4. A random instance of the TS trajectory (black) and a reactive trajectory (red) under

the influence of the same noise in a system with N ¼ 2 degrees of freedom, projected onto the

reactive degree of freedom. See text for a detailed description. (From Ref. 38.) (See color insert.)
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for a while, and then wanders off to the product side. Because the moving

invariant manifolds (dashed lines) are known, it can be predicted at the initial

time t ¼ 0 that the trajectory will actually lead to a reaction instead of returning

to the reactant side of the saddle.

From both the time-dependent plot and the time-independent projection, it

is clear that the transition path crosses the space-fixed ‘‘dividing surface’’

qu ¼ 0 several times. These crossings are indicated by thick green dots. As

expected, therefore, the fixed surface is not free of recrossings and thus does

not satisfy the fundamental requirement for an exact TST dividing surface.

The moving surface, by contrast, is crossed only once, at the reaction time

treact ¼ 8:936 that is marked by the blue cut. The solid blue line in this cut

shows the instantaneous position of the dividing surface; dotted lines indicate

coordinate axes.

That the moving dividing surface is crossed only once is further confirmed by

the trajectory in relative coordinates that is shown as the light green curve in the

top face of the figure (for graphical reasons not to scale). It exhibits the behavior

that is shown schematically for a reactive trajectory in Fig. 3a. In these coordi-

nates it is obvious that the moving dividing surface is recrossing-free.

To further illustrate the conceptual and computational advantages offered by

the moving dividing surface, extensive simulations of several quantities relevant

to rate theory calculations were performed [39] on the anharmonic model

potential

U ¼ � 1
2
o2
xx

2 þ 1
2
o2
yy

2 þ kx2y2 ð48Þ

If the anharmonicity is absent (i.e., for k ¼ 0), the TS trajectory and the invariant

manifolds carried along with it can be calculated exactly from the prescriptions

given above.

As is well known in calculations of rare events [6, 16, 96], it is notoriously

inefficient to start the simulation of trajectories with initial conditions sampled

in one of the metastable states. Instead, initial conditions should be sampled at

the transition state, which ensures that all trajectories cross the transition state at

least once and thereby drastically improves the sampling of reactive events. In

the model system (48), such an ensemble is given by

f ðx; y; vx; vyÞ ¼ ð2pkBTÞ3=2 oy expf�ðo2
yy

2 þ v2x þ v2yÞ=2kBTgdðxÞ ð49Þ

The crucial ingredient in a reaction rate calculation is the identification of

reactive trajectories. To this end, initial conditions sampled from Eq. (49) are

propagated forward and backward to a time �Tint. Those trajectories that begin
on the reactant side of the barrier at t ¼ �Tint and end on the product side at

t ¼ þTint are then regarded as (forward) reactive. The identification of reactive
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trajectories is only approximate if Tint is small because a trajectory might cross

and recross the dividing surface many times before or after the observed

interval. A reliable identification can be obtained for large Tint, but the

reliability comes at the cost of an increased numerical effort for a longer

simulation.

Traditionally, the reactant and product sides of the barrier would be defined

by the space-fixed dividing surface x ¼ 0. Time-dependent TST allows one to

use the reactant and product sides of the moving dividing surface instead.

Because that surface cannot be recrossed, this criterion brings the immediate

advantage that a trajectory can reliably be identified as reactive once it has been

observed to cross the moving surface. The time at which this identification can

be made depends on the trajectory, and therefore a sufficiently long (maximum)

integration time Tint is still needed to identify the nonreactive trajectories, which

never cross the moving surface at all. Nevertheless, it will be shown later that

the numerical effort that is required with the moving surface is considerably

smaller than with the traditional fixed surface.

Reactive trajectories can be identified a priori, without any numerical

simulation, if the moving separatrices are used instead of the standard dividing

surfaces. In relative coordinates, the portion of the barrier ensemble that is

forward reactive can immediately be identified from Fig. 3: those trajectories

are reactive whose initial velocity is so large that it lies above both the stable

and unstable manifolds. Because the initial conditions in the ensemble (49) lie

at �xð0Þ ¼ �xza, this reactivity criterion reads explicitly

�vx > �vmin
xa :¼ �xzals : xza > 0

�xzalu : xza < 0



ð50Þ

or

vx > vmin
xa :¼ vzxa þ�vmin

xa ð51Þ

Since the fate of a trajectory is determined not only by its initial condition but

also by the fluctuating force acting on the system, the critical velocity vmin
xa

depends on the instance a of the noise. For a fixed instance a, the criterion (51)

allows one to calculate the probability for a trajectory randomly sampled from

the ensemble (49) to be reactive:

Pf ¼
Z

dx

Z
vx > vmin

xa

dvx

Z
dy

Z
dvy f ðx; y; vx; vyÞ

¼ 1

2
erfc

vmin
xaffiffiffiffiffiffiffiffiffiffiffi
2 kBT
p
� �

ð52Þ
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with the complementary error function [97]

erfcðxÞ ¼ 2ffiffiffi
p
p
Z 1
x

expð�t2Þ dt ð53Þ

In a similar manner one can obtain the probability Pb for a trajectory to be

backward reactive or the probability for it to be nonreactive [39].

Figure 5 displays the reaction probabilities for a fixed instance of the noise.

The results were obtained with the algorithm described earlier, using either the

moving or the traditional fixed dividing surface to identify reactive trajectories.

In the harmonic limit (top panel), one obtains the analytic predictions (52) using

either method if the integration time Tint is sufficiently large. However, the
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Figure 5. Reaction probabilities for a given instance of the noise as a function of the total

integration time Tint for different values of the anharmonic coupling constant k. The solid lines

represent the forward and backward reaction probabilities calculated using the moving dividing

surface and the dashed lines correspond to the results obtained from the standard fixed dividing

surface. In the top panel the dotted lines display the analytic estimates provided by Eq. (52). The

results were obtained from 15,000 barrier ensemble trajectories subject to the same noise sequence

evolved on the reactive potential (48) with barrier frequency ox ¼ 0:75, transverse frequency

oy ¼ 1:5, a damping constant g ¼ 0:2, and temperature kBT ¼ 1. (From Ref. 39.)
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details of the convergence toward that limit are markedly different in the two

cases. If the fixed surface is used, all trajectories start on the dividing surface

and are classified as either forward or backward reactive for short integration

times depending on the direction in which they are crossing the surface. By

contrast, the moving surface starts at some distance from the initial positions of

the trajectories, so that no crossings of the moving surface take place for short

integration times, and the computed reaction probabilities are zero. They rise

monotonically to their asymptotic values as Tint increases and thus always

provide a strict lower bound to the true probabilities. This is in contrast to the

probabilities calculated from the fixed surface, which fluctuate because of

recrossings. In addition, it can be seen that the probabilities obtained from the

moving surface converge considerably faster, which allows one to significantly

reduce the computational effort.

If the barrier potential is anharmonic, for example, the potential (48) with

k 6¼ 0, the prescriptions for computing the moving manifolds that have been given

so far cannot be applied immediately. A computational scheme that allows one to

construct the exact separatrices and a moving dividing surface strictly free of

recrossings in the presence of noise and anharmonicities has not been devised so

far. (However, see Section IVB for an analogous calculation in a deterministically

driven system.) If the anharmonicities are not too strong, one can use the TS

trajectory and associated manifolds that are calculated for a harmonic

approximation. The dividing surface thus obtained will no longer be strictly

free of recrossings. Nevertheless, it can be expected to provide a useful

approximation and to retain the computational advantages that it exhibits in the

harmonic limit. The lower panels of Fig. 5 display the results of numerical

simulations for the reaction probabilities evaluated using the fixed and moving

dividing surfaces for increasing values of the anharmonic coupling. It is clear that

even with substantial anharmonicity, the moving dividing surface remains nearly

free of recrossings and is still capable of providing a reliable criterion to identify

reactive trajectories. In addition, the reaction probabilities converge quickly and

monotonically, as in the harmonic limit. If the anharmonicities become too large,

however, the harmonic approximation becomes inadequate and deviations from

the true result are evident. A more rigorous treatment of anharmonic barriers

therefore remains an important goal of further development.

The moving invariant manifolds determine the reactivity or nonreactivity of an

individual trajectory under the influence of a specific noise sequence. They thus

provide the most detailed microscopic information on the reaction dynamics that

one can possibly possess. In practice, though, one is more often interested in

macroscopic quantities that are obtained by averaging over the noise. To illustrate

that such quantities can easily be derived from the microscopic information

encoded in the TS trajectory, we calculate the probability for a trajectory starting

at a point ðq; vÞ in the space-fixed phase space to end up on the product side of the
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barrier for large times t!1. Referring to the relative phase space in Fig. 3a, we

find that this will be the case if the relative coordinate in the unstable degree of

freedom �zu ¼ zu � zzau > 0. With the initial condition ðq; vÞ, the value of the

diagonal coordinate zu is known: the transformation from position–velocity

coordinates to diagonal coordinates is found by diagonalizing the matrix A in

Eq. (18). For simple cases, it is given explicitly in Ref. 37. Therefore the

probability that a trajectory with given initial condition will reach the product

region in the future is determined only by the unstable coordinate zu of the initial

condition and is the same as the probability that the corresponding component of

the TS trajectory zzau < zu. As reported in Section IIIA, the statistical distribution

of zzau is Gaussian with zero mean and a variance s2
u that depends on the strength

of the noise, on the temperature, and on the force constant matrix X and that is

given in Ref. 37. The required probability is therefore

Pþ ¼ Probðproduct at t!1Þ
¼ Probðzzau < zuÞ

¼ 1

2
erfc � zuffiffiffi

2
p

su

� �
ð54Þ

This result is exact in the harmonic limit; otherwise it can be used to obtain

approximate values, as shown in Fig. 5, without requiring the propagation of an

ensemble of initial points for each noise sequence.

Although the discussion of this section formally concerned the Langevin

equation (15) and therefore white noise, it carries over almost unchanged to

correlated noise, if one keeps in mind that in this generalized case, the phase

space is defined implicitly by the nonlinear eigenvalue equation (28). Again,

one can combine the unique mode with positive real eigenvalue and a mode with

negative real eigenvalue into a reactive degree of freedom, resulting in the

dynamics shown in Fig. 3a. The remaining eigenvalues will either occur in

complex conjugate pairs, corresponding to a damped oscillatory mode as in

Fig. 3b, or be negative real, corresponding to overdamped modes as in Fig. 3c.

B. Deterministically Moving Manifolds

1. The Harmonic Approximation

Let us begin by studying the relative dynamics in the Hamiltonian case, that is,

for deterministic driving. The shift (42) to the moving origin is a time-dependent

canonical transformation [98]. It transforms the linearized Hamiltonian (33) into

H0ð�P;�QÞ ¼ ob �P1 �Q1 þ
XN
j¼2

ioj �Pj �Qj ð55Þ
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This is exactly the autonomous linearized Hamiltonian (7), the dynamics of

which was discussed in detail in Section II. One therefore finds the TS dividing

surface and the full set of invariant manifolds described earlier: one-dimensional

stable and unstable manifolds corresponding to the dynamics of the variables

�Q1 and �P1, respectively, and a central manifold of dimension 2N � 2 that

itself decomposes into two-dimensional invariant subspaces spanned by�Pj and

�Qj. However, all these manifolds are now moving manifolds that are attached

to the TS trajectory. Their actual location in phase space at any given time is

obtained from their description in terms of relative coordinates by the time-

dependent shift of origin, Eq. (42).

The most important of these manifolds for the purposes of TST are, as

before, the surface given by �Q1 ¼ �P1 that serves as a recrossing-free

dividing surface and the stable and unstable manifolds that act as separatrices

between reactive and nonreactive trajectories. The latter are given by �Q1 ¼ 0

(stable manifolds) or �P1 ¼ 0 (unstable manifolds), respectively. Together,

they can be characterized as the zeros of the reactive-mode action

I1 ¼ �P1 �Q1 ð56Þ

which is a constant of motion. These invariant manifolds have the same

diagnostic power that was illustrated in Fig. 4 for stochastic dynamics: knowing

their position at any given time allows one to distinguish reactive from

nonreactive trajectories with certainty. We postpone an illustration of these

separatrices until Section IVB3, where a fully anharmonic system is discussed.

2. Nonlinear Corrections

Because in an autonomous system many of the invariant manifolds that are

found in the linear approximation do not remain intact in the presence of

nonlinearities, one should expect the same in the time-dependent case. In

particular, the separation of the bath modes will not persist but will give way to

irregular dynamics within the center manifold. At the same time, one can hope

to separate the reactive mode from the bath modes and in this way to find the

recrossing-free dividing surfaces and the separatrices that are of importance to

TST. As was shown in Ref. 40, this separation can indeed be achieved through a

generalization of the normal form procedure that was used earlier to treat

autonomous systems [34].

To this end, we expand the time-dependent Hamiltonian (32), written in

diagonal coordinates P and Q, around the saddle point of the autonomous

potential to obtain

HðP;Q; tÞ ¼
X1
jjjþjkj¼2

ajkP jQk þ
X1
jjjþjkj¼1

bjkðtÞPjQk ð57Þ
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(We are using standard multi-index notation: for j ¼ ðj1; . . . ; jNÞ, we set

jjj ¼ j1 þ � � � þ jN and Pj ¼ P
j1
1 . . .P

jN
N .) As discussed in Section IIIC, the

expansion of the autonomous Hamiltonian Hsys (with coefficients ajk) starts

with terms of degree two, while that of the driving Hamiltonian Hext (with

coefficients bjkðtÞ) starts with terms of degree one. The terms of lowest degree in

both parts are given by Eq. (33).

To carry out the normal form calculation, we introduce a formal expansion

parameter e to identify the orders of perturbation theory via

P 7!eP; Q 7!eQ; H 7!H=e2 ð58Þ

The scaling (58) assigns order e0 to the leading term of the autonomous

Hamiltonian Hsys. The leading term of the time-dependent part is assigned order

e�1. This term is treated exactly in the linear approximation (33). It should

therefore have order e0. To achieve this, we also have to scale

bjkðtÞ7!ebjkðtÞ ð59Þ

The scaling prescription (59) embodies the assumption that the external force is

so weak that it does not drive the TS trajectory out of the phase-space region in

which the normal form expansion is valid. In the autonomous version of

geometric TST, one generally assumes that this region is sufficiently large to

make the normal form expansion a useful tool for the computation of the

geometric objects. Once this assumption has been made, the additional condition

imposed by Eq. (59) is only a weak constraint.

The Taylor expansion (57) of the Hamiltonian can now be rewritten as an

expansion in orders of e:

HðP;Q; tÞ ¼ H0ðP;Q; tÞ þ
X1
n¼1

enHnðP;Q; tÞ ð60Þ

with expansion coefficients

HnðP;Q; tÞ ¼
X

jjjþjkj¼nþ2
ajkPjQk þ

X
jjjþjkj¼nþ1

bjkðtÞPjQk ð61Þ

Under the shift (42) to the TS trajectory as a moving origin, the leading term H0

takes the form of Eq. (55). The higher terms transform into inhomogeneous

polynomials

Hnð�P;�Q; tÞ ¼
Xn
l¼0

X
jjjþjkj¼l

hjknðtÞ�Pj�Qk ð62Þ
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in�P and�Q, where the expansion coefficients hjknðtÞ are given in terms of the

coefficients in Eq. (61) and the TS trajectory.

To achieve the desired separation of the reactive degree of freedom from the

bathmodes, we use time-dependent normal form theory [40, 99]. As a first step, the

phase space is extended through the addition of two auxiliary variables: a canonical

coordinate t, which takes the samevalue as time t, and its conjugatemomentumPt.

The dynamics on the extended phase space is described by the Hamiltonian

Kð�P;Pt;�Q; tÞ ¼ Hð�P;�Q; tÞ þ Pt

¼ K
ð0Þ
0 ð�P;Pt;�Q; tÞ þ

X1
n¼1

enKð0Þn ð�P;�Q; tÞ ð63Þ

where the leading term is

K
ð0Þ
0 ð�P;Pt;�Q; tÞ ¼ H0ð�P;�QÞ þ Pt ð64Þ

and the higher-order terms

Kð0Þn ð�P;�Q; tÞ ¼ Hnð�P;�Q; tÞ ð65Þ

are the same as in the original Hamiltonian. The extended dynamics is formally

autonomous.

We recursively define a sequence of partially normalized Hamiltonians

KðnÞð�P;Pt;�Q; tÞ ¼ K
ðnÞ
0 ð�P;Pt;�Q; tÞ þ

X1
n¼1

enKðnÞn ð�P;�Q; tÞ ð66Þ

as follows. For n > 0, if

Kðn�1Þn ð�P;�Q; tÞ ¼
Xn
l¼0

X
jjjþjkj¼l

h
ðn�1Þ
jkn ðtÞ�Pj�Qk ð67Þ

is the term of order n in Kðn�1Þ, set

fnð�P;�QÞ ¼
X
j;k

wjknðtÞ�Pj�Qk ð68Þ

where the sum runs over a subset of the monomials in Eq. (67) that remains to be

determined,

wjknðtÞ ¼ S½gjk; h
ðn�1Þ
jkn 	ðtÞ ð69Þ
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and

gjk ¼ obðj1 � k1Þ þ i
Xn
l¼2

olðjl � klÞ ð70Þ

Let

Fn ¼ f�; fng ð71Þ

be the operator of Poisson bracket with the function fn and define

KðnÞ ¼ expðenFnÞKðn�1Þ ð72Þ

Thus KðnÞ is obtained from Kðn�1Þ through a canonical transformation with the

generating function enfn. It is easy to verify [40] that this transformation eliminates

all those monomials j; k fromKðnÞ that are included in the generating function (68)
and leaves all terms of order smaller than en unchanged. The generating function

enfn used in the nth step will therefore be chosen to transform the terms of order n
into ‘‘normal form,’’ and that normal form will remain unchanged throughout all

subsequent steps. We are free to define the precise meaning of the term ‘‘normal

form’’ by choosing which monomials should be eliminated from the Hamiltonian

and which monomials are to be retained.

Only those monomials j; k for which the coefficient wjkn in Eq. (69) is well

defined can be included in the generating function, and thus eliminated from the

normal form. It is clear from the definition (23) of the S-functional that this is

always the case if gjk has a nonzero real part (i.e., if j1 6¼ k1). For j1 ¼ k1
(i.e., purely imaginary gjk), the S-functional in Eq. (69) is not well defined by

the general definition (23). It was shown in Section IIIC how different regulariza-

tions of the S-functional can be used to define the bath-mode components of the TS

trajectory, which correspond to imaginary eigenvalues. That discussion assumed

implicitly that the function f in S½io; f 	 has a Fourier transform that is regular at o.
The functions h

ðn�1Þ
jkn in Eq. (69) do not satisfy this condition: they are given in terms

of the components of the TS trajectory, the Fourier transforms of which, by their

definition (36) in terms of S-functionals, have poles at the bath-mode frequencies

oj. Products of these components will therefore have Fourier transforms with

poles at integer linear combinations of the oj. If igjkn coincides with such a pole,

it is impossible to regularize the S-functional in Eq. (69). The corresponding

‘‘resonant’’ monomials therefore cannot be eliminated from the normal form. This

impossibility can be interpreted as a resonance between the external driving and the

internal bathmodes of the system. By analogywith autonomous normal forms, it is

to be expected that resonances are dense and that their density will mar the

convergence of the normal form transformation if one attempts to eliminate all
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nonresonant terms. For simplicity, we do not discuss these convergence properties

further and instead retain all terms with imaginary gjk.
This choice still allows us to achieve the separation of the reactive degree of

freedom from the bath mode that is required for TST because we can eliminate

all monomials with j1 6¼ k1. Thus if we carry out the normal form

transformation up to an arbitrarily high order M, we find normal form

coordinates

��Pj ¼ expð�eF1Þ expð�e2F2Þ � � � expð�eMFMÞ�Pj ð73aÞ
��Qj ¼ expð�eF1Þ expð�e2F2Þ � � � expð�eMFMÞ�Qj ð73bÞ

and a normal form Hamiltonian

�K ¼ expðeMFMÞ � � � expðe2F2Þ expðeF1ÞK ð74Þ

that depends on ��P1 and ��Q1 only through the action variable

�I1 ¼ ��P1��Q1 ð75Þ

where, as usual, we neglect terms of order higher than M in the Hamiltonian. It

can be shown [40] that the normal form transformation (73) leaves the time

coordinate t and its conjugate momentum Pt invariant and that the normal form

Hamiltonian has the form

�Kð��P;Pt;��Q; tÞ ¼ �Hð��P;��Q; tÞ þ Pt ð76Þ

We can therefore revert from the formally autonomous description in the

extended phase space to an explicitly time-dependent dynamics in the original

phase space with a time-dependent normal form Hamiltonian

�Hð��P;��Q; tÞ ¼ �Kð��P;Pt;��Q; tÞ � Pt ð77Þ

Just as �K, the Hamiltonian �H depends on ��P1 and ��Q1 only through the action

variable �I1, which is a constant of the motion.

The normal form coordinates allow us to define the time-dependent manifolds

M¼ fð��P;��Q; tÞ : ��P1 ¼ ��Q1 ¼ 0g ð78aÞ
Ws ¼ fð��P;��Q; tÞ : ��Q1 ¼ 0g ð78bÞ
Wu ¼ fð��P;��Q; tÞ : ��P1 ¼ 0g ð78cÞ
T ¼ fð��P;��Q; tÞ : ��P1 ¼ ��Q1g ð78dÞ
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These definitions closely mimic their deterministic counterparts (11). They are

applicable only within the domain of validity of the normal form transformation

and can be extended beyond that range through numerical integration of the

equations of motion. Because the action �I1 is conserved, the phase-space portrait
of the dynamics, when projected onto the reactive degree of freedom

��Q1 ���P1, is the same as that of the autonomous dynamics in Fig. 1a. The

manifolds (78) thus play the familiar roles. The manifold M is the center

manifold of the TS trajectory. It is still normally hyperbolic, but it differs from its

time-independent analogue in that it is not foliated into energy shells

because energy is not conserved in a driven system. The manifolds Ws and

Wu are the stable and unstable manifolds of the NHIMM. They can collectively

be described as the zeros of the reactive-mode action �I1 and act as separatrices

between reactive and nonreactive trajectories. Reactive trajectories are char-

acterized by �I1 > 0, nonreactive trajectories by �I1 < 0. Finally, T is a TS

dividing surface that is strictly free of recrossings.

Through the normal form transformation (73) and the time-dependent shift of

origin (42), the relation between the original phase-space coordinates P;Q and

the normal form coordinates ��P;��Q, in which the manifolds (78) are defined,

is known explicitly. At any given time, one can therefore easily calculate the

instantaneous location of the invariant manifolds and decide immediately

whether a given initial condition lies on the reactive or nonreactive side of the

separatrices. The nonlinear normal form transformation (73) is time dependent.

This complicates our picture of the moving manifolds somewhat: in the

presence of nonlinearities, the invariant manifolds not only change their

positions as they are carried around by the TS trajectory, but they also change

their shape over time. Nevertheless, the basic functions of all manifolds and

the explicit constructive nature of the algorithm that computes them are

preserved.

3. The Driven Hénon–Heiles System

The diagnostic power of the time-dependent invariant manifolds Wu and Ws

as separatrices between reactive and nonreactive trajectories was illustrated in

Ref. 40 for the example of a driven Hénon–Heiles system described by the

Hamiltonian

H ¼ 1
2
ðpx2 þ py

2Þ þ VHHðx; yÞ þ EðtÞ expð�ax2 � by2Þ ð79Þ

with the deterministic Hénon–Heiles potential [100]

VHHðx; yÞ ¼ 1
2
ðx2 þ y2Þ þ x2y� 1

3
y3 ð80Þ
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and the external driving field

EðtÞ ¼ � q
qt
AðtÞ ð81aÞ

AðtÞ ¼ A0 cos
2 ot
2N

� �
sinðotÞ ifjtj < Np=o

0 otherwise

(
ð81bÞ

The numerical parameters in Eqs. (79) and (81) were set to a ¼ 2, b ¼ 4, N ¼ 4,

o ¼ 3, and A0 ¼ 0:1.
The deterministic potential (80) is illustrated in Fig. 6. It has a minimum at the

origin and three saddle points that separate a central well from three asymptotic

regions. The latter can be interpreted as a reactant channel and two different

product channels and are labeled accordingly in the figure. The central region then

corresponds to an intermediate activated complex, and the system can serve as a

simple model for multichannel chemical reactions. In the absence of external

driving, the dynamics within the central well is regular for sufficiently low energy.

As the energy rises toward the energy of the saddle points, the dynamics becomes

increasingly chaotic. For this reason, the Hénon–Heiles system has become a

paradigmatic example in which to study mixed regular-chaotic Hamiltonian

dynamics, both the bounded motion below the saddle point energy (e.g., see Refs.

100 and 101) and the chaotic scattering above [102–104]. It is therefore to be

expected that the complications of chaotic dynamics remain present if the system

is subject to a time-dependent driving force.

Following Ref. 40, we study trajectories that approach the central region

from the (arbitrarily chosen) reactant channel. They will be identified by their

Figure 6. The deterministic potential (80) of the driven Hénon–Heiles system. A central well is

separated from three asymptotic channels by three saddle points SA, SB, and SR. Also indicated is

the surface, Eq. (82), on which initial conditions are sampled. (From Ref. 40.)
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initial conditions at time t0 ¼ �4:2, just before the onset of the driving pulse.

Initial conditions will be sampled on the surface

ffiffiffi
3
p

x� y ¼ 3 ð82Þ

and at an initial energy of E0 ¼ 0:3 (which is conserved before the driving sets in).
Some of these trajectories will be deflected by the potential barrier that separates

the channel from the central well. They will return into the reactant channel

without ever entering the intermediate region. Other trajectories will overcome

the barrier and enter the intermediate region. They will participate in the

complicated internal dynamics of the activated complex and finally leave across

one of the three barriers into the adjacent channel. Figure 7 shows the final

channels that the trajectories reach as a function of initial conditions. There are

several different regions, or ‘‘islands,’’ for every final channel. They intertwine

with the islands of the other channels in a complicated manner.

The complex island structure in Fig. 7 is a consequence of the complicated

dynamics of the activated complex. When a trajectory approaches a barrier, it

can either escape or be deflected by the barrier. In the latter case, it will return

into the well and approach one of the barriers again later, until it finally escapes.

If this interpretation is correct, the boundaries of the islands should be given by

the separatrices between escaping and nonescaping trajectories, that is, by the

time-dependent invariant manifolds described in the previous section. To test

this hypothesis, Kawai et al. [40] calculated those separatrices in the vicinity of

each saddle point through a normal form expansion. Whenever a trajectory

approaches a barrier, the value of the reactive-mode action I1 is calculated. If the

trajectory escapes, it is assigned this value of the action as its ‘‘escape action’’.

Figure 7. Initial conditions in the surface (82) that lead to reactions into channel A, channel B,

or a return into the reactant channel, respectively. (From Ref. 40.) (See color insert.)
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Figure 8 displays the escape actions thus obtained for trajectories that react

into channel A or B. It confirms, first of all, that all escape actions are positive.

Furthermore, they take a maximum in the interior of each reactive island and

decrease to zero as the boundaries of the islands are approached. These

boundaries therefore coincide with the invariant manifolds that are character-

ized by �I1 ¼ 0. A more detailed study of the island structure [40] reveals in

addition that the time-dependent normal form approach is necessary to describe

the islands correctly. Neither the harmonic approximation of Section IVB1 nor

the earlier autonomous TST described in Section II yield the correct island

boundaries.

V. OUTLOOK: OPEN PROBLEMS

We have outlined how the conceptual tools provided by geometric TST can be

generalized to deterministically or stochastically driven systems. The center-

piece of the construction is the TS trajectory, which plays the role of the saddle

point in the autonomous setting. It carries invariant manifolds and a TST dividing

surface, which thus become time-dependent themselves. Nevertheless, their

functions remain the same as in autonomous TST: there is a TST dividing surface

that is locally free of recrossings and thus satisfies the fundamental requirement

of TST. In addition, invariant manifolds separate reactive from nonreactive

trajectories, and their knowledge enables one to predict the fate of a trajectory a

priori.

Because the concepts of time-dependent TST have been developed only very

recently, their investigation is still in its infancy, and many problems remain

Figure 8. The escape actions for trajectories that lead into channel A or channel B. On the

island boundaries, the escape actions tend to zero. (From Ref. 40.) (See color insert.)
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open. Exemplarily, some possible directions of further research are the

following:

� Whereas in deterministically driven systems a normal form procedure is

available that allows one to calculate the time-dependent geometric

objects explicitly in the presence of both nonlinearities and configuration-

dependent coupling to the external fields, no analogous scheme is yet

available for stochastic driving. Because stochastic driving implies

damping, it will have to be developed in a framework of dissipative

normal form theory [105, 106].

� For time-dependent Hamiltonian systems we chose in Section IVB to use

a normal form that decouples the reactive mode from the bath modes, but

does not attempt a decoupling of the bath modes. This procedure is always

safe, but in many cases it will be overly cautious. If it is relaxed, the

dynamics within the center manifold is also transformed into a (suitably

defined) normal form. This opens the possibility to study the dynamics

within the TS itself, as has been done in the autonomous case, for example

in Ref. 107. One can then try to identify structures in the TS that promote

or inhibit the transport from the reactant to the product side.

� Once the cases of deterministic and stochastic driving have been

incorporated into a framework of time-dependent TST, one can proceed

to combine the two. This situation presents special challenges because the

deterministic external force will drive the reactive system away from

thermal equilibrium with the heat bath. For the description of non-

equilibrium reactions, no general theoretical framework is yet available.

Such a framework would have to answer two fundamental questions [9]:

on the one hand, the statistical distribution of reactants is in general

unknown; on the other hand, the phase-space structures that mediate

the transition between different asymptotic states have to be identified.

The latter problem, which is properly speaking dynamical in nature, can

be tackled using the time-dependent TST. A first step in this direction was

taken by Lehmann et al. [108–110], who identified a ‘‘basin boundary’’

periodic orbit on a periodically oscillating barrier as the moving separatrix

between the two adjacent wells. The results of Section III yield a TS

trajectory that can be regarded as a stochastic version of this periodic

basin boundary.

� Many solvents do not possess the simple structure that allows their effects

to be modeled by the Langevin equation or generalized Langevin equation

used earlier to calculate the TS trajectory [58, 111, 112]. Instead, they

must be described in atomistic detail if their effects on the effective free

energies (i.e., the time-independent properties) and the solvent response

(i.e., the nonequilibrium or time-dependent properties) associated with the
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chemical reaction are to be modeled accurately. An important extension of

the time-dependent TST outlined here lies in its application to such

complex solvents.

� If the system is modeled within the Langevin formalism, the fluctuating

force exerted by the solvent is assumed to be independent of the dynamics

of the reactants and can thus also be assumed to be known a priori. This

knowledge allows the construction of a TS trajectory that depends on the

future as well as the past behavior of the driving force. As soon as the

influence of the solute on the solvent has been taken into account, such

complete information will not be readily accessible since extracting an

entire sample of the external driving force from a molecular simulation

will quickly become prohibitively expensive. Because the diagnostic

power of the TS trajectory depends critically on its ability to look ahead to

future noise (see Section III), one might not be able to obtain an exact

recrossing-free dividing surface under these conditions. However, an

approximate solution at short to intermediate times will still be available.

The construction of such an approximation is the key to an extension of

time-dependent TST to the dynamics of reactions in complex solvents.

� The ultimate aim of TST is the calculation of reaction rates. It remains to

be shown how the moving dividing surface can be used to compute a rate

in a manner that is analogous to a traditional TST rate calculation [113].

The authors hope that this chapter will inspire further investigation of these

and other open questions that will lead us to fully understand the potential of

time-dependent transition state theory.
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I. INTRODUCTION

It was believed for a long time that the fundamental laws of nature are invariant

under space inversion, and hence the conservation of space inversion symmetry

(P) is a universally accepted principle. The nonconservation of this symmetry

was discovered experimentally by Wu and co-workers in the b decay of 60Co in
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1957 [1]. After the discovery of P violation, the combined operation of charge

conjugation C and space inversion P (CP) was thought to be a good symmetry. In

1964, the experiment of Christenson et al. [2] provided evidence of a small

violation of CP symmetry in the decay of neutral K0
L mesons. This, in conjunction

with the so called CPT theorem [3, 4], implies the violation of time reversal

symmetry (T). Apart from this indirect evidence of T violation, there is no other

instance where such an effect has been observed. Lee and Yang [5] as well as

Landau [6] showed that a nonzero permanent electric dipole moment (EDM) of

any nondegenerate quantum mechanical system is a signature of the non-

conservation of space inversion and time reversal symmetries. Thus the

experimental observation of a permanent EDM of an elementary particle, an

atom, or a molecule will be direct evidence of the violation of time reversal

symmetry (T).

On the other hand, the permanent EDM of an elementary particle vanishes

when the discrete symmetries of space inversion (P) and time reversal (T) are

both violated. This naturally makes the EDM small in fundamental particles of

ordinary matter. For instance, in the standard model (SM) of elementary particle

physics, the expected value of the electron EDM de is less than 10�38 e.cm [7]

(which is effectively zero), where e is the charge of the electron. Some popular

extensions of the SM, on the other hand, predict the value of the electron EDM

in the range 10�26–10�28 e.cm. (see Ref. 8 for further details). The search for a

nonzero electron EDM is therefore a search for physics beyond the SM and

particularly it is a search for T violation. This is, at present, an important and

active field of research because the prospects of discovering new physics seems

possible.

It is well recognized that heavy atoms and heavy polar diatomic molecules

are very promising candidates in the experimental search for permanent

EDMs arising from the violation of P and T. The search for nonzero P,T-odd

effects in these systems with the presently accessible level of experimental

sensitivity would indicate the presence of new physics beyond the SM of

electroweak and strong interactions [9], which is certainly of fundamental

importance. Despite the well known drawbacks and unresolved problems of

the SM, there are no experimental data available that would be in direct

contradiction with this theory. In turn, some popular extensions of the SM,

which allow one to overcome its disadvantages, are not yet confirmed

experimentally [8, 10].

A crucial feature of the search for P,T-odd effects in atoms and molecules

is that in order to interpret the measured data in terms of fundamental constants of

these interaction, one must calculate specific properties of the systems to establish

a connection between the measured data and studied fundamental constants.

These properties are described by operators that are prominent in the nuclear

region; they cannot be measured, and their theoretical study is a non-trivial task.
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During the last several years, there has been growing recognition of the

significance of (and requirement for) ab initio calculations of electronic structure

providing a high level of reliability and accuracy in accounting for both relativistic

and correlation effects associated with these properties. In this chapter, we discuss

one of the P,T-odd interaction constants, the so-called Wd, which is a measure of

the effective electric field at the unpaired electron in the ground state of heavy

polar molecules.

II. SEARCH FOR EDM ARISING FROM P,T-ODD

INTERACTIONS

After the discovery of the combined charge and space symmetry violation, or CP

violation, in the decay of neutral K0
L mesons [2], the search for the EDMs of

elementary particles has become one of the fundamental problems in physics. A

permanent EDM is induced by the super-weak interactions that violate both space

inversion symmetry and time reversal invariance [11]. Considerable experimental

efforts have been invested in probing for atomic EDMs (da) induced by EDMs of

the proton, neutron, and electron, and by the P,T-odd interactions between them.

The best available limit for the electron EDM, de, was obtained from atomic

Tl experiments [12], which established an upper limit of jdej < 1:6� 10�27 e�cm.

The benchmark upper limit on a nuclear EDM is obtained from the atomic EDM

experiment on 199Hg [13] as jdHgj < 2:1� 10�28 e�cm, from which the best

restriction on the proton EDM, jdpj < 5:4� 10�24 e�cm, was also obtained by

Dmitriev and Senkov [14]. The previous upper limit on the proton EDM was

estimated from the molecular TlF experiments by Hinds and co-workers [15].

Since 1967, when Sandars suggested the use of polar heavy-atom molecules

for the experimental search for the proton EDM [16], molecules have been

considered the most promising candidates for such experiments. Sandars also

noticed earlier [17] that the P-odd and P,T-odd effects are strongly enhanced in

heavy atoms due to relativistic and other effects. For example, in paramagnetic

atoms the enhancement factor for an electron EDM, da=de, is roughly propo-

rtional to a2Z3aD, where a is the fine structure constant, Z is the nuclear charge,

and aD is the atomic polarizabilities. The enhancement can be of the order of 102

or greater for highly polarizable heavy atoms ðZ � 50Þ. Furthermore, the effective

intermolecular electric field acting on electrons in polar molecules can be five or

more orders of magnitude greater than the maximal electric field accessible in a

laboratory. The first molecular EDM experiment was performed on TlF by

Hinds et al. [15]; it was interpreted as a search for the proton EDM and other

nuclear P,T-odd effects. In the last series of the 205TlF experiments by Cho et al.

[18] in 1991, the restriction on the proton EDM, dp ¼ ð�4� 6Þ � 10�23 e�cm
was obtained. This was recalculated in 2002 by Petrov et al. [19], who obtained

the restriction as dp ¼ ð�1:7� 2:8Þ � 10�23 e�cm.
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The experimental investigation of the electron EDM and parity nonconserva-

tion (PNC) effects was stimulated in 1978 by Labzovsky [20], Gorshkow et al.

[21], and Sushkov et al. [22], who clarified the possibilities of additional

enhancement of these effects in diatomic radicals like BiS and PbF due to the

closeness of energy levels of opposite parity in �-doublets having a 2
1=2

ground state. Sushkov et al. [23] as well as Flambaum and Khriplovich [24]

suggested the use of �-doubling in diatomic radicals with a 2�1=2 ground

state for such experiments. Soon after that semiempirical calculations were

performed for the HgF, HgH, and BaF molecules by Kozlov [25], and at the

same time ab initio calculations of PNC effects in PbF initiated by Labzowsky

were completed by Titov et al. [26]. A few years later, Hinds launched an

experimental search for the electron EDM in the YbF molecule for which his

group obtained the first result in 2002 [27], de ¼ ð�0:2� 3:2Þ � 10�26 e�cm.

Though that restriction is worse than the best current de datum (from the Tl

atom experiments), nevertheless, it is only due to limitations on counting

statistics, as Hudson et al. [27] pointed out later.

At present, a series of electron EDM experiments on YbF [28] and PbO

(DeMille’s group at Yale, USA) are in progress. The unique suitability of PbO

for searching for the elusive de is demonstrated by the very high projected

statistical sensitivity of the Yale experiment to the electron EDM, which has the

prospect of allowing one to detect de on the order of 10�29–10�31 e�cm [29],

two to four orders of magnitude lower than the current limit quoted earlier.

Some other candidates for the EDM experiments, in particular, HgH, HgF,

TeO*, and HIþ, are being discussed, and an experiment on PbF is planned

(Oklahoma University, USA)

III. PARTICLE PHYSICS IMPLICATIONS FOR THE
EXISTENCE OF AN ELECTRON EDM

As mentioned in the Introduction, the observation of a nonzero EDM of an

electron would be a signature of behavior beyond that described by the standard

model (SM) of physics [9]. It would be a more sensitive probe of the SM than the

neutron EDM, which could have nonzero EDM due to CP violation in the QCD

sector of the SM.

Table I presents the estimate of the electron EDM predicted by different

particle physics models [8, 9]. As can be seen from this table, the value of the

electron EDM in the SM is 10–12 orders of magnitude smaller than in the

other models. This is due to the fact that the first nonvanishing contribution

to this quantity arises from three-loop diagrams [30]. There are strong cance-

llations between diagrams at the one-loop as well as two-loop levels. It is indeed

significant that the electron EDM is sensitive to a variety of extensions of the

SM including supersymmetry (SUSY), multi-Higgs, left–right symmetry, lepton
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flavor-changing, and so on [10]. This is particularly true for the minimal

(‘‘naive’’) SUSY model, which predicts an electron EDM already at the level of

10�25 e�cm. However, the best experimental estimate on the electron EDM,

1:6� 10�27 e�cm, from the experiment for the Tl atom [12], is almost two orders

of magnitude smaller. More sophisticated SUSY models have many desirable

features such as their ability to explain the ‘‘gauge hierarchy problem’’ and to

solve the problem of dark matter in astrophysics. Interestingly, they predict the

electron EDM at the level of 10�27 e�cm or somewhat smaller. It is certainly

remarkable that studies of the electron EDM can shed light on supersymmetry,

which is one of the most profound ideas in contemporary physics.

IV. PARITY AND TIME REVERSAL SYMMETRY

The space inversion transformation is x! �x and the corresponding operator on
state vector space is called the parity operator (P). The parity operator reverses

the sign of the position (Q) and the linear momentum (L) operator,

PQP�1 ¼ �Q ð1Þ
PLP�1 ¼ �L ð2Þ

Under the action of the parity operator P, the position and momentum

commutator [Q,L] = i�h, becomes

PQP�1PLP�1 � PLP�1PQP�1 ¼ Pi�hP�1 ð3Þ

By the use of Eqs.(1) and (2), this becomes

QL� LQ ¼ Pi�hP�1 ð4Þ

which is compatible with the original commutation relation provided PiP�1 ¼ i.

Therefore the parity operator is linear and unitary. Since the two consecutive

TABLE I

Prediction for the Electron EDM, jdej, in Popular Theoretical Models

Model jdej (in e�cm)

Standard model < 10�38

Left–right symmetry 10�28–10�26

Lepton flavor-changing 10�29–10�26

Multi-Higgs 10�28–10�27

Supersymmetric � 10�25

Experimental limit [12] < 1:6� 10�27
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space inversions produce no change at all, it follows that the state described by

j�i and by P2j�i must be the same. Thus the operator P2 can differ from the

identity operator by at most a phase factor. It is convenient to choose this phase

factor to be unity and hence we have

P ¼ P�1 ¼ Py ð5Þ

The effect of time reversal operator T is to reverse the linear momentum (L)

and the angular momentum (J), leaving the position operator unchanged. Thus,

by definition,

TQT�1 ¼ Q ð6Þ
TLT�1 ¼ �L; TJT�1 ¼ �J ð7Þ

Under the action of time reversal operator T the position and momentum

commutator [Q,L]¼ i�h becomes

TQT�1TLT�1 � TLT�1TQT�1 ¼ Ti�hT�1 ð8Þ

According to Eqs.(6) and (7), this becomes�ðQL� LQÞ ¼ Ti�hT�1, which when
compared with the original commutation relation yields TiT�1 ¼ �i. Therefore
the time reversal operator is anti-linear. It can also be shown that the time

reversal operator T is anti-unitary.

V. GENERAL PRINCIPLE FOR THE MEASUREMENT

OF EDMS

The basic physics governing the measurement of the EDM in all types of

electrically neutral systems is almost the same as discussed in this section. If the

system under consideration has a magnetic moment l and is exposed to a

magnetic field B, then the interaction Hamiltonian can be written

Hmag ¼ �l � B ð9Þ

From a classical point of view, the magnetic field exerts a torque on the system so

that the magnetic moment l and hence the angular momentum J begin to precess

about the magnetic field B. The precession frequency for a system having J ¼ 1
2

corresponds to the energy separation of 2mB between m ¼ � 1
2
states, given by

do ¼ 2mB=�h ð10Þ
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If the system under consideration also possesses an electric dipole moment d and

is exposed to an electric field E, then the interaction Hamiltonian can be written

Hele ¼ �d � E ð11Þ

As a result of the projection theorem [31], the expectation value of the EDM

operator d, which is a vector operator, is proportional to the expectation value of
J in the angular momentum eigenstate. This fact, in conjunction with Eq. (9),

implies that the electric field modifies the precession frequency of the system

because of the additional torque experienced by the system due to the interaction

between the electric field and the EDM. It can readily be shown that the modified

precession frequency is

�oþ ¼
2mBþ 2dE

�h
ð12Þ

when the applied electric field E is parallel to the magnetic field B, and

�o� ¼
2mB� 2dE

�h
ð13Þ

when they are antiparallel. The aim of the experiment is to measure the change in

the precession frequency due to the flipping of the electric field with respect to

the magnetic field. From the above two expressions, it is obvious that the change

in the precession frequency is

�o ¼ �oþ ��o� ¼ 4dE=�h ð14Þ

Equation (14) can be used to determine the value of d, the permanent EDM of the

system. The most recent and the best limit available so far for the intrinsic EDM

of the electron was set to be jdej ¼ 1:6� 10�27 e�cm by Regan et al. [12] from

atomic EDM experiments for the Tl atom. It may be worth mentioning that the

above principle was used in the electron EDM experiment by Regan et al. [12].

VI. MECHANISMS GIVING RISE TO PERMANENT EDMS

A permanent EDM of a stable atomic or molecular state can arise only when both

P and T invariance are broken (see Fig.1). It is often said that polar molecules

possess ‘‘permanent’’ EDMs and exhibit a linear Stark effect. However, the Stark

effect exhibited by the polar molecule is not really linear for sufficiently small E
at zero temperature, and moreover, it violates neither P nor T symmetry [10]. We

emphasize that a permanent EDM that exhibits a linear Stark effect even for an

infinitesimally weak E is a genuine signature of P and T violation or CP violation
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in conjunction with the CPT theorem. The mechanisms that can give rise to such

P,T-odd effects and hence permanent EDMs are the following:

1. Intrinsic electric dipole moments of electrons

2. Intrinsic electric dipole moments of nucleons

3. P and T violating electron–nucleon interactions

4. P and T violating electron–electron interactions

5. P and T violating nucleon–nucleon interactions

The nonrelativistic electronic Hamiltonian for N electrons in the field of M

point charges (nuclei) under the Born–Oppenheimer approximation is given by

H ¼
XN
i¼1

p2i
2m
�
XM
A¼1

ZAe

riA
þ
X
i6¼j

e2

rij

 !
ð15Þ

where Z is the atomic number, m is the electron mass, riA is the distance

between the ith electron and the Ath nucleus, and rij is the distance between

the ith and jth electron. Let us first consider the effects of the intrinsic EDM of

an electron in an atom or a molecule from the nonrelativistic point of view.

Let us also assume that the value of the intrinsic EDM of an electron is de.

The EDM operator corresponding to the ith electron in the atom/molecule is

given by [8]

di ¼ deri ð16Þ

where ri are the Pauli spin matrices for the ith electron.

Figure 1. Parity (P) and time (T) reversal symmetry violation.
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Therefore in the presence of an external electric field of strength Ez in the

z-direction, the total nonrelativistic molecular Hamiltonian is

H ¼ Hþ HI þ Hext ð17Þ

where

HI ¼ �de
X
i

ri � E int
i ð18Þ

and

Hext ¼ �eEz

X
i

zi þ
de

e
szi

� �
ð19Þ

E int
i in Eq. (18) is the internal electric field that the ith electron experiences

due to the other electrons and the nuclei of the molecule. Clearly, we can

write

eE int
i ¼ �=i

X
j 6¼i

e2

rij
�
XM
A¼1

ZAe

riA

 !
ð20Þ

so that we get

HI ¼
de

e

X
i

ri � =i

X
j 6¼i

e2

rij
�
XM
A¼1

ZAe

riA

 !
ð21Þ

But it turns out that the above Hamiltonian leads to a vanishing value of the

atomic or molecular EDM due to Schiff’s theorem [32]. This result is most

surprising because it implies that even though the individual electrons in the

molecule have nonzero EDMs, the molecular EDM is still zero. Later, Sandars

[17] demonstrated that the relativistic treatment (presented later) of electrons in

atoms or molecules leads to a nonzero electron EDM.

The relativistic treatment of electron EDM begins by replacing the

nonrelativistic Hamiltonian H and the interaction Hamiltonian HI by their

relativistic counterparts

HDF ¼
X
i

cai � pi þ bmc2 �
XM
A¼1

ZAe

riA
þ
X
j 6¼i

e2

rij

 !
ð22Þ
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and

HEDM ¼ �de
X
i

biðRi � E i þ iai � BiÞ ð23Þ

where

R ¼ 0 r̂
r̂ 0

� �
; b ¼ I 0

0 �I

� �
ð24Þ

and E and B are the electric and magnetic fields, respectively. Since the second

term of Eq. (23) is of the order of Oðv2=c2Þ, we can neglect this term and rewrite

Eq. (23) as

HEDM � �de
X
i

biRi � E i ð25Þ

If the atom as a whole is also exposed to an external electric field Ez in the z-

direction, then the total relativistic molecular many-body Hamiltonian can be

written

H ¼ HDF þ H0 ð26Þ

where

H0 ¼ �de
X
i

biRi � E int
i � eEz

X
i

zi þ
de

e
biRzi

� �
ð27Þ

Since b ¼ 1 in the nonrelativistic limit where the contribution vanishes, we can

replace b by ðb� 1Þ in the expression for H0. In this case the residual EDM

interaction of an electron with the internal electric field reduces to

Hd ¼ �deðb� 1ÞR � E int ð28Þ

With the aid of these above two equations, the linear Stark splitting can be

evaluated as

�E ¼ �2deeEz

X
n6¼0

hc0jzjcnihcnjðb� 1ÞR � E intjc0i
E0 � En

� deEzhc0jðb� 1ÞRzjc0i

ð29Þ
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The c0 and cn in Eq. (29) are eigenfunctions ofHDF corresponding to the energy

eigenvalues E0 and En, respectively [8, 33].

The high value of the electron density at the nucleus leads to the enhancement of

the electron EDM in heavy atoms. The other possible source of the enhancement is

the presence of small energy denominators in the sumover states in the first term of

Eq.(29). In particular, this takes place when ðE0 � EnÞ is of the order of the

molecular rotational constant. (It is imperative that a nonperturbative treatment be

invoked when the Stark matrix element eEzhc0jzjcni is comparable to the energy

denominator ðE0 � EnÞ [33].) Neglecting the second term of the right-hand side of

Eq.(29), which does not contain this enhancement factor [8, 27], we get

�E ¼ hc0jHdjc0i ¼ �dehc0jðb� 1ÞR � E intjc0i ð30Þ

With the aid of this, the P,T-odd constant Wd can be expressed as [34]

Wd ¼
2

de
hX2R1=2jHdjX2R1=2i ð31Þ

It can readily be understood from the above expressions that Wd is a measure of

the effective electric field at the unpaired electrons.

VII. COMPUTATIONAL PROCEDURE

A. Internal Electric Field of a Diatomic Molecule

In case of a molecule, the internal electric field experienced by an electron can be

written

E int ¼ Emol
i ¼

X
m

Em
i þ

X
j 6¼i

E ij ð32Þ

where Em
i is the field due to the mth nucleus at the site of the ith electron andP

j6¼i E i;j is the electric field due to the jth electron at the site of ith electron. For

diatomic molecule, the above equation reduces to

Emol
i ¼ EM

i þ EF
i þ

X
j 6¼i

E ij ð33Þ

For spherically symmetric nuclear charge distribution (Gaussian, Fermi, or

point nucleus), the electric field at a point r outside the nucleus can be evaluated

from Gauss’ law as

EðrÞ ¼ 1

4pE0

Q

r2
r̂ ðin SI unitsÞ ð34Þ
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where Q is the total charge inside the nucleus (proportional to the atomic number

Z of the atom) and r is the position vector of the point under consideration relative
to the center of the nucleus. (Note that although the electric field outside the

nucleus is the same for all the above-mentioned charge distributions, the electric

field inside the nucleus may be different for different charge distributions.)

By use of Eqs.(33) and (34), the nuclear electric field of a diatomic molecule

MF can be written

Emol
i ¼ 1

4pE0

ZM

r2M
r̂M þ

ZF

r2F
r̂F

� �
þ
X
j 6¼i

E i;j ð35Þ

The last term of the above equation is quite small compared to the other two

terms and hence can be neglected. So, neglecting the last term, we get

Emol
i ¼ 1

4pE0

ZM

r2M
r̂M þ

ZF

r2F
r̂F

� �
ð36Þ

B. Relativistic Molecular Orbitals

The relativistic orbitals are assumed to be of the form

1

r

PnkðrÞ�kmð̂rÞ
iQnkðrÞ��kmðr̂Þ

� �
ð37Þ

where Pnk

�
r
� �

QnkðrÞ
�
are the radial parts of the large (small) component of the

basis functions and

�kmð̂rÞ ¼ R
s¼�1

2

C
jm

lm�s1
2
s
Ym�s
l ðr̂ÞZs ð38Þ

is a spinor spherical harmonic, C
j3m3

j1m1j2m2
is a Clebsh–Gordon coefficient, Ym

l ðr̂Þ is
a spherical harmonic, and Zs is a spin basis function

Zþ 1
2

¼ 1

0

� �
; Z� 1

2

¼ 0

1

� �
ð39Þ

The molecular orbitals used in these calculations are generated using the

linear combination of atomic orbitals (LCAO) method, in which an orbital is

fIðrÞ ¼
Xn
p¼1

cXP
Ipw

P
p ðrpÞ

iX
Q
pIw

Q
p ðrpÞ

 !
ð40Þ
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where fI are the four-component MOs and XP
Ip are the corresponding MO

coefficients. The wPp ðrpÞ (wQp ðrpÞ) in Eq.(40) are the large (small) two-component

basis spinors and rp ¼ r � R, where R is the ‘‘center’’ of the basis function

p [35, 36].

C. Matrix Elements of the P,T-Odd Interaction Operator Hd

Using the standard representation of the Dirac matrices b and R, the residual P,T-
odd interaction operator Hd can be written

Hd ¼ 2de
0 0

0 r̂

� �
� E int ð41Þ

Neglecting the electric field due to the electrons and replacing E int by Emol
i

(defined earlier), we can express the P,T-odd interaction operator Hd for the ith

electron as

HI
d ¼ 2de

0 0

0 r̂ � r̂M

� �
1

4pe0

ZM

r2M
þ 2de

0 0

0 r̂ � r̂F

� �
1

4pe0

ZF

r2F
ð42Þ

It is evident that the operator Hd couples only the small components of the

relativistic molecular wavefunctions. Since the small components as well as

the nuclear electric fields are prominent in and around the nuclear regions, the

dominant contribution to the matrix elements of Hd comes from that region. It

should be noted that the absence of the screening term E i;j in Eq.(42) will

overestimate the Hd matrix element. However, the amount of overestimation is

expected to be small.

The value of the matrix element of the operator in Eq.(42) is determined

principally by contributions from the regions in and around the nuclei, where both

the electric field and the small component (relativistic effect) of thewavefunctions

are largest. In the absence of screening (E i;j), the nuclear electric field diminishes

with the square of the distance from the center of a nucleus; screening further

accelerates the decline of the electric field with distance. The electrons of each

‘‘constituent atom’’ have completely screened ‘‘their’’ nuclei at the location of

any other nucleus, for which reason, and to a very good approximation, the

problem is ‘‘uncoupled’’ for the various nuclear regions.

The evaluation of the integrals using spherical polar coordinates is relatively

simple. With slight mathematical manipulation, the matrix element of the

operator Hd can be written

hHI
diII ¼ �2de

X
X¼M;F

X
kX;mX

d�kX;k0XdmX;m
0
X

Z
r

wQI;kX;mX
ðrÞEXðrÞwQI;k0

X
;m0

X
ðrÞdr ð43Þ
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Here, we have removed the factor 1=4pE0 because in atomic units (a.u.) its value

is unity. We have also used the short-hand notation EXðrÞ ¼ ZX=rX
2 for the

nuclear electric field. Furthermore, we use the following two identities to arrive

at the above expression:

ðr̂ � r̂Þ�km ¼ ���km ð44Þ

and Z
�ykm�k0m0d� ¼ dk;k0dm;m0 ð45Þ

The approximate molecular wavefunction � is a Slater determinant of the

single particle orbitals fI

j�i ¼ 1ffiffiffiffiffi
N!
p Detjf1f2 � � �fN j ð46Þ

The expectation value of the operator Hd in a specific molecular state � is given

by

h�jHN
d j�i ¼

X
I

hfIjHI
djfIi ð47Þ

where

HN
d ¼

X
I

HI
d ð48Þ

Thus one has to first evaluate the matrix elements hfIjHI
djfIi at the single

particle level to compute the expectation value of the operator HN
d in a specific

molecular state.

It should be noted that the expression for the nuclear electric field E / 1=r2 is
reasonable if the dimensions of the nuclei are assumed to be negligible (i.e., point

charge approximation). Since it is well known that nuclei are of finite size, the

given expression overestimates the electric field inside the nuclear region, which

can affect the accuracy of the computed Wd. In the case of a uniformly charged

spherical nucleus of finite dimension, the appropriate expression for the electric

field inside(outside) the nuclear region E / r(E / 1=r2) should be used. Some

other form of the nuclear charge distribution such as the ‘‘Gaussian nucleus’’ or

‘‘Fermi nucleus’’ can also be used.

The procedure for evaluating the matrix elements of the P,T-odd interaction

operator Hd with Cartesian Gaussian spinors is a bit complicated and different
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from those evaluated from spherical Gaussian spinors as described in Appendices

A and B.

VIII. AB INITIO CALCULATION OF P,T-ODD EFFECTS

As mentioned earlier, heavy polar diatomic molecules, such as BaF, YbF, TlF,

and PbO, are the prime experimental probes for the search of the violation of

space inversion symmetry (P) and time reversal invariance (T). The experimental

detection of these effects has important consequences [37, 38] for the theory of

fundamental interactions or for physics beyond the standard model [39, 40]. For

instance, a series of experiments on TlF [41] have already been reported, which

provide the tightest limit available on the tensor coupling constant CT , proton

electric dipole moment (EDM) dp, and so on. Experiments on the YbF and BaF

molecules are also of fundamental significance for the study of symmetry

violation in nature, as these experiments have the potential to detect effects due

to the electron EDM de. Accurate theoretical calculations are also absolutely

necessary to interpret these ongoing (and perhaps forthcoming) experimental

outcomes. For example, knowledge of the effective electric field E (characterized

byWd) on the unpaired electron is required to link the experimentally determined

P,T-odd frequency shift with the electron’s EDM de in the ground (X2�1=2) state

of YbF and BaF.

The twin facts that heavy-atom compounds like BaF, TlF, and YbF contain

many electrons and that the behavior of these electrons must be treated relati-

vistically introduce severe impediments to theoretical treatments, that is, to the

inclusion of sufficient electron correlation in this kind of molecule. Due to this

computational complexity, calculations of P,T-odd interaction constants have

been carried out with ‘‘relativistic matching’’ of nonrelativistic wavefunctions

(approximate relativistic spinors) [42], relativistic effective core potentials

(RECP) [43, 34], or at the all-electron Dirac–Fock (DF) level [35, 44]. For

example, the first calculation of P,T-odd interactions in TlF was carried out in

1980 by Hinds and Sandars [42] using approximate relativistic wavefunctions

generated from nonrelativistic single particle orbitals.

The P,T-odd interaction constantWd in YbF was first calculated by Titov et al.

[43] using generalized RECP (GRECP), as this procedure provides reasonable

accuracy with small computational cost. Titov and co-workers also reported Wd

computed using a restricted active space self-consistent field (RASSCF) scheme

[43, 45] with the GRECP. Assuming that contributions from valence–valence

electron correlation are negligible, Parpia [35] in 1998 estimatedWd from the all-

electron unrestricted DF method (UDF). In the same year, Quiney et al. [44]

reported the P,T-odd interaction constant Wd computed at the core-polarization

level with all-electron DF orbitals. Although pair correlation and higher order

contributions toWd are nonnegligible, these terms are not included inQuiney et al.’s
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calculations. The calculations cited above predict the P,T-odd interaction constant

to lie in the rather large range ½�0:62,�1:5] � 1025 Hz/e �cm. Therefore more

precise estimation ofWd is necessary to set reliable limits on the electron EDM de.

The first calculation of the P,T-odd interaction constant Wd of BaF was

carried out by Kozlov et al. [46] using generalized relativistic effective core

potentials (GRECP) and self-consistent field (SCF) and restricted active space

SCF (RASSCF) methods. They have also reported Wd computed using the

effective-operator (EO) technique at the SCF-EO and RASSCF-EO levels. The

computed Wd by Kozlov et al. [46] is quite consistent with the semiempirical

result of Kozlov and Labzovsky [26] estimated from the experimental hyperfine

structure constants measured by Knight et al. [47]. Although the RASSCF-EO

result [46] is close to the semiempirical estimate of Kozlov and Labzovsky,

it is worthwhile to compute this constant more accurately using correlated

many-body methods like configuration interaction (CI), coupled cluster (CC),

and so on.

In this section, we describe calculations of the P,T-odd interaction constant

Wd for the ground ðX2R1=2Þ states of YbF and BaF molecules using all-electron

DF orbitals and a restricted active space (RAS) configuration interaction (CI)

treatment.

The active space used for both systems in these calculations is sufficiently large

to incorporate important core–core, core–valence, and valence–valence electron

correlation, and hence should be capable of providing a reliable estimate ofWd. In

addition to the P,T-odd interaction constant Wd, we also compute ground to

excited state transition energies, the ionization potential, dipole moment (me),
ground state equilibrium bond length ðReÞ, and vibrational frequency (oe) for the

YbF and me for the BaF molecule.

A. YbF Molecule

The ground and excited state properties of YbF are calculated at the optimized

geometry using the restricted active space (RAS) configuration interaction (CI)

method. We employ 27s27p12d8f and 15s10p uncontracted Gaussian functions

for Yb and F, respectively. The basis employed here is almost the same as that

used by Parpia [35] in his YbF calculation. Since the computation of ground and

excited state properties of YbF using an all active configuration interaction (CI)

method is computationally too expensive, we employ the computationally facile

RASCI method, which is capable of providing reasonable accuracy at a reduced

computational cost.

There are 39 doubly and one singly occupied orbitals in YbF of which the 25th

occupied orbital of YbF corresponds to the 5s occupied spin orbital of Yb. As the

contribution of the 5s and 5p orbitals of Yb toWd is quite significant [43, 48, 49],

these orbitals are included in the CI space. The occupied orbitals above the 25th

are also included in the active space based on energy considerations. (Note that
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the 4f orbitals of Yb and the 2p orbitals of F in YbF are energetically quite close

(see Table 12 of Ref. 35).) Thus altogether 31 active electrons (16a and 15b) are
included in the CI active space.

The Wd estimated from the RASCI is compared with other theoretical

calculations [34, 35, 43, 44] in Table II. As can be seen in Table II, the present

DF estimate of Wd agrees with the Dirac–Fock (DF) value reported by Parpia

[35] but differs by 
 7% from Titov et al.’s [43] estimate of Wd. At this juncture

we emphasize that the DF estimate of Wd reported by Quiney et al. [44] differs

by a factor of three from ours (as well as from those of Parpia [35] and Titov

et al. [43]) because a single combination of symmetry type is considered in their

[44] calculations. While these calculations deviate negligibly in the estimated

P,T-odd interaction constant at the Dirac–Fock level, the deviation is quite

significant at the post Dirac–Fock level. For example, Quiney et al. [44] show

that the contribution of first-order core polarization is almost 100%. On the

other hand, Parpia’s unrestricted Dirac–Fock (UDF) calculation indicates that

the correlation contribution is 
 25%. Note that although the core-polarization

contribution is quite important, the pair correlation and higher order terms are

nonnegligible. We also emphasize that the inclusion of electron correlation

through the UDF is generally not recommended as the UDF theory suffers from

spin contamination.

The variations of Wd and me with respect to the size of the CI space are

depicted in Figs. 2 and 3, respectively. With the exception of a very small

increase between the final two calculations, the parameter Wd has essentially

stabilized. Figures 2 and 3 indicate that the contribution to Wd and me from

orbitals 60–75 (CSFs 2–3�106) is most significant compared to other

unoccupied (at DF level) active orbitals.

TABLE II

P,T-Odd Interaction Constant Wd and Dipole Moment me for the Ground
2R State of YbF Molecule

Methods or Experiment Wdð1025 Hz/e �cm) me (debyes)

Experiment [38] 3.91(4)

Semiempirical [49] �1.50
GRECP/RASSCF [43] �0.91
Semiempirical [48] �1.26
DHF [44] �0.31
DHFþ CP [44] �0.61
UDF (unpaired electron) [35] �0.962
UDF (all electrons) [35] �1.203 4.00

GRECP/RASSCF-EO [45] �1.206
DF (Nayak et al.) [50] �0.963 3.98

RASCI (Nayak et al.) [50] �1.088 3.91

MRCI (pseudopotential) [51] 3.55
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The first ionization potential and low lying ground ðX2�1=2Þ to excited (2�1=2,
2
1=2, and

2
3=2) state transition energies of YbF are compared with experiment

[52] in Table III. The RASCI transition energies from our largest CI space are in

excellent agreement with experiment. The maximum deviation in the estimated

excitation energy is only 419 cm�1 (or 2.3%) for the A2
1=2 state. The RASCI

method also provides a fairly accurate estimate of the A2
1=2 � A2
3=2 energy

gap, which deviates by 3% from experiment.

The equilibrium bond length ðReÞ and ground state vibrational frequencies

(oe) computed at the DF and RASCI levels, are compared with experiment and

with other calculations in Table IV. It is evident from Table IV that the RASCI

method offers a more accurate estimate of Re than the DF approximation, while

the later method yields a more accurate estimate of the vibrational frequency oe.

However, the minuscule error in oe (at the DF level) is perhaps fortuitous given

the larger error in Re of 2.8%.

B. BaF Molecule

The P,T-odd constant Wd and dipole moment me for the ground state of the BaF

molecule are calculated using the restricted active space (RAS) configuration

No.  of CSFs
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Figure 2. The P,T-odd interaction constant Wd versus the number of configuration state

functions (CSFs) for the YbF molecule.
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interaction (CI) method at the experimental geometry Re ¼ 2:16 Å [52]. The

ground state properties of BaF are computed using ‘‘kinetically balanced’’[53]

27s27p12d8f even-tempered Gaussian type of orbitals (GTOs) for the Ba atom

and 15s10p GTOs for the F atom.

There are 32 doubly and one singly occupied orbitals in BaF of which the

25th occupied orbital of BaF corresponds to the 5s occupied spin orbital of Ba.

D
ip

ol
e 

(i
n 

de
by

es
)

No.  of CSFs

8×1057×1056×1055×1054×1053×1052×1051×1050

4.06
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4.02

4

3.98

3.96

3.94

3.92

3.9

3.88

3.86

Figure 3. The molecular dipole moment me versus the number of configuration state functions

(CSFs) for the YbF molecule.

TABLE III

Vertical Ionization Potential and Transition Energies of the YbF Molecule

(in cm�1), Computed Using the RASCI Method

State RASCI [50] Experiment [52]

IP 48537

X2�1=2 0 0

A2
1=2 18509 18090

A2
3=2 19838 19460

B2�1=2 21505 21067
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As the contribution of the 5s and 5p orbitals of Ba to Wd is quite significant

[43] for the BaF molecule, we have included these orbitals of Ba in our CI

active space for the calculation of Wd and me for the ground state of the BaF

molecule. The occupied orbitals above the 25th are also included in the

RASCI space from energy consideration. Thus altogether 17 active electrons

(9a and 8b) are included in the CI space. The present calculations for Wd

consider nine sets of RASCI space, which are constructed from 17 active

electrons and 16, 21, 26, 31, 36, 46, 56, 66, and 76 active orbitals to analyze

the convergence of Wd.

The Wd estimated from the RASCI is compared with other theoretical

calculations [46, 54] in Table V. The present DF estimate of Wd deviates by


 21%ð29%Þ from the SCF (RASSCF) estimate of Kozlov et al. [46] and by


 17% from the semiempirical result of Kozlov and Labzovsky [54], while our

RASCI result departs by 
 6%ð3%Þ from the SCF-EO (RASSCF-EO) treatment

of Kozlov et al. [46] and is in good agreement with the semi-empirical result of

Kozlov and Labzovsky. At this juncture, we emphasize that our computed

ground state dipole moment of BaF (me ¼ 3:203 debyes) is also reasonably

close to experiment me ¼ 3:2 debyes (see Table 5 of Ref. 38).

Figure 4 plotsWd against the dimension of the CI space used in the calculations.

It is evident from Fig. 4 that theWd decreases with increasing size of the CI space

TABLE IV

Ground State Spectroscopic Constants of YbF Molecule

Nayak et al. [50]

Spectroscopic Constant [51] DF RASCI Others Experiment [52]

Re (in Å) 2.073 2.051 2.074 [35] 2.016

2.045 [51]

oe (in cm�1) 504 529 492 [51] 502

TABLE V

P,T-Odd Interaction Constant Wd for the Ground X2� State

of the BaF Molecule

Method Wd10
25 Hz/e �cm)

SCF [46] �0.230
RASSCF [46] �0.224
SCF-EO [46] �0.375
RASSCF-EO [46] �0.364
Semiempirical [54] �0.35
DF (Nayak et al.) [55] �0.293
RASCI (Nayak et al.) [55] �0.352
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Figure 4. Plot of the P,T-odd interaction constant Wd versus number of CSFs for the BaF

molecule.

until it reaches �0:352� 1025 Hz/e �cm. With the exception of a very small

increase at the final calculation, the parameter has essentially stabilized. Figure 4

further indicates that contribution toWd from orbitals 70–100 (CSFs 1–6� 105) is

most significant compared to other unoccupied (at DF level) active orbitals.

At this juncture, we note that experiments on the BaF molecule to detect

P,T-symmetry violation has not yet been performed but are being planned.

Hence the present estimate for Wd as well as the previous calculations [46, 54]

will be useful for experimentalists. As the experiments progress, calculations

with much higher accuracies will be performed by including effects that are

neglected/omitted in the present calculation such as electric field E i;j in Eq.(42).

Therefore the accuracy of the present calculation is sufficient at this moment.

APPENDIX A: CARTESIAN GAUSSIAN SPINORS AND BASIS

FUNCTIONS

In terms of Cartesian Gaussian spinors, the basis functions can be defined as a

linear combination of the following Gaussian spinors [57]:

fI ¼ Nk;a

Y
i¼1;3
ðxi � aiÞki exp ½�aðxi � aiÞ2	w� ð49Þ
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where Nk;a is a normalization constant, k ¼ ðk1; k2; k3Þ, and w� is a two-

component spinor (i.e., a or b spin function). The Gaussian is centered at a and

the orbital angular momentum quantum number is defined as L ¼
P

i ki.

Assuming the Gaussian to be centered at the origin of our coordinate system,

we can define the s; p; and d type functions as

s ¼ Nk000;as exp ½�asr2	w�
px ¼ Nk100;apðxÞ exp ½�apr2	w�; py ¼ � � � ; pz ¼ � � �
dxy ¼ Nk110;ad ðxyÞ exp ½�adr2	w�; dxz ¼ � � �

The subscripts s, p, and d denote the different exponents for different kinds of

functions.

A.1 Difficulty in Evaluating the Matrix Elements of Hd

The P,T-odd interaction operator Hd used in the calculations ofWd is of the form

Hd /
r̂ � r̂
r2

ð50Þ

We can write r2 ¼ x2 þ y2 þ z2 and r̂ � r̂ as

r̂ � r̂ ¼ ~r �~r
jsjjrj

where jrj ¼ ðx2 þ y2 þ z2Þ1=2 and jsj ¼ ðsx
2 þ sy

2 þ sz
2Þ1=2. Likewise, ~r �~r

can be written

~r �~r ¼ sxxþ syyþ szz

which means

Hd /
sxxþ syyþ szz

ðx2 þ y2 þ z2Þ3=2
ð51Þ

Now let us evaluate the matrix element of Eq. (51) between s and p (e.g., pz) type

basis functions. Excluding the constant terms and the spin part, the integral

involving the spatial part is of the form

Z þ1
�1

Z þ1
�1

Z þ1
�1

z2exp½�ðas þ apÞðx2 þ y2 þ z2Þ	
ðx2 þ y2 þ z2Þ3=2

dx dy dz ð52Þ
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This integral is quite difficult to integrate and so we need to find some other

alternative procedure.

APPENDIX B: EXPANSION OF CARTESIAN GAUSSIAN BASIS
FUNCTIONS USING SPHERICAL HARMONICS

The problem of using the Cartesian Gaussian can be resolved by converting the

Cartesian Gaussian into spherical polar coordinates and then expressing the ang-

ular parts in terms of spherical harmonics Ym
l . The necessity of expressing the

angular part in terms of spherical harmonics is just to enable the integration of

the angular part. Using this procedure, we express x; y; z and 1 as follows:

x ¼ r sin y cosf ¼ �r
ffiffiffiffiffiffi
2p
3

r
ðY1

1 � Y�11 Þ

y ¼ r sin y sinf ¼ �r
i

ffiffiffiffiffiffi
2p
3

r
ðY1

1 þ Y�11 Þ

z ¼ r cos y ¼ r

ffiffiffiffiffiffi
4p
3

r
ðY0

1 Þ

1 ¼
ffiffiffiffiffiffi
4p
p
ðY0

0 Þ

where Ym
l are standard spherical harmonics.

Omitting the normalization constant as well as the spin part, we can write the

spatial part of s; p, and d type functions as

s ¼
ffiffiffiffiffiffi
4p
p

expð�asr2Þ½Y0
0 	

px ¼ �r
ffiffiffiffiffiffi
2p
3

r
expð�apr2Þ½Y1

1 � Y�11 	

dxy ¼
r2

i

ffiffiffiffiffiffi
2p
15

r
expð�adr2Þ½Y2

2 � Y�22 	

B.1 The P,T-Odd Operator Hd in Spherical Polar Coordinates

Adopting the same procedure, we can also express the operator Hd in spherical

polar coordinate. The first step is to write ~r �~r as

~r �~r ¼ sxr sin y cosfþ syr sin y sinfþ szr cos y ð53Þ

so that the angular part r̂ � r̂ of the operator Hd can be written

r̂ � r̂ ¼ ~r �~r
jsjjrj ¼

sx sin y cosfþ sy sin y sinfþ sz cos y
jsj ð54Þ
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where jsj is a constant. The operators sx;sy, and sz will act on the spin part of

the basis functions. So the spin-dependent part can be separated from the spatial

part of the integral. Here we concentrate only on the spatial part of the integral,

where the spatial part of the P,T-odd interaction operator Hd is of the form

Hd /
sin y cosfþ sin y sinfþ cos y

r2
ð55Þ

B.2 Matrix Elements of the P,T-Odd Operator Hd

First consider the s and p type functions. The only nonzero matrix element of the

operator cos y=r2 (last term of the above expression) is between s and pz. Matrix

elements of Hd between functions of the same parity are zero. Excluding the

normalization constants and the spin-dependent part, the matrix element of the

operator Hd between s and pz is

hs cos y
r2

����
����pzi ¼ 4pffiffiffi

3
p
Z 1
0

r exp½�ðas þ apÞr2	dr
Z
�

Y0
0

�
cos yY0

1d� ð56Þ

Similarly, the nonzero matrix elements of the same operator ðcos y=r2Þ between
p and d type functions can be obtained using the same procedure as

hpx cos y
r2

����
����dxzi ¼ 2p

3
ffiffiffi
5
p
Z 1
0

RðrÞdr
Z
�

ðY1
1 � Y�11 Þ

�
cos yðY1

2 � Y�12 Þd�

hpy cos y
r2

����
����dyzi ¼ 2p

3
ffiffiffi
5
p
Z 1
0

RðrÞdr
Z
�

ðY1
1 þ Y�11 Þ

�
cos yðY1

2 þ Y�12 Þd�

hpz cos y
r2

����
����dx2i ¼ 2

ffiffiffi
2
p

p

3
ffiffiffi
5
p

Z 1
0

RðrÞdr
Z
�

Y0
1

�
cos yðY2

2 þ Y�22 � Y0
2 þ

ffiffiffi
5
p

Y0
0 Þd�

hpz cos y
r2

����
����dy2i ¼ � 2

ffiffiffi
2
p

p

3
ffiffiffi
5
p

Z 1
0

RðrÞdr
Z
�

Y0
1

�
cos yðY2

2 þ Y�22 þ Y0
2 �

ffiffiffi
5
p

Y0
0 Þd�

hpz cos y
r2

����
����dz2i ¼ 8p

3
ffiffiffiffiffi
15
p

Z 1
0

RðrÞdr
Z
�

Y0
1

�
cos yðY0

2 þ
ffiffiffiffiffiffiffiffi
5=4

p
Y0
0 Þd� ð57Þ

Here, we have used the abbreviated form for the radial part of the integral as

RðrÞ ¼ r3exp½�ðap þ adÞr2	.
Now we can evaluate the radial and angular parts of the integrals separately.

The radial part is evaluated using the standard formulaZ 1
0

r2nþ1e�ar
2

dr ¼ n!

2anþ1

where n is a positive integer.
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The angular part of the integral is evaluated using the standard expression

given by Arfken and Weber [58],

Z
�

YM1

L1

�
cos yYM

L d� ¼ ðL�M þ 1ÞðLþM þ 1Þ
ð2Lþ 1Þð2Lþ 3Þ

� �1=2
dM1;MdL1;Lþ1

þ ðL�MÞðLþMÞ
ð2L� 1Þð2Lþ 1Þ

� �1=2
dM1;MdL1;L�1 ð58Þ

Using these above expressions, we obtain the required integrals (i.e., final matrix

elements of the operator ðcos yÞ=r2Þ as

hs cos y
r2

����
����pzi ¼ 2p

3

1

as þ ap

� �
ð59Þ

hpx cos y
r2

����
����dxzi ¼ 2p

15

1

ap þ ad

� �2

ð60Þ

hpy cos y
r2

����
����dyzi ¼ 2p

15

1

ap þ ad

� �2

ð61Þ

hpz cos y
r2

����
����dx2i ¼ 2p

15

1

ap þ ad

� �2

ð62Þ

hpz cos y
r2

����
����dy2i ¼ 2p

15

1

ap þ ad

� �2

ð63Þ

hpz cos y
r2

����
����dz2i ¼ 2p

5

1

ap þ ad

� �2

ð64Þ

Furthermore, we adopt the same procedure to evaluate the matrix elements of the

other terms in the expression of the P,T-odd interaction operator Hd (i.e.,

ðsin y cosfÞ=r2 and ðsin y sinfÞ=r2Þ as well as between other types of functions

with higher l (i.e., between d; f and f ; g) and so on. Some other methods also exist

to resolve the above-mentioned problem.
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Hénon-Heiles system, transition state trajectory,

deterministically moving

manifolds, 228–231

Hybrid multiparticle collision-molecular

dynamics, 111–112

collapse dynamics of polymers, 124–127

reactive hybrid MPC-molecular dynamics,

128–133

crowded environments, 131–133

Hydrodynamic equations, multiparticle collision

dynamics, 104–107

collapse dynamics of polymers, 126–127

interactions, 118–121

self-propelled objects, 135–136

Immiscible fluids, multiparticle collision

dynamics, 138–139

Inhomogeneous polynomials, transition state

trajectory, deterministically moving

manifolds, 224–228

Instantaneous locations, transition state

trajectory, stochastically moving

manifolds, 216–222

Interaction operator, P,T-odd interaction, matrix

elements, 251–253, 260–263

Interference term, two-pathway excitation,

coherence spectroscopy, energy

domain, 180–182

subject index 281



Interferometric method, two-pathway excitation,

coherence spectroscopy, time

domain, 184–185

Intermediate regimes:

heat flow, second entropy, isolated systems,

60–62

linear thermodynamics, 25–27

nonlinear thermodynamics, time scaling, 31–36

Internal electric field, diatomic molecules,

250–251

Ionization, two-pathway excitation, coherence

spectroscopy, molecular systems,

172–177

Island complexes, transition state trajectory,

deterministically moving

manifolds, 230–231

Isolated systems:

heat flow, second entropy, 60–62

two-pathway excitation, coherence

spectroscopy, coupled/uncoupled

continuum, 167–169

Isotope effect, two-pathway excitation,

coherence spectroscopy, molecular

systems, 173–177

Jacobean matrices, multiparticle collision

dynamics, 94–95

Kinetically balanced molecular orbitals, 257–258

Lagrangians, nonequilibrium thermodynamics,

5–6

Langevin equation:

linear thermodynamics, quadratic

expansion, 13

Monte Carlo heat flow simulation,

nonequilibrium molecular

dynamics, 79–81

multiparticle collision dynamics:

hydrodynamic interactions, 118–121

single-particle friction and diffusion,

114–118

transition state trajectory:

colored noise, 208–209

deterministic driving, 209–213

future research issues, 232–233

stochastically moving manifolds, 214–222

white noise, 203–207

Laplace transform, transition state trajectory,

colored noise, 208–209

Laser technology, two-pathway excitation,

coherence spectroscopy, 154–159

Lees-Edwards boundary, multiparticle collision

dynamics, polymer fluid flow,

127–128

Legendre polynomials, two-pathway

excitation, coherence

spectroscopy, 152–154

Lennard-Jones interactions:

Monte Carlo heat flow simulation, 67–70

nonequilibrium molecular dynamics, 75–81

multiparticle collision dynamics:

collapse dynamics of polymers, 124–127

hydrodynamic interactions, 120–121

polymers, 122–128

Lepton flavor-change, electron electric dipole

moment, 242–243

Linear combination of molecular orbitals

(LCAO), computational procedures,

250–251

Linear limit, nonlinear thermodynamic

coefficients, 36

Linear momentum (L) operator, time reversal

symmetry and, 243–244

Linear scaling, multiparticle collision dynamics,

nonideal fluids, 137

Linear thermodynamics:

entropy production, 20–23

formalities, 8–11

intermediate regime and maximum flux,

25–27

quadratic expansion, 11–13

regression theorem, 16–20

reservoirs, 23–25

time scaling, 13–16

Liouville equation:

multiparticle collision dynamics:

collision and evolution operators, 98–99

hydrodynamic interactions, 119–121

time-dependent mechanical work, 52–53

two-pathway excitation, coherence

spectroscopy:

energy domain, 178–182

extended systems and dissipative

environments, 178–185

Long-range effects, two-pathway excitation,

coherence spectroscopy, 160–163

Low-lying resonances, two-pathway excitation,

coherence spectroscopy, continuum

excitation, 169–170

282 subject index



Macroscopic laws:

multiparticle collision dynamics, 99–104

reactive hybrid MPC-molecular dynamics,

128–133

Macrostates:

linear thermodynamics, 9–11

nonequilibrium thermodynamics, 5–6

steady-state probability distribution,

nonequilibrium statistical

mechanics, 41–43

Manifolds:

time-dependent invariant manifolds, transition

state theory, 213–231

deterministicallymovingmanifolds, 222–231

harmonic approximation, 222–223

nonlinear corrections, 223–228

driven Hénon-Heiles system, 228–231

stochastically moving manifolds, 214–222

two-pathway excitation, coherence

spectroscopy:

extended systems and dissipative

environments, 177–185

resonance manifolds, 160–163

Markov chain formulation, multiparticle

collision dynamics:

collision and evolution operators, 98–99

hydrodynamic equations, 104–107

macroscopic laws and transport coefficients,

99–104

Markov decay time, Monte Carlo heat flow

simulation, nonequilibrium

molecular dynamics, 80–81

Markov procedure:

linear thermodynamics, intermediate regimes

and maximum flux, 26–27

nonlinear thermodynamics, time scaling, 29–36

Matrix elements, P,T-odd interactions, 251–253,

260–263

Maximum Dissipation Principle, linear

thermodynamics, entropy

production, 21–23

Maximum flux, linear thermodynamics, 25–27

Maxwell-Boltzmann distribution, multiparticle

collision dynamics, 95

Mesoscale simulation of complex systems,

multiparticle collision dynamics,

basic princples, 90–92

Metropolis algorithm, Monte Carlo heat flow

simulation, 70–71

molecular dynamics, 76–81

Microcanonical ensemble, multiparticle

collision dynamics, single-particle

friction and diffusion, 116–118

Microstate transitions, nonequilibrium statistical

mechanics, 44–51

adiabatic evolution, 44–46

forward and reverse transitions, 47–51

stationary steady-steat probability, 47

stochastic transition, 46–47

Minimum Dissipation Principle, linear

thermodynamics, entropy

production, 21–23

Mininum entropy production, nonequilibrium

thermodynamics, 6

Mirror paths, time-dependent mechanical work,

transition probability, 54–57

Modulation depth, two-pathway excitation,

coherence spectroscopy, 155–159

Molecular beam detector, two-pathway

excitation, coherence spectroscopy,

157–159

Molecular dynamics (MD):

hybrid multiparticle collision-molecular

dynamics, 111–112

Monte Carlo heat flow simulation, 75–81

multiparticle collision dynamics:

basic principles, 91–92

polymers, 123–124

Molecular systems, two-pathway excitation,

coherence spectroscopy, 171–177

Monomials, transition state trajectory,

deterministically moving

manifolds, 225–228

Monte Carlo simulations, heat flow, 67–81

dynamics, 75–81

Metropolis algorithms, 70–71

nonequilibrium molecular dynamics, 71–74

structure profiles, 74–75

system details, 67–70

Multicomponent systems, multiparticle collision

dynamics, 96–97

Multi-Higgs, left-right symmetry, electron

electric dipole moment, 242–243

Multiparticle collision dynamics:

basic principles, 92–93

collision operators and evolution equations,

97–99

colloidal suspensions, 121–122

Galilean invariance and grid shifting, 95–96

hybrid MPC-molecular dynamics, 111–112

subject index 283



Multiparticle collision dynamics (continued)

hydrodynamic equations, 104–107

flow simulation, 107

friction interactions, 118–121

immiscible fluids, 138–139

macroscopic laws and transport coefficients,

99–104

Gree-Kubo expression, 102–104

mesoscale simulation of complex systems:

basic princples, 90–92

real system simulations, 113–114

multicomponent systems, 96–97

nonideal fluids, 136–137

polymers, 122–128

collapse dynamics, 124–127

dynamical properties, 123–124

fluid flows, 127–128

properties of, 94–95

reactive dynamics, 107–111

reactive hybrid MPC-molecular dynamics,

128–133

crowded environments, 131–133

self-propelled objects, 133–136

single-particle friction and diffusion, 114–118

Nanoscale analysis, multiparticle collision

dynamics, self-propelled objects,

134–136

Nonequilibrium molecular dynamics (NEMD):

Monte Carlo heat flow simulation, 71–74

theoretical background, 6

Nonequilibrium probability, time-dependent

mechanical work, 51–53

Nonequilibrium quantum statistical mechanics,

57–58

Nonequilibrium statistical mechanics:

Green-Kubo theory, 43–44

microstate transitions, 44–51

adiabatic evolution, 44–46

forward and reverse transitions, 47–51

stationary steady-state probability, 47

stochastic transition, 46–47

steady-state probability distribution, 39–43

Nonequilibrium thermodynamics:

second law of:

basic principles, 2–3

future research issues, 81–84

heat flow:

Gaussian approximation, 61

phase space probability distribution, 65–67

second entropy, 61–65

isolated system, 61–62

production rate, 64–65

reservoirs, 62–64

thermodynamics variables, 58–60

linear thermodynamics:

entropy production, 20–23

formalities, 8–11

intermediate regime and maximum flux,

25–27

quadratic expansion, 11–13

regression theorem, 16–20

reservoirs, 23–25

time scaling, 13–16

Monte Carlo simulations, heat flow, 67–81

dynamics, 75–81

Metropolis algorithms, 70–71

nonequilibrium molecular dynamics,

71–74

structure profiles, 74–75

system details, 67–70

nonequilibrium quantum statistical

mechanics, 57–58

nonequilibrium statistical mechanics:

Green-Kubo theory, 43–44

microstate transitions, 44–51

adiabatic evolution, 44–46

forward and reverse transitions, 47–51

stationary steady-state probability, 47

stochastic transition, 46–47

steady-state probability distribution,

39–43

nonlinear thermodynamics:

coefficients linear limit, 36

entropy production rate, 39

parity, 28–29

quadratic expansion, 27–28

reservoir exchange, 36–38

time scaling, 29–36

theoretical background, 4–8

time-dependent mechanical work:

phase space probability, 51–53

transition probability, 53–57

statistical mechanics and, 4

Nonideal fluids, multiparticle collision

dynamics, 136–137

Nonlinear coefficients, linear limit, 36

Nonlinear corrections, transition state trajectory,

deterministically moving

manifolds, 223–228

284 subject index



Nonlinear Hamiltonian system, geometric

transition state theory, 200–201

Nonlinear thermodynamics:

coefficients linear limit, 36

entropy production rate, 39

parity, 28–29

quadratic expansion, 27–28

reservoir exchange, 36–38

time scaling, 29–36

Nonuniqueness properties, transition state

trajectory, deterministic driving,

210–213

Nonzero electron electric dipole moment,

247–249

Normal form coordinates, transition state

trajectory, deterministically moving

manifolds, 227–228

Normally hyperbolic invariant manifold

(NHIM):

geometric transition state theory, 195–201

transition state trajectory, 201–213

deterministically moving manifolds,

223–228

time-dependent manifolds, 213–231

Nucleons, permanent electric dipole moment,

246

One-photon excitation, coherence spectroscopy,

163–166

extended systems and dissipative

environments, 178–182

Onsager-Machlup functional:

Monte Carlo heat flow simulation,

nonequilibrium molecular

dynamics, 79–81

nonequilibrium thermodynamics, 5–6

Onsager’s regression hypothesis:

heat flow, reservoirs, second entropy, 63–64

linear thermodynamics:

quadratic expansion, 13

regression theorem, 16–20

nonequilibrium thermodynamics, 4

nonlinear thermodynamics:

reservoir exchange, 38

time scaling, 34–36

Optimum point:

linear thermodynamics, time scaling, 14–16

nonlinear thermodynamics, time scaling, 29–36

Orthogonality, nonlinear thermodynamics, time

scaling, 32–36

Parity nonconservation (PNC) effects, electric

dipole moment search, 242

Parity operator:

nonlinear thermodynamics, 28–29

time reversal symmetry and, 243–244

Pauli spin matrices, permanent electric dipole

moment, 246–249

Peclet number, multiparticle collision dynamics,

real-time systems, 114

Periodic boundary conditions, Monte Carlo heat

flow simulation, nonequilibrium

molecular dynamics, 79–81

Periodic-orbit dividing surface (PODS):

geometric transition state theory, 196–201

transition state trajectory, 202–213

Perturbation theory, transition state trajectory,

deterministically moving

manifolds, 224–228

Phase lag spectrum, two-pathway excitation,

coherence spectroscopy, molecular

systems, 175–177

Phase space probability:

geometric transition state theory, 197–201

heat flow, 65–67

Monte Carlo heat flow simulation,

nonequilibrium molecular

dynamics, 71–74

nonequilibrium statistical mechanics, 83–84

time-dependent mechanical work, 51–53

Phase space trajectory, nonequilibrium

thermodynamics, 8

Phase space volumes, multiparticle collision

dynamics, 94–95

Photoionization, two-pathway excitation,

coherence spectroscopy, atomic

systems, 170–171

Poisson brackets, transition state trajectory,

deterministically moving

manifolds, 226–228

Poisson distribution, multiparticle collision

dynamics, macroscopic laws and

transport coefficients, 102–104

Polyatomic molecules, coherence

spectroscopy, two-pathway

excitation, 174–177

Polymers, multiparticle collision dynamics,

122–128

collapse dynamics, 124–127

dynamical properties, 123–124

fluid flows, 127–128

subject index 285



Position operator (Q), time reversal symmetry

and, 243–244

Power law decay, reactive hybrid MPC-

molecular dynamics, 130–133

Precession frequency, electric dipole moment

measurement, 244–245

Probability distribution, nonequilibrium

thermodynamics, 7–8

Projection theorem, electric dipole moment

measurement, 244–245

P,T-odd interactions:

ab initio calculations, 253–259

barium fluoride molecule, 256–259

ytterbium molecule, 254–256

electric dipole moment, 241–242

interaction operator, matrix elements,

251–253, 260–263

spherical polar coordinates, 261–262

Pulse duration, two-pathway excitation,

coherence spectroscopy, time

domain, 183–185

Quadratic expansion:

linear thermodynamics, 11–13

entropy production, 22–23

Monte Carlo heat flow simulation, 75–81

nonlinear thermodynamics, 27–28

Qualitative physics, two-pathway excitation,

coherence spectroscopy, 150–154

Quasiclassical approximation, two-pathway

excitation, coherence spectroscopy,

151–154

Rate constants, reactive hybrid MPC-molecular

dynamics, 129–133

Rayleigh parameters, two-pathway excitation,

coherence spectroscopy, 155–159

Reaction-diffusion equations, multiparticle

collisions, reactive dynamics,

108–111

Reaction rates:

transition state theory, 192–194

transition state trajectory, stochastically

moving manifolds, 218–222

Reactive dynamics:

geometric transition state theory, 196–201

multiparticle collisions, 107–111

transition state trajectory, stochastically

moving manifolds, 218–222

Real-time systems, multiparticle collision

dynamics, 113–114

Reduction condition:

linear thermodynamics, quadratic

expansion, 13

nonlinear thermodynamics, time scaling,

31–36

Regression theorem, linear thermodynamics,

16–20

Relativstic effective core potentials (RECP), ab

initio calculations, 253

Relativstic molecular orbitals, computational

procedure, 250–251

Relaxation times, Monte Carlo heat flow

simulation, molecular dynamics,

76–81

Reservoirs:

heat flow, second entropy, 62–64

linear thermodynamics, 23–25

nonequilibrium statistical mechanics,

microstate forward and reverse

transitions, 50–51

nonlinear thermodynamics, 36–38

Resonance manifolds, two-pathway

excitation, coherence

spectroscopy, 160–163

Restricted active space self-consistent field

(RASSCF) scheme, ab initio

calculations, P,T-odd interactions,

253–259

Reverse transitions:

nonequilibrium statistical mechanics,

microstates, 47–51

time-dependent mechanical work, 55–57

Reynolds number, multiparticle collision

dynamics:

hydrodynamic equations, 107

real-time systems, 113–114

Rotation matrix orthogonality, two-pathway

excitation, coherence spectroscopy,

162–163

Rothman-Keller immiscible fluid model,

multiparticle collision dynamics,

138–139

Rouse modes, multiparticle collision dynamics,

polymers, 123–124

Rydberg states, two-pathway excitation,

coherence spectroscopy, molecular

systems, 172–177

286 subject index



Scalar equations, transition state trajectory:

deterministically moving manifolds, 224–228

stochastically moving manifolds, 214–222

Scattering theory, two-pathway excitation,

coherence spectroscopy, 151–154

Schiff’s theorem, permanent electric dipole

moment, 247–248

Schmidt number,multiparticle collisiondynamics,

real-time systems, 113–114

Schrödinger equation:

nonequilibrium quantum statistical

mechanics, 57–58

two-pathway excitation, coherence

spectroscopy, 153–154

Second entropy. See Entropy

Self-consistent field (SCF), ab initio

calculations, P,T-odd interactions,

254–259

Self-propelled objects, multiparticle collision

dynamics, 133–136

Semiclassical approximation, two-pathway

excitation, coherence spectroscopy,

152–154

S-functionals, transition state trajectory:

deterministic driving, 212–213

white noise, 206–207

Single-particle friction and diffusion,

multiparticle collision dynamics,

114–118

Slater determinant, P,T-odd interaction operator,

252–253

Solvent properties, transition state trajectory,

future research issues, 232–233

Space inversion symmetry (P):

ab initio calculations, 253–259

barium fluroide molecules, 256–259

ytterbium molecule, 254–256

electric dipole moment search, 241–242

nonconservation, 239–241

Spatial neighbor tables, Monte Carlo heat flow

simulation, 68–70

Spherical harmonics, Cartesion Gaussian basis

functions, 261

Spherical polar coordinates, P,T-odd

interactions, 261–262

Standar model (SM), particle physics, electron

electric dipole moment, 242–243

Stark effect, permanent electric dipole moment,

245–249

Static probability distribution:

Monte Carlo heat flow simulation, 74–75

nonequilibrium statistical mechanics, 40–43

Stationary steady-state probability,

nonequilibrium statisticalmechanics,

microstate transitions, 47

Statistical mechanics, nonequilibrium

thermodynamics, 82–84

Steady-state probability distribution:

heat flow, phase space, 65–67

nonequilibrium statistical mechanics, 39–43

Stochastically moving manifolds, transition state

trajectory, 214–222

Stochastic rotation, multiparticle collision

dynamics and, 93

Stochastic transition:

nonequilibrium statistical mechanics,

microstate transitions, 46–47

time-dependent mechanical work, transition

probability, 53–57

Stokes law, multiparticle collision dynamics,

single-particle friction and

diffusion, 117–118

Supersymmetry (SUSY), electron electric dipole

moment, particle physics

implications, 242–243

Symmetric-matrix valued function, transition state

trajectory, colored noise, 208–209

Symmetry rules, linear thermodynamics,

macrostates, 11

Taylor expansion, transition state trajectory,

deterministically moving

manifolds, 224–228

Terminal velocity, linear thermodynamics:

intermediate regimes andmaximumflux, 25–27

regression theorem, 18–20

Test particle density, multiparticle collision

dynamics, macroscopic laws and

transport coefficients, 100–104

Thermodynamic variables:

heat flow, 58–60

nonequilibrium thermodynamics, 83–84

Three-manifold model, two-pathway excitation,

coherence spectroscopy, extended

systems and dissipative

environments, 177–185

Three-photon excitation, coherence

spectroscopy, 163–166

subject index 287



Time-correlation matrix, linear

thermodynamics, quadratic

expansion, 12–13

Time-dependent invariant manifolds, transition

state theory, 213–231

deterministically moving manifolds, 222–231

harmonic approximation, 222–223

nonlinear corrections, 223–228
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Figure 4. A random instance of the TS trajectory (black) and a reactive trajectory (red) under

the influence of the same noise in a system with N ¼ 2 degrees of freedom, projected onto the

reactive degree of freedom. See text for a detailed description. (From Ref. 38.)



Figure 7. Initial conditions in the surface (82) that lead to reactions into channel A, channel B,

or a return into the reactant channel, respectively. (From Ref. 40.)

Figure 8. The escape actions for trajectories that lead into channel A or channel B. On the

island boundaries, the escape actions tend to zero. (From Ref. 40.)
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